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In this paper, we present the exact solution to a problem previously unsolved in radiation theory: the
emission of a two-level atom in a (one-dimensional) radiation field in the presence of an extra
photon. The solution is obtained directly from the Schrodinger equation of the problem using
techniques suggested by the work of Muskhelishvili on singular integral equations. The solution
corresponding to a finite system as well as the one corresponding to a system infinite in extent are
given, although our primary concern in this paper is the finite-system problem. For a particular
choice of initial condition, the probability at time ¢ that the two-level atom is in the excited state is
found, and the effects of system size and choice of coupling function are studied numerically for a
given coupling constant. Our results are compared with those obtained in an earlier paper of the
series, wherein the spontaneous emission of a Wigner-Weisskopf atom in a (one-dimensional) field of
radiation for a system finite in extent was studied. The physical effects calculated and the
conclusions drawn from our comparative studies are all in accord with simple intuition regarding the
problem. The paper concludes with some brief remarks on problems in radiation theory which are

accessible to study given the methods laid down in this paper.

. INTRODUCTION

The link between this paper and the earlier ones of
the series'~® (hereafter referred to as I-VI, respective-
ly) is that the same Hamiltonian is used as the basis of
all the calculations. This Hamiltonian is thought of as
providing a model for the interaction of a two-level
atom, or more generally a two-level quantum system,
with a one-dimensional radiation field. The field may
be either finite or infinite in extent, but in this paper
the main concern is with finite systems. Some indica-
tions will be given of results for infinite systems which
correspond with those laid out here for finite systems,
although a detailed study will be postponed to a future
paper.

It should be said at the outset that the restriction to a
one-dimensional field, which has been made throughout
the series is not essential: It is made chiefly for ease
of presentation and for simplicity of the numerical com-
putations. The Hamiltonian is then

H=¢ao* +e,a*a + Z)‘) [$%w, (ata, +1)]
+25 (hra*a, + haal) oy
A

where €, and ¢, are the energies of the ground state [1)
and excited state |2) of the two-level atom, and where
the operators are defined by

a={1)@|, a*=]2)Q1],
(| ay|m,) =12(n, + 1)1/ 555 (m, —n, - 1)
=(m, |a¥|m).

Here the state |#,) is that which has »,(=0,1,2,-:)
photons in the Ath mode of the radiation field, and
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6K7(- - <} is the Kronecker delta. Further, fw, is the en-
ergy of a photon in the Ath mode, #ZE =¢, —¢, is the ener-
gy separating the two levels of the atom, and the &, give
the coupling between the atom and the radiation field.

A basis for the Hilbert space of the system is given by
the product states

|is{nBy = [)T1 | m) (2)

with i=1,2 and #,=0,1,2, -,

An important property of the Hamiltonian of Eq. (1)
is that in the basis (2) it becomes block diagonal. The
blocks can be labelled by the number

N=i+2n,.
A
These numbers are the eigenvalues of the operator
are + 325 aka,
A

which can easily be seen to commute with H. Previously
in this series, only the “sector” where N=2 (that which
describes the spontaneous emission of the atom) has
been discussed. It is the aim here to provide an exact
solution of the problem N=3 in the next section. It will
be seen that methods similar to those used to do so will
yield an exact solution in any sector.

The authors are not aware of any earlier work in
which methods like those of this paper have been used
to solve problems in the theory of radiation. These
methods may therefore lead to several additions to the
list of soluble models available for study. For example,
a model has been constructed for a three-level system
interacting with radiation, and its solution is being
studied at present. The new aspect of these soluble
models is that both boson and fermion operators are in-
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volved in the Hamiltonians [the @ and @, in Eq. (1)]

while at the same time an infinite number of modes of
the boson field is considered. Since Glauber’s coherent
state representation for radiation fields was intro-
duced,” it has been known that models involving only
boson operators where the coupling is linear in these
operators can be solved exactly. Problems of this kind
have been extensively studied in the theory of lasers, *~'°
solid state,!* and molecular physics.!? On the other
hand, in the numerous models in laser theory where
fermion operators have been included in the Hamiltonian,
it has previously been necessary to consider only a finite
number (usually one) of modes of an interacting boson
field if an exact solution was to be achieved. Probably
the best-known example of such a model is the Dicke
maser model'® which was solved exactly by Tavis and
Cummings' and has since received rather sophisticated
treatment in connection with the phenomenon of super-
radiance, *®

In Sec. II of this paper the Hamiltonian of Eq. (1) is
restricted to the sector N=3, and an equation is derived
the solution of which yields the resolvent of this re-
stricted Hamiltonian, In Sec. I, this equation is solved
and an expression found for the time dependence of a
state evolving according to our Hamiltonian starting
from a specified initial condition. A particular choice
of this initial condition is made in Secs. IV and V, so
that p(#), the probability at time 7 that the two-level
atom is in its excited state, can be found and computed
numerically, The numerical results are then compared
with results found in paper IV of this series for p(¢) in
the N=2 sector. In Sec. VI there is some discussion
of the arguments and results of the paper and of further
work in progress.

1l. THE RESOLVENT FOR THE & =3 SECTOR

Let us begin by listing those states of the set (2) for
which N=3. If {=2, only one of the n, can be nonzero,
and it must be 1. These states are then

21101110,

let us write these as 12;1). If i=1, there are two possi-
bilities. Either all but two of the »n, are zero and these
two are each one, or else there is one of the n, equal

to 2 with all others zero. These states will be written,
respectively, as |1;x,,2,) and 11;2)), At this point it is
useful to order the modes x of the field. In our one-
dimensional case this is simple —the modes correspond
to the positive integers, as will be seen in Sec. V—and
in general some ordering can always be found. It would
seem from the notation that two distinct states |1 ,,x,)
and |1;x,,2,) can exist, and this of course is not so. The
mode ordering can thus be used so that meaning is given
to 11;x,,x,) only if x, <x, and in this way no over-count-
ing of the states can occur.

It is now a simple matter to restrict the Hamiltonian,
Eq. (1), to the sector spanned by the states |2;)), 11;2x)
and |1;x;,x,). If the zero of energy is set at the energy
of the state [1;{0,}), the result is
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1
7 Ho=2 (B+w,)|200) 2|

+25 20 (0, 0, ) [ 1, (a0,
ryrp
+20 20,1 ;200 1521
A
1
2020 = V2 1,0 2|

A<Ag

1
— h* . .
+§>§ n h)‘lﬁh'?)‘z’\l) (2,)\21

+2 %—2h{|1;2x>(2;x|
A

s D5 iy 1200 ool i 20,0 0 )

LETe. P

°

+3 %mlz;x)(l;zx

(3)

Now if the system is in the state |¥(0)) at time ¢=0, it
evolves according to the equation

| (1)) = exp(—iH,t/H)| ¥(0))
= % fc dz exp(—izt) (H,/7 - z)™ | ¥(0)) a)

where C is a Bromwich contour taken parallel to the
positive direction of the real axis of the complex varia-
ble z and above all singularities of the integrand. The
operator

(H,/l—2z)"

is the resolvent of the operator of Eq. (3) and must now
be found.

We are looking for the solution of the equation

(H/b ~2)| &)= |¥). (5)
First, it can be seen that
(H/T = 2)|2;0)

—(E+w,=2) |20+ D & V| L,
war B

1 2
+27 = hX ﬁ\l;x,u>+ ﬁhfll;h);

AKp ﬂ
(Ha/ﬁ -2z) ‘ 1;)t1’>t2>
= (@, +0r, =2) | Iy, 0 00 + (V27BN (i, |22

+hl2|2;)\1));
(Hy/ti - 2) | 1;20) = R, = 2) [1;20) + 2/1) 1, | 22) - (6)

The kets |®) and |¥) can be expanded in terms of the
basis states

\q)>:§; ¢2;1‘ 20

+25 2 P1say Xz‘ IDVRWEDS ¢1;2x| L2y
<Ay J x

with a similar expression for |¥), Putting these defini-
tions into Eq. (5) and using the relations (6) leads to

1
d’z;x:(E"'w)."Z)(bz;x'*'?Q 7 hu‘/zbd)l;u,h
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+E Ry VZ oy, 0t

R(H

2
7 h, D125

1
-z) ¢1;u.>-2 +ﬁ hfl V2 ¢2;12

d)1;11,>.2 = (wxl + Wy,
1 * 5 .
+ ﬁ h)\z 2 ¢2;7¢1’

2
Y1z = 2w, -2) ¢1;2x+ﬁ B¥da;5.

The quantities ¢,,,, and ¢,;, », Can be eliminated from
these equations to yield an equatmn in the ¢,;, only; the
result is

2|k, |? 2k hu o
P2 <E+w1—z T4 h‘z(w,‘+wu—z)) -2

v B (w, tw, —2)

_ _ BuV2 Pysu,n RuV2 P1a,u
=Y2n wa fi(w, tw, —2) s Flw, + 0, ~2)
2l Yy
T S —z) . (7

This expression is, in fact, an infinite set of simulta-
neous linear equations in the ¢,,, to be solved in terms
of the ¥z;5, 15,2, aNd Yy;2,. It is not immediately clear
how to solve this set of equations, but it is helpful to see
what happens in the limit when the system becomes of
infinite extent and the mode spectrum becomes continu-
ous, The discrete variables x and p are replaced by
continuous variables, and sums are replaced by inte-
grals. Without going into details, one can see that an
integral equation of the following form results:

600 (En o [ 7 LAy [ MR GG

=¢(u,2). 8)

This is an integral equation, still linear, for a function
&) of the positive real variable . The form of the
kernel suggests that the equation may be soluble by the
methods developed by Muskhelishvili'® for singular
integral equations, and this is indeed so. The solution
of Eq. (8) will not be given in this paper, but the set of
equations (7) will be solved in the next section by a
method suggested by that which can be used to solve
Eq. (8).

It is perhaps worth remarking here that Eq. (8) can
be obtained explicitly either by setting up a procedure
to take the infinite system limit of all the quantities in
Eq. (7), or else directly by seeking the resolvent of a
suitable Hamiltonian which has a continuous spectrum
from the beginning, in the manner of Friedrichs.!” The
infinite system limit of the N=2 sector can be obtained
in the same way, and it is not hard to cast many of the
results of Friedrichs’ model into the form of the results
of Papers V and VI in this series,

{it. SOLUTION OF THE EQUATION FOR ¢, ,

The set of equations (7) can be conveniently rewritten
with the following substitutions:

ey =hos;,,
_ - h“ﬁyl;u,x
g)‘(z) = k). [ 232 <IJ:Z<31 h—((-uk + wu - Z)
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+ huﬁwl;hg + Z_hl %1;21 . (9)
AL Pi(wx%—wu—z) 7 2w, =2
The result is
2|k, |2
Eez+4w, - D el S
( TETW, Z fz‘z(wx+w —z)) 2
2|hx‘ Cy _
T F ow,tw,—2 =&(2). (10)

Now we introduce two functions of the complex variable
£ as follows:

Cu .
X(¢)= zﬂ@w s

and
1= gz (-t -2 el ). (11)

The use of the functions X(£) and H(¢) to solve Eq. (10)
will correspond to the use of Cauchy integrals in
Muskhelishvili’s techniques for singular integral equa-
tions. One notices that

€,==2niRes, X,
ITAE (12)

=£— =27i Res,, H,

where Res, X means the residue at the point £ =w, of
the meromorphic function X of £, Equation (10) can thus
be written

H(z - ,) Res,, X +X(z —w,) Res, H=—g,(z)/ (i),  (13)

Here H is to be regarded as a known function, and the
equation is to be solved for X; z appears as a nonreal
parameter. Let us now consider the function

F(g)=H(z - £)X(£) + H(£) X (2 ~ £). (14)

This function has poles where £t =w, and £ =2 —~w,. It
is seen at once that
Reswa:Ieft-hand side of Eq, (13)

=-g,(2)/(2ri)?,
F=—[left-hand side of Eq. (13)]
=g,(2)/ 2mi)%.

The function F has no other singularities than these
poles, and it is finite (possibly zero) at infinity. This
latter statement can be seen to follow from the defini-
tions (11) provided $2,, is an admissible solution to the
problem in the sense that

Z | bz,|?

is finite. The couplings &, must also satisfy

@ |n,|2 finite,

Res

z-wl

in general, although under certain circumstances this
restriction can be replaced without affecting the re-
mainder of the argument of this section. By the use of
the Mittag-—Leffler theorem, '® it now follows that

a(2) &lz)
FO) = G (E Pty wx—(z-e))““)

(15)
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where c¢(z), depending only on the parameter z, gives
the value of F at infinity; the quantity c¢(z) will be deter-
mined in a later paragraph. If we define

6(8)= s B4

2ri)? ¥ w,-t’
then Eq. (15) becomes:
F(E)=G(&) + G(z - £) +c(z).
From the definition of F, Eq. (14), it is seen that
X(z - &) =[1/H(E)G(E) + G(z - &) + c(e) ~ H(z - ) X(B)].
17

(16)

Now the function H(¢) has a set of simple zeros at the
points £ =£,, say, which interlace its poles at £ =uw,.
That this is so has been shown in detail in Paper IV

[see especially Eqs. (8) and (9) and Fig. 1 of this paper].
The function (H(£))™! therefore has simple poles at the
points £=¢, where the residues are (H’(,))™* (the prime
here denotes differentiation). Thus the terms on the
right-hand side of Eq. (17) severally have poles at
£=t,, and the total residue of the right-hand side at
each such pole is

G(Ew) | Glz—ty) c(z) X
B,y wEy HE) -H(z—‘t’“)Res‘u(H)"

But this expression is equal to zero, since the left-
hand side of Eq. (17), that is, X(z —£), is not singular
at £=¢,, (Note that z is nof real.) This result enables
us to write down an expression for

X(£)/H(E),

since this meromorphic function, equal to zero at in-
finity, has poles only at £ ={,. Where {=w,, both X and
H have poles; but an easy calculation shows that the
ratio is regular, Thus another use of the Mittag—
Leffler theorem gives

+ +

1 GEu)+Gz=t,) +clz)
— H'(¢,)H(z-t,)

The quantity c(z) is not yet determined, but apart from
that the Equation (10} is now solved.

X(&)z-H(&))} ; (18)

From Eq. (12), we have
C,= - 27t Resle

:2|hA|2 Z G(gu)+G(z—-§u)+c(z)

N ey Y e a9

(It may seem from Eq. (18) that X has more singulari-
ties than we want: at w,, from the factor H(£), and at £,
from the denominator in the sum. But, in fact, H(gu)
=0 by definition, and it is easy to see that X is regular
at £=£,. ] Now, by definition [Eq. (11)],

X(E)= 5= 1 —2

1
2ri X wl—g

-1 GlEu) + Gz = £u) + c(2)
T 20 H(E)H{z - £,)

21hy 12
ﬁz(wh - 5)(5; "wl)

using Eq. (19). Since [Eq. (11)]

XEX (20)
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2112
X ﬁz(w)t _‘E)

and since H(¢,)=0, it follows that

2qiH(E)
gu, - ‘E ‘

=E — ¢ = 2qiH(£)

IUNE
2 e - DE. <o

5=1- (1)

The expressions (18) and (20) for X(£) can now be
equated. The result is that ¢(z) is determined, as
follows:

- 1 ) G(tu) + Gz - ,)
56 % BGE)HE-t,)

where the new function H,(z) is defined by

1
H,(2) =20 e .
&=L G EG -
The final answer can thus be written [using Egs. (18),
(22) and (9)]

o L2 1 1
TR Hz) W (E,-w)H'(E) Hz - £,)

G(Eu) - G(gn) + G(Z - gu) - G(Z - Ek)
X2 HI(E) Hz — £)

The time -dependent form of this expression is ob-
tained easily from Eq. (4). If the right-hand side 1)
of Eq. (5) is identified with the initial condition |¥(0))
in Eq. (4), then

c(z)= (22)

(23)

1 .,
(2,7\}\11(1,‘)}—-2"7—1,‘[ dz exp(—izl) by,
1 2mp !
=5 " j; dz exp(—izt) H_l(z)

1
w (Ey—w)H'(E,)H(z —¢£,)

Gﬁ) gl‘) —G(Zz gk) +G(Z’ Z = Eu) -—G(Z’Z - Ex)
x2s H(E) Az ~E))

X

(24)

where the dependence of G on z coming from g,(z) [see
Eq. (16)] has been explicitly included,

V. THE CASE OF INDUCED EMISSION

In this section and the next, we shall consider only
the situation where, at time ¢=0, the atom is in its ex-
cited state, This means that in the initial state vector
o)

¢1;x1,xz =Py = 0.

Further, by normalization of |¥), we have
Z")‘ ‘ Ya xl 2=1.

Then it is seen from Eq. (9) that
a(2)= ooy

the z-dependence has disappeared and we may now write
merely g,. The direct dependence of the function G(z, £)
in Eq. (24) similarly disappears, and thus we obtain

o, () =@\ | 2(t))
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=§1i %i/; dz exp(—izt) H( )
1
X2 o) FEIHG <L)

(25)

G(tw) = Gle) + Gz =£,) =Gz =8
X2 HAE) Hz = £)

To evaluate the integral in this expression, it is nec~
essary to locate the singularities of the integrand as a
function of z, There is no difficulty about doing this term
by term in the two summations, since both, being
Mittag—Leffler expansions of meromorphic functions
well-behaved at infinity, are uniformly convergent along
the contour C, The function H(z — £ ) has simple zeros
where z=£, + £, for any £,. But the function H,(z) has
simple poles at these points, since from the definition
(23) of H,,

1
H'(g)H(E, +&,-£)

and the denominators of the terms ¥ =, v in this ex-
pression vanish. There are therefore no poles of the
integrand at the points z=£,+§, or z=¢,+ £, for those
terms in Eq. (25) where p#x, But for any term where
U =k, the numerator

HE, +E)= E

G(g,) -G(g)+G(z-£,) -Gz -¢&)

vanishes, and so these terms have no poles at the points
under discussion either. The only remaining points
where a singularity may occur are those where H,(z)

is zero. It is useful at this stage to note that the func-
tion (H(z))"! is meromorphic, zero at infinity, and with
simple poles where z=£,, It follows then that

1 1
(7 =% TE)GE-E)" (26)
Thus, from Eq. (23),
H(z)= E Z 1 (27)

H(g ) H (E)(z =, ~£,)"

This equation is itself a Mittag—Leffler expansion for
H,(z), which, as we saw just above, has poles where
z=¢,+¢&, for any u,k. Now the same reasoning as was
used in Sec. III to establish that H(z) had simple zeros
at the points z =¢£, interlacing the poles at z =w, can be
used again to show that H,(z) has simple zeros at points
z=t,, say, interlacing the poles at z=¢t,+¢,. It is nec-
essary for the reasoning to be valid that all the
coefficients

1
H(£,)H(E,)

have the same sign, but this is clearly true from the
expression

1 2| hyl?
H ()= = — (o1 = —_—
©)=-33 ( 1-2 (w, ~2)?
which follows from the second of Eqs. (11). The poles
being simple, the residues of (H,)™* at z=¢, are
1/Hi(t,).

The results of the preceding paragraph can now be
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used to perform the z-integration in Eq. (25). The
result is

2hf s~ exp(=—it,t) 1
¢x(t)— Z Hi()) E (£, —w)H'(E,) H(E, ~£,)

(&) + 6L — £
S Y TAR 28)

The terms in G(£,) and G(z - £,) have dropped out since

% AeyaE gy =) =0

by definition. A further simplication can be made at
this point. If one considers the integral

1 f
271

where the contour S is a large circle [2/| =R, in the
limit where R— o, then firstly it is clear that the inte-
gral vanishes, since

2'G(2’)
‘11}2 H(z'YH(z =z')

G(z) dz’
H(z"YH(z - 2')

=0,

But then inside the contour the integrand has poles where
z'=¢, and z’'=z - £,. The residues at these poles can be
added and the sum set equal to zero, with the result

6t~ _ Glz=&)
Z FEReTE) "L M) -

Consequently, from Eq. (28),

¢)¢(t)_4hx E eXP(—igut)

Hi(t,)

1
X e ) EE -E)

XE G(&x)

TE)H(E, =L ° (29)

For the purposes of the numerical calculations de-
scribed in the next section, the particular initial condi-
tion has been chosen where only one of the ¢,,, is al-
lowed to be nonzero. Thus, we have

d’z;h:@)‘ps (30)

say, where §,, is the Kronecker delta. This means sim-
ply that the photon present in the initial state is in an
energy eigenstate. For the present, this special choice
allows us to make some more simplifications in Eq.
(29). But, more importantly, we can also make a check
on this equation by verifying that if Eq. (30) holds, then
the equation gives

¢x(0) =800

When this has been seen, it will follow by linearity that
Eq. (29) gives

¢x(0) =y 22
for any y,.,. Thus, if Eq. (30) is put into Eq. (29) at
t=0,

41, 1
(@ni)yn? % Hi(t,)

4)1(0) =

R. Davidson and J.J. Kozak 1017



1
T CTo) B AE <L)

1
2z (w,-E)H(E)H(E, - &)

The v sum in this expression is

1
@ Hi(g,)H(g, —£,)H(E, ~£)°

The sum can be performed by considering the integral

(31)

2 a
2ni c H1(§)H(£ "‘gu)H(‘E —gk)

for the case p #«. It has already been seen that the
functions

Hy(6)H(E-¢£,)

are regular at £=¢, +£,, for any £,,, and so, apart
from the poles at £=§,, the only other singularity of the
integrand is at £=£, + £,. Use of the expressions (26)
and (27) shows that the residue here is 1/2, Again, these
expressions yield the result

lim

§ =1
== H(EYH(E-E,)H(E-E) ™ °

To obtain this result, it was necessary to note that

L_ L[ 4
Z“; H'(Eu) - Zwi/; H(g)
s
=i g =
by Eq. (11). It therefore follows that
1 1
Z”; H{(¢YH(t, — £, H(E, —-£) 2 (1 #k),

A slightly more delicate calculation of the same kind ex-
tends the result for p =« and in general it turns out that

1
ZJ Hie H(g, -£,)H(E, -
Thus, Eq. (31) becomes

Fy= b ourit (). (32)

4h%H,

d)x(o) = (2"11_—-2)2%2
1 . .
% B (g YH(E)w, - £, —w)‘)[5+ 8, ' (£,)].
But
1 1
? B Yo, £, Hw,) =0 (33)

and so

2h¥h, 1
90 =G %

H’(Eu)(wp—gu)(gu _wl)o
Plainly, if p #), this expression vanishes as in Fq. (33).
If p=2, the sum
1
ZJ H (g, N w, - £,)?

can be evaluated by the same technique as gave Eq. (32),
and the value of the sum is

— (2ni)%/2 ] h,

2
°
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Consequently,
¢x(0) = 5“’
as we wished to prove.

Finally, in this section, a further expression will be
derived for the purposes of numerical calculation. The
probability at time ¢ that the atom is in its excited state,
if 93, =0y, 18

p(t)z@ | 6,2

_8lhel® 1 exp(—if,1)
=T G ¥ Y HE)AC, — )
exp(it, 1)
X2 MEI R —E)
x 1
Y o~ B (E)HE, <E)
X3 1 (34)

w (w, -t H(ENH(L, - £.)’
where Eq. (29) has been used along with the result given
in Eq. (21). The bars on the functions H and H, denote
complex conjugates.

V. NUMERICAL CALCULATIONS

In all the previous papers of this series, numerical
results were expressed in terms of dimensionless vari-
ables, which had the advantage of allowing both weak-
coupling and infinite -system limits to be taken easily.
Although neither limit is of concern in this paper, both
will be in future work, and for this reason as well as to
facilitate comparisons between the results of this sec-
tion and those of earlier papers, the usual dimension-
less variables will now be introduced.

The one-dimensional system of our problem is of
length L. It has been seen in paper IV [see Eq. (8) of
that paper] that a general form for the coupling function
[7,1% is as follows:

Iy | = ah’zEc f<c|f;e;\l) ,

where a is a dimensionless coupling constant (analogous
in one dimension to the fine-structure constant in quan-
tum electrodynamics), ¢ is the speed of light, and fis a
dimensionless function whose argument involves %,, the
wave number of the ath mode of the radiation field. In
the usual way,

wlzclkxl and &, =2mn/L

(35)

for some nonzero integer n. By a suitable choice of o

it is always possible to impose f(1)=1, so that [#,|? has
a certain value at resonance (w,= E) irrespective of f.
Next, the time £ and the various frequencies, w,, &,, &,
of the problem are made dimensionless by the following
definitions:

T:aEt, ﬁl:wl/aE, ‘yu.:gu/aE, szgv/aE"

A parameter which gives the length of the system in
dimensionless form is

OZZCYEL/C

and it follows that
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| b, |2 =[(aEyr2/0?] flaB,).

It is convenient to define dimensionless functions corre-
sponding to H and H;:

H(aEt) = (0 E/2ni) H(E)

and

H, (0 Et)=[(@mi)*/ (a E)] A, (¥),
whence

H'(a Et)=(1/27i) A’ (¢)
and

Hj(o Et) =[(2ni)*/ (@ E)?) H{(2).

From the definitions of H and H, [Eqs. (11) and (23),
respectively], it is seen that

Ae=t-r-2y fob) (36)

2 ’
o o2 % B,~&

~ 1
BHO=2 g yme =y

Finally, the v, and 5, defined above are the zeros of the
functions H and H,, respectively. With all these defini-
tions, Eq. (34) becomes

p(7)=p(a Et)
exp(—i5,T)

H (6,)HG, -v) A (y,)

exp(i6,. T)

v ﬁ{(av')ﬁ(bu’ - YU-)
1
XZK; B, -7 A" (v)AG, -7,)
1

L B B R =) 7

For the explicit evaluation of this expression, the 8,, in
accord with the relation

w, = |2rnc/L|
above, are given by
8= |2m/o%]
and thus, for example, from Eq. (11), we have

4 S fyon/o?)

- 1
HO) =3 -t 55 2 i Gr/od)

The expression for p(T) of Eq. (37) has been com-
puted numerically for a moderately weak coupling, viz.,
a=0,1, two values of the parameter ¢2, namely 1.0
and 10,0, and for two choices of the coupling function
fiflx)=x12 and flx)=x"/4. In all cases, the mode p
was chosen so that the frequency 8, was the closest fre-
quency to the resonance frequency ~1/a in dimension-
less units. The choices of f were made, not because
they have any intrinsic merit, but because they were the
choices used in Papers IV and V of this series, and
consequently comparisons can properly be made with
the results of those papers.

To preserve the continuity of our subsequent discus-
sion, we present here some remarks concerning the
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numerical work, Various checks can be performed to
assess the reliability of the results calcglatedo For
example, using the definitions of H and H’, it can be
shown that the following identity must be satisfied:

1 - 1

AG =7~ F (Gy=vu=-v A (¥)"
The separate calculation of the left- and right-hand
sides of this expression gives an estimate of the accu-
racy achieved in determining the y’s and 5’s. This check
was performed, with satisfactory results, although the
details will not be reported here since a separate num-
ber would have to be given for each pairs (y, 6) consid-
ered. A somewhat more convenient check is provided by
examining the identity

1 H;(0)

% wEe) U O (38)

where

) 1
hO=- 3 eI TG

2 _ 1
B == G B B G

For a =0.,1, 02=1,0, and f(x) =x"'/2 (with 12 y’s and
41 5’s) the left-hand side of Eq. (38) was found to be
—-0,0955, while calculation of the right-hand side of this
expression yielded the result —0.1013. For a =0.1,
02=1,0, and f(x)=x"'/* (with 13 y’s and 41 5’s), the
left-hand side gave —0,1057, while the calculation of
the right-hand side gave —0,1162, Finally, for a =0.1,
02=10,0, and f(x)=x"1/2 (with 50 y’s and 300 &’s), the
left-hand side was —1.8270 whereas the right-hand side
was —1,8889. Hence the greatest discrepancy found in
these calculations was for the case a =0.1, 02=1,0,
and f(x) =x1/* (roughly 8.5%), with the calculations

for the coupling function f(x) =x"'/2 for both choices of
02 in somewhat better agreement,

To assess the reliability of our calculations of 5(7),
one can calculate p(0), i.e., the probability that the
atom is in its excited state at 7=0; from the discussion
of the preceding section, we know that this probability
must be unity at 7=0, given our choice of initial condi-
tion, Eq. (30). For a =0.1, 02=1.0, and flx)=x"/2,
using 12 y’s and 41 §’s, the value 5(0)=0.9946 was ob-
tained. This result may be compared with the one cal-
culated using Eq. (IV-19) (the spontaneous-emission
problem) for the same choice of &, 02, and f(x); there
we found that for 11 y’s, the value calculated for p(0)
was 0,9939, For ¢ =0.1, ¢2=1,0, and f(x)=x"1/4, us-
ing 13 v’s and 41 §’s, we found 5(0)=0,9897, a result
which may be compared with the corresponding calcu-
lation in IV, p(0)=0,9888. We see that the calculation
of p(0) via Eq. (37) for @ =0.1, 62=1,0 and either
choice of coupling function compares favorably with val-
ues calculated using the simpler Eq. (IV-19). A similar
calculation was performed for the choice of parameters
a=0.1, 62=10,0, and f(x)=x"1/2, Here, using 50 y’s
and 300 5’s, a value 5(0)=0, 9353 was obtained using
Eq. (37), a result which is not as good as the one cal-
culated using Eq. (IV-19) with 100 y’s, namely 5(0)
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plr)

FIG. 1. Plots of p(r) versus T for the choice of parameters:
@=0.1, 02=1.0, and f{x) =x~? with p=1/2. The solid line de-
scribes the time evolution of p(r) as determined from Eq. (37),
the result corresponding to the N=3 sector, while the dashed
line displays the time evolution of p(r) as determined from Eq,
(tv-19), the result corresponding to the N=2 sector.

=0,9932, The poorer estimate of p(0) for 62=10.0 as
calculated from Eq. (37), as compared with the calcu-
lation based on Eq. (IV-19), can be attributed to the fact
that only half as many y’s were used in the N=3 sector
calculation, this because of the excessive computer time
required to perform the various sums in Eq. (37) for
greater than 50 y’s (and a correspondingly greater
number of §’s).

In Fig. 1, p(7) is displayed for  =0.1, ¢2=1,0,
and f{x)=x"/2 along with the result obtained in IV for
p(T)—the probability at time T of the atom’s being ex-
cited in the spontanecus-emission sector N=2 if p(0)
=1—for the same values of all the parameters., Figure
2 is similar with f(x)=x"'/%, and in Fig. 3, o =0.1,
02=10,0, and f(x)=x"'/2, It is evident that in the very
small systems where 02=1,0, the effect of the presence
of the extra photon is quite marked. The greater inten-
sity of radiation leads to a somewhat more rapid initial

plr)

0.0 10 20 3.0 40 50

FIG. 2, Plots of p(r) versus 7 for the choice of parameters:
@=0.1, 02=1,0, and f{x) =% with p =1/4, The solid line and
dashed line refer to the N=3 sector and the N=2 sector, re-
spectively (see the caption to Fig. 1).
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08

FIG. 3. Plots of () versus T for the choice of parameters:
a=0.1, 02=10,0, and f{x) =x-? with p=1/2. The solid line and
the dashed line refer to the N=3 sector and the N=2 sector,
respectively (see the caption to Fig. 1).

decay of the excited state, more frequent recurrences
of high values of the probability of excitation and a rais-
ing of the values of this probability at its minima—all
effects reasonably to be expected from elementary phys-
ical considerations. When 02=10, 0 on the other hand,
the similarities between the results for the two sectors
are much more striking than the differences. The over-
all differences cited above are all still visible, but are
plainly small effects. Rather the extent to which maxima
and minima occur at the same times, along with the
quite faithful reproduction of small details from one

time -evolution curve to the other, is remarkable. A
further calculation with the same parameters (i.e.,
a=0,1, 02=10.0, and f(x) =x"!/?) was performed for
much larger values of 7. In particular, the behavior of
p(7) in the range 105 <7 <113, 0 was examined—an in-
terval of interest because of the marked structure of the
time~evolution profile found for emission in the N=2
sector [see Fig. (IV-7.)] A comparison of the N=2 and
N=23 time-evolution profiles for this range of 7 is pre-
sented in Fig, 4; it can be seen that the similarities per-

0.20

FIG. 4. An exami-

p(rc;lls nation of the down-
range behavior of
o0 p(r) versus T for
the choice of pa-
0051 rameters: @ =0.1,
% =10.0, and f(x)
0.00 i L 1 1 L Il 1 ! :x-P withp:l/z.
105. 106. 107. 108. 109, 110. (Il 2. n3.

The upper curve
corresponds to the
result obtained in

0.20

0.15 the N=3 sector,
plr) while the lower

0.10 curve corresponds
to the result ob-
tained in the N=2

0.05
sector,

0.00 L J Il 1 I A,

105. 106, 107. 108. 109. 110, e n2. N3,

T
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FIG, 5. Plots of L{g) versus g for the choice of parameters:
a=0.1, 02=1.0, The two figures on the left-hand side of the
diagram correspond to the choice flx) =x* with p =1/2, where-
as the two figures on the right-hand side correspond to the
same choice of f(x) but with p =1/4. In each pair of figures, the
solid line corresponds to the result obtained in the N=3 sector,
while the dashed line corresponds to the result obtained in the
N=2 sector.

sist, although not so strikingly as at the beginning of
the evolution., Of course, numerical errors are much
more important for large T (arising from the rounding
off the values of y, and 5,), and the displacement of the
positions of the maxima and minima between the two
curves displayed in Fig. 4 is most probably explicable
merely by this,

A rather clearer indication for the case 0%=1,0 of
the differences between the two sectors is provided in
Fig. 5. Here a function L{q) is plotted which measures
the number of times the value q is attained by p(T) over
a range of 7. To determine L(q), the same range of T
and resolution of 5(7) were used as in IV, Specifically,
p(7) was computed at intervals of 0.02 over the range
0.0 <7 <150,0; for this range of 7, sensitive values of
q occur about 300 times, and estimates of L{g) were ob-
tained via analysis (direct counting) of the plotied re-
sults. The interesting double humps in L(q) for N=2,
which were previously reported in Paper IV and are
reproduced in Fig. 5, are seen to disappear entirely in
the higher sector, and the effects when N=3 of a higher
average value of 5(7) and of more frequent recurrences
are plainly visible. The double humps have most likely
vanished because the greater degree of excitation of the
radiation field means more frequent excitation and de-
excitation of the atom, with consequently less likelihood
of the system’s being in a state in which there is either
a very high or very low probability of the atom’s being
excited, If was, in any event, seen in Paper IV [see
Fig. (IV-4)] that L(q) was, for 02=1,0, rather sensi-
tive to the choice of the coupling function f, and thus it
is not especially plausible that the disappearance of the
double humps has any profound significance.

Finally, we remark that a plot of L(q) versus g was
not constructed for the case ¢ =0.1, ¢2=10,0, and
flx)=x"1/2, since an excessive amount of computer time
would have been required for this determination. To be
specific, Fig. 3, which was constructed by calculating
p(7) in units of 7 of 0.1 over the range 0,0<71 <25,0,
required 4.8 minutes per point on the Notre Dame IBM
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370/158; to obtain a plot of L(g) versus ¢ with an ac-
curacy comparable to that achieved in similar calcu-
lations in IV, a range of T from 100, 0 to 400, 0 in units
of 0.1 would have to be considered, a calculation which
is obviously out of the question. In any case, the L(q)
versus q profile in the N=2 sector was not character-
ized by humps [see Fig. (IV-5)], so that the calculation
of L(q) for this choice of parameters seems not as
urgent,

V1. DISCUSSION

In this paper attention has been directed to the exact
solution of our model in the N=3 sector with certain
choices of the initial condition and with o2 finite. The
limit of an infinite system is certainly of interest, and
will be considered in a later paper. It may be useful to
say something here about why the weak-coupling o =0
limit, which was of central importance in earlier papers
in the series, has not been treated. A main point about
the limit is that with the scaled dimensionless variables
of Sec. V—the choice of which was imposed if the limit
was to exist at all —quantities like A() and 5(7) are not
analytic in @ at @ =0, This remains true for N=3., Now,
it was shown in Papers IV and V that p(7} in the weak-
coupling limit was very similar to the exact p(7) calcu-
lated with small but nonzero ¢ (@ =0.1). Since the nu-
merical computation of Eq. (37) is not substantially
longer for o =0.1 than for ¢ =0, and since there are no
new qualitative features (such as nonanalyticity, ergo-
dicity, etc., as discussed in Paper V) in the N=3 sec-
tor over and above those already discussed fully for
N=2, it seemed unnecessary for us to perform any
separate computations for ¢ =0 here. There is, of
course, no particular difficulty in doing them. For an
infinite system (02 =«) the weak-coupling solution has
some interesting properties which will be studied in
later work.

In Papers V and VI some emphasis was put on the
choice of the coupling function f [Eq. (35)], and it was
noted that difficulties arose, especially with o? infinite,
if f was lacking certain properties. The choices of f
made in this paper have allowed us to compare results
with earlier ones, but they are by no means the most
useful or interesting choices. This is not likely to be of
much importance for present purposes, as many of the
problems associated with f arise only for o2 infinite.
Further, if 02 is finite, unless it is very small, the be-
havior of p(7) is not much affected by the choice of f
[see especially Figs. 1 and 2 of this paper, and Figs.

2 and 3 of Paper IV). However, when the problem with
0%=» comes to be looked at, the choice of f will be im-
portant again, and will merit some discussion,

The results of this paper seem to us to be interesting
chiefly because they give the solution to a problem in
radiation theory which has not previously been amen-
able to exact treatment. The physical effects calculated
are all in accord with simple intuition regarding the
problem, But the methods used are capable of a good
deal of extension. It has already been noted that a model
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of a three-level atom in a radiation field can be tackled
in the same way as the model of this paper. This model
is able to give a description of many more effects than
the two-level model, for example, of competing decay
modes for an excited state, phosphorescence and fluo-
rescence in molecules, and so forth. Sectors of the two-
level model with higher values of N than 3 can be treat-
ed by the methods of this paper, the only limit to com-
putation being the complexity of the expressions to be
evaluated. There is every reason to hope that a genuine
thermodynamic system can be discussed in which o2
becomes infinite along with N in such a way that a finite
density of radiation is maintained over all space. Look-
ing farther ahead, one can hope that perhaps even the
Dicke~Maser model, involving ultimately an infinite
number of two-level atoms in the thermodynamic limit,
will prove to be exactly soluable with a full spectrum of
modes of the radiation field rather than the one mode
that is all that has been manageable up to now. %% In
summary, the results presented here are interesting
in that they confirm simple intuition about the problem
treated and in that they open the way to the exact treat-
ment of many more realistic models.
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On the curvature dynamics for metric gravitational theories
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Any “metric gravitation theory” (including general relativity) is shown to determine transport
equations for the connection and curvature of the Lorentz frame bundle P, defined by the metric g.
Observers are generally defined as curves in P, which project down to timelike trajectories in
space-time. The transport of curvature along an observer trajectory is then given by a Lorentz Lie
algebra-valued current composed of an internal and external part. Einstein’s equations are shown to
define one part of the self-dual limit of the usual Yang-Mills gauge equations, here called a
particular form of curvature dynamics. As a consequence, the Yang-Mills-like energy-momentum
tensor, introduced for the Lorentz connection, vanishes identically under Einstein’s vacuum

conditions.

1. INTRODUCTION

The state of motion of observer systems (inertial
frames of reference) in special relativity is not affected
by all the interaction occurring on the basis of
Minkowski space—time; this means that the observer
systems of special relativity are considered to be in an
absolute state with respect to interacting systems.

On the other side, any theory of gravitation has to
take into account the fact of the observer’s participation
in the gravitational interaction between macroscopic
matter. For this reason, a gravitation theory reveals
new aspects, for any gravitation theory must be con-
sidered as an attempt to build an interaction theory in-
cluding observers on the same footing as the description
of matter, This fact justifies the use of geometrical
methods; curving up space—time seems to have the
origin for the purpose of making the state of observers
dependent on the gravitational background, e.g., in the
sense that in Einstein’s theory there exists a frame-
dragging effect,!?

The following discussion is based on the two
assumptions:

(1) Space—~time (together with a differentiable struc-
ture) is endowed with a Lorentz metric g2 (at least
C?, but in the following C);

(1) space—time curvature is generated by matter of
any kind (including fields); therefore, a flat space—
time only admits of test fields,

Geometrically, assumption (I) enables us to introduce
local Lorentz frames of reference as a model for the
description of observer systems on space—time, We do
not consider g to be directly related to the gravitational
field itself. g defines a subbundle, the Lorentz frame
bundle, of the linear frame bundle on space—time., A
geometrical quantity—a tensor field or a tensorial form
with values in the Lie algebra of a structure group of a
principal fibre bundle®*—will be called “observable”, if
it is intrinsically related to an observer system or a
field of observers on space—time. Connection and curva-
ture of space—time are observables since the linear
connection (as connection in the linear frame bundle) is
reducible to a Lorentz connection (defined as connection
in the Lorentz frame bundle P,) under assumption (I)
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(together with a metric condition, see Sec, 2).

A connection in the Lorentz frame bundle, together
with curvature and covariant derivatives of curvature,
is called, in the following, external geometry of a
space—time, contrasting with internal geometries de-
fined as connections of other principal fibre bundles on
the same base space.® In general relativity, the metric
tensor serves as an object representing at the same
time the state of an observer (it determines standard
clocks and measuring rods) as well as the pure gravita-
tional field, The aim of this paper is to find the role of
every element in a connection theory for the Lorentz
frame bundle: first, curves in the bundle itself which
project down to timelike trajectories in space—time
represent general observers, e.g., the freely falling
systems are related to the horizontal curves defined by
a connection in P,, or the “Fermi—~Walker curves” cor-
respond.to nonrotating observers on space~time (Sec,
3 and 4). Secondly, we shall develop (in Sec. 5) the
dynamics for the Lorentz connection and curvature in-
dependently of any restriction on the elements (besides
the connection has to be torsionless); this dynamical
problem consists in giving the evolution for the connec-
tion and for all its associated elements along any ob-
server trajectory in P,,

The structure equations of the connection do not form
however, a complete set of transport equations; the
transport of the timelike part of the curvature is not
yet prescribed. Einstein’s equations, considered as a
selection principle for curvature elements, imply a
Yang—Mills type transport for these elements (Sec. 6).
Furthermore, in Sec. 7, we show that the Yang—Mills-
like energy—momentum complex for the external geom-
etry vanishes identically under the restrictions implied
by Einstein’s vacuum equations. This fact suggests
enlarging the set of “vacuum space—times” in the sense
that it should contain also space—times with nonvanish-
ing energy density for the external geometry: Yang—
Mills-like equations for the external geometry surely
satisfy this requirement,

2. GEOMETRICAL CONSEQUENCES OF
ASSUMPTIONS (1) AND (11)

The description of the external geometry is usually
based on the properties of the linear frame bundle
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L(V,GL(4),7) over a space—time manifold V, We under-
stand connection and curvature always as given in the
sense of Refs, 3, 4,

Let L be provided with a linear connection I', Fur-
thermore, we assume space—time to be totally and
time-oriented (in the sense of Lichnerowicz®®), then
there exists a reduced subbundle P,(V,G,, 7) determined
by the structure group G,, the proper orthochronous
Lorentz group; this means the elements < P, consist
of orthonormal vector fields, in the sense of the given
Lorentz metric g, the timelike element X being future-
oriented. Then locally a coordinate system U of V will
induce a coordinatization of P,, a point u# in P, taking the
the coordinates

u=(x*,X), nl)=x. 1)

Though the linear frame bundle is reducible in this case
to the Lorentz frame bundle, a connection I in L has in
general not to be reducible to a connection I' in the
Lorentz frame bundle. Let us first define therefore the
exact definition of a reducible linear connection:

Definition: The linear connection I' in L determined
by the connection form w with values in the Lie algebra
of GL(4) is reducible to a connection I in P,, given by
the connection form o with values in the Lie algebra of
the Lorentz group G,, if the following diagram is
commutative:

TL % GL,
i v v,
TP, & G,

with ¢: reduction map L —~ P,, determined by the metric
g,i: reduction map GL(4) —~ G,.

This definition is equivalent to the following:

The linear connection is reducible to a Lorentz con-
nection, if, for every u< L, the horizontal subspace of
T,L is tangent to P,.

The reducibility of the linear connection means for our
purposes that, instead of working with all the Christoffel
symbols as expressions of w with respect to a natural
linear frame u=(x,3,/,), we shall not lose information
on the connection by using a reduced set of connection
coefficients as expressions of @ with respect to a
special Lorentz frame, or in other words, with respect

to a special observer system,

Lemma 13: Let a Lorentzian metric g be givenon V
so that g defines the reduction of the linear frame bundle
to the Lorentz frame bundle P,. A linear connection in
L is reducible to a Lorentz connection T in P, iff the
linear connection is metric.

From this point of view, gravitational theories which
are not based on a metric connection (in which the par-
allel displacement does not preserve the structure of
the Lorentz frame bundle) cannot be described within
our observer—observable formalism. For, the Lorentz
connection defined with respect to an observer system,
does not contain all the information about the external
geometry. The metric condition on the linear connection
is therefore one of the most basic assumptions in an
observer-oriented construction of a gravitation theory.
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Whether we allow the existence of a torsion for the
connection or not, is completely on a different footing;
torsion can be explained as part of a curvature of an
enlarged Lorentz frame bundle, %7 the Poincaré-affine
frame bundle on a space—~time. This opens new pos-
sibilities of constructing internal geometries on space—
time by enlarging the Lorentz frame bundle (see, e.g.,
Refs. 7, 8) in the sense that the Lorentz group appears
as a subgroup of a bigger structure group of a cor-
responding principal fibre bundle and the Lorentz con-
nection as a subconnection of this new connection. As a
consequence, the first structure equation and the second
one contain additional terms (such as, e.g., the torsion
term) which act at the same time as source terms for
the Lorentz connection, One example of this kind of a
generalized Lorentz connection theory is found in the
general relativistic formulation of the Yang—Mills
theory by Lichnerowicz and Mme. Kerbrat.,? In these
theories the coupling between the external geometry and
the geometry representing internal degrees of freedom
is more direct than in Einstein’s theory where the
coupling is indirect over the energy—momentum tensor
of these “fields.,”

3. GENERAL CURVES IN P,

Let a connection T in P, be given; then an arbitrary
curve (smooth) #(1) in P, can be characterized by the
corresponding tangent vector field u()):

- X
#(\)=Ve°B,+ A% E} )

decomposed with respect to the standard horizontal
basis B, a=0,,..,3, and the vertical basis E*“b in-
duced by the right action of the structure group G, on
P,. u(r) is called horizontal, if the tangent vector field
#(x) is horizontal, i.e., &{i{x))=0, or

the curve u(7) is horizontal iff .Zlab =0,V 1, inthe
decomposition (2) of the tangent vector field,

The lifting lemma® guarantees that there exists, for a
given curve x,, A€ [0,1], in V and a given frame u, for
r=0, a uniquely defined horizontal curve »() satisfying
the initial condition u(0)=u,, with 7@())=x,.

A. Horizontal curves

The horizontal curves of a linear connection which are
integral curves for standard horizontal vector fields
B(t) specify the geodesics in V:

Lemma 2% Let #(0) be an integral curve of a standard
horizontal vector field B(¢) on L. Then the projection
1@e(\))=x, determines a geodesic in V, and any geodesic
can be obtained in this way. This is even valid for
standard horizontal vector fields to be tangent to P, if
the linear connection is reducible,

The second statement means that for a given geodesic
%, in V we can find a Lorentz frame X (1), parallely
propagated along x,, and a set of 4 numbers £* such
that

%, =£X(\), £=constV¥ ),

which defines the projection of a standard horizontal
vector field B(¢) under 7.
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B. Vertical curves

As a matter of construction, purely vertical curves
can be generated by the transformations of the stability
group of a group of isometry transformations of the
space—time. We do not care about this special type of
curves in P,

C. General curves in P,

With respect to a local coordinate system, a general
curve in P, is given by

ul)= (e, X3 (M), ®)

and the corresponding tangent vector field can be
decomposed

dx*
B —_
V= 4)
dxe
Ab=—4, ()
or
u(\)= VeB, + Ao B @)

Lemma 3: V*: frame components of the tangent vector
of the space—time part of the curve z(2); A%,: frame
components of the covariant derivatives of the frame
vectors X,(A) along x,, or, in other words, A%, deter-
mine how the frame {X,} is transported in the direction
of x, with respect lo a horizontal curve z(A)= (x,,X,(A)).

Proof: 1, é:f,(ﬁ): Ve="V*Y? since 5:(3,‘,,):6;, and §¢
takes the local expressions with respect to the frame
u():

92 =Y2(\)dx*. (6)

2, Look at

- *
@2, () =A%, since %, (E)=56%5°,.
According to the lifting lemma,® 3 a unique horizontal
curve u(2) with #(0)=#%(0) and
T())=x,=7{zQ)),

and the corresponding connection forms are related to
one another by the transformation law of the connection
form under cross-section transformations

6 0))=adg ™ (M@ (EM)) + g (FN) 1)
with
u)=u()g(). ®)

£() determines a curve in the Lorentz group satisfying
the initial condition g(0)=e. Since #() is constructed
to be horizontal &(%#)=0, and therefore

GEM)=g"0E0), ©)

which shows that &() determines how the frame «(}) is
transported with respect to the corresponding horizontal
frame.

Let us express the connection form with respect to the
local cross section #(\)= (x,, X, (\)):

%= Y4 O{dX2 + T ()XE() dx}

pB (10)

where the T, stand for the local expression of the cor-
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responding linear connection form with respect to a
natural frame, Apply this decomposition to the interior
product:

@60 =re{Ap + VPTL X5}

axg ~
= Y8 {W+ VPI‘;‘BX‘;} =Yye{Vev X} =VeTe,,
where f‘gb is the local expression for the reduced
Lorentz connection form in our local cross section,
This shows that

&2, G 0))= veTs,

If x, is a timelike curve in V, the expression (11) con-
tains the information on how our frame is transported
along the timelike curve. If x, is a geodesic, then we
can always choose %, ~X,; therefore,

VPI";,,=O.

(11)

(12)

Covollary®: If x, represents the integral curve to a
Killing vector field £ on V and u(¢) the transformed
frame of some u,, then £“IY, is constant and determines
a one-parameter subgroup in the Lorentz group which
gives the transformation between the horizontal frame
along £ and the frame u(f)= @, (,), where ¢, is generated
by &.

Proof: Choose a fixed point on x,, say x,, and at x, a
fixed Lorentz frame u,. Then the Killing vector field £
generates a one-parameter group of space—time trans-
formations ¢,, x,=¢,(x,), and a corresponding trans-
formation in P,, say ¢,, with

ut)= b, u,).

Since ¢, is a group of isometry transformations, the
Lorentz connnection is invariant under the bundle trans-
formation group which means

By @)= 3,6 (0))
and according to (11), this means
guf*;b =const along the trajectory.

Moreover, the lifting lemma guarantees the existence
of a horizontal curve %(¢) with #(0)=u,, and

ult)=ult)g(t), g<G,, g0)=e,
o@@)=g"()¢{t)=const=Ac G,

which shows that A determines a one-parameter sub-
group in the Lorentz group.

4. THE LORENTZ FRAME BUNDLE AS OBSERVER
MODEL FOR RELATIVISTIC GRAVITATION
THEORIES

The linear frame bundle of a four-dimensional mani-
fold does not as such carry importance for physics,
only when specifying the manifold to bear a Lorentz
structure, given by a Lorentzian metric on the mani-
fold, or a Galilei structure, given by a positive semi-
definite contravariant tensor field y of rank 3 and a
never vanishing 1-form in the kernel of v, do we im-
pose the first “physical structure” onto the manifold,
namely the observer model. The Lorentz structure de-
fines the Lorentz or relativistic observer model; the
Galilei structure will define the Galilei or Newtonian
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observer model. In the following discussion we restrict
ourselves to the relativistic observer model in order to
find the relations between our connection-oriented de-
scription of gravitation and the usual metric-oriented
general relativity.

Definition: Every curve u(A) in the restricted Lorentz
frame bundle P,, such that 7@ (1))=x, is a future-
oriented timelike curve in the underlying space—time V,
defines a geneval observer on space—time,

The state of the observer «(\) is given by the tangent
vector #(\) on P,, since, as we have seen above, the
space—time part of #, V2= 5:(&), determines the com-
ponents of the velocity vector in his own system and
&g, (@)= v*Ie, = VeI determines how this observer
system is transported along the space—time trajectory
with respect to a horizontal curve z(), 7(z())=x,.

The horizontal curves #(1) in P,, as integral curves
to the standard horizontal vector fields on P,, represent
a special type of these observers; they correspond to
the freely falling systems along timelike geodesics, as
a consequence of Lemma 2, But, on account of the lift-
ing lemma we find along any arbitrary timelike curve
in V a “freely transported system,” with respect to
which the components of the velocity vector field are,
however, no longer constant. This seems to be a little
bit in contradiction with the usual definition of observers
on space—time; usually, observers appear to be at-
tached to a congruence of timelike geodesics,! or a
little bit more general in cosmological considerations!Z:
There, the observer tetrad has to satisfy the conditions
Ve =5%, i.e., the observers are considered as the in-
tegral curves to the frame vector field X, which is
future-pointing and normalized to unity by the given
Lorentz structure, Anyhow, our general definition of
observers reduces to these special observers, which
were usually considered to be the only “physical ob-
servers,” Nevertheless, Synge® proposed an interpreta-
tion of the three spacelike tetrad vectors for adapted
observer frames: If we draw connecting vectors in the
directions of the spacelike members of a Lorentz frame
{x,, X, ()} with X, tangent to x,, then this defines a rigid
system of four neighboring observer trajectories. Such
an array of four observers serves to define the chrono-
metric meaning of standard lengths.! These tetrads
along a timelike trajectory determine a special curve in
P,. Moreover, Fermi-transported frames seem to offer
a useful physical interpretation; they are the relativistic
generalization of the classical “nonrotating frames, !
Whether the state of an observer determines a Fermi-
transported observer can be tested, e.g., by the
“bouncing photon experiment” proposed also by Synge,!

Lemma 4: 1, For any timelike curve x, there exists
the horizontal observer u(1), defined by the horizontal
condition & (z%(x))=0.

2. For any timelike curve x, we find an observer u(r)
uniquely determined by zZ(O):u0 and the acceleration A
for the trajectory x,. We call #(\) the general “Fermi—
Walker observer.”

3. The general Fermi—Walker observer adapted to
%y, i.e., ¥ =V =X:0), ¥, (r proper time along the
trajectory), corresponds to the usual Fermi—Walker
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transported tetrad system along x, with the initial
condition #(0)=u,.

Pyoof: 3,1 (\)) determines in general how the system
{x.} is transported along x,.

1, The existence of the horizontal observer is guaran-
teed by the lifting lemma for the Lorentz connection; we
always find a horizontal curve #(\) in P, satisfying the
initial conditions #(0)=u, and 7(%(0))=x,, 7(Z(\))=x,,
V. If x, is a geodesic, then )?0 can be chosen parallely
to the velocity vector field V¢ (Lemma 3), If x, is not a
geodesic, the scalar product g(V,X,) is not constant
along x,.

2, Fermi—Walker transport for vector fields!® is that
kind of transport that is only determined by the velocity
vector field V* and the corresponding acceleration 4%,
Especially, for tetrad vector fields we obtain

\%
VOV Xh = Xt = X, (VEAP - VPA¥),

a

13)

AR = VoY VE,

where V is the covariant derivative associated with the
linear connection. On the other hand,

VeUXi=et Xy, &=V T, (14)
and
Eba = Yz (V‘"Vm)(:’1 )
= YZXM(V”AP - veAr )9
i.e.,
eba—_— VbAa - VaAb,, (15)

i 4 0 4 4 _ .k
This shows that ec G, €%, =¢',, €,=-¢",.

e”a is therefore completely determined by the frame
components of the velocity and the acceleration vector
field. Given a timelike curve x, in space—time, we find
a curve in P,, u(A) with #(0)=u,, determined by the
tangent vector field &g, ((A))=¢",, €*, given by (15). For
the same space—time curve the horizontal lift u(x) with
z?(O):u0 is uniquely defined; we consider the transforma-
tion between the two curves

ua)=ul)g®),

The transformation property (7) for the Lorentz connec-
tion in this case is

GE O =8, (20)

(6 is the canonical 1-form for the Lorentz group G,);
therefore, the Fermi—Walker observer #(%) is a special
curve in the Lorentz frame bundle given by a special
curve in the Lorentz group satisfying the differential
equation (7) and the initial condition g(0)=e.

v, with g(0)=e. (16)

3, Usually, we define Fermi—Walker transport for
tetrads with X% = V#; for these adapted frames (15)
reduces to

= 8%, = oA, am
which shows that €’ is a pure infinitesimal Lorentz
transformation, ef, =0, with %, =4,=¢},. Besides the
Fermi—Walker observers there are other purely “physi-
cal” curves in the Lorentz frame bundle., The counter-
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part of the freely falling observers in space—time are
the freely rotating observers attached to a small rotat-
ing mass. As the physical observer we would take e.g.,
the rest system for such a rotating body with negligible
space extension, X, equal to the 4-momentum, which is
no longer parallel to the 4-velocity, one of the X; in the
direction of the angular momentum of this rotating ob-
server, Then gravitation, i.e., the external curvature
structure of space—time, will determine completely
the trajectory of this system in P,, ™ the state of the
observer (%) depends on the angular momentum of the
rotating mass and on the external curvature of space—
time, This example of a freely rotating observer in
space—time is self-determining since the state of the
rest observer is determined by geometry itself. Even
more complicated systems find an interpretation as
curves in the Lorentz frame bundle such as the dynamics
for a rigid body falling in space—time, !* Other curves
and cross sections of P, will not get in general a proper
physical interpretation, but they often serve to simplify
calculations, say in adapting the observer frame to ex-
pected or required symmetries of space—time, just as
the usual metric calculations often use coordinate sys-
tems responding to symmetry properties of space—
time. This is the meaning of the observer-covariance
principle for gravitational theories; purely physical ob-
servers, as given by special curves in P,, as well as
purely mathematical observers, given by general curves
or cross sections in P,, are able to describe geometry;
the only thing we need is the knowledge of the state of
the observer, i.e., 62() and @,(#). This state will en-
ter all the dynamical equations for the geometry, de-
veloped in the next section,

5. GENERAL CURVATURE DYNAMICS FOR THE
EXTERNAL GEOMETRY

Every intrinsic geometrical quantity will be expressed
in the following, with respect to an observer system
thought to be given by a curve in the Lorentz frame bun-
dle or a cross section, We shall develop the dynamics
for the connection and the curvature of the Lorentz
frame bundle P, as long as possibly independent of a
special external restriction such as Einstein’s equations
or a similar restriction on the Lorentz curvature. The
aim is to extract as much information as possible only
out of the geometry of the Lorentz frame bundle, This
procedure has a counterpart for an experimental point
of view; in my opinion, it leads to a distinction between
four types of experiments concerning the gravitational
interaction:

—locally dynamical experiments which fix the state
of the observer system with respect to the gravita-
tional surrounding;

—experiments for the external geometry measuring
some components of the Lorentz curvature, or
higher order derivatives;

—matter experiments giving information on the state
of the matter which acts at the same time as source
for the gravitational field;

—experiments for internal geometries measuring the
values of internal curvatures associated with some
internal degrees of freedom of the matter,
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The dynamical problem consists in solving the evolution
for the connection and all its associated elements—es-
pecially for the Lorentz curvature—with respect to a
given observer system, Thereby, each of the following
structure equations of the Lorentz frame bundle con-
tributes in a specific way:

—the first structure equation (typical for linear con-
connections);

—the second structure equation;
—the first and second Bianchi identities;
—higher order structure equations for the curvature.

All these relations do not really restrict the whole set

of Lorentzian geometries, nor yield a complete set of
differential equations for all possible geometrical ob-
servables; the evolution of the timelike curvature does
not show up at all in these equations, as in the dynamical
picture of a Yang—Mills connection,®

A. First structure equation of a Lorentz connection

The first structure equation of a Lorentz connection
determines the state of an observer system, i.e., it
determines how an observer system is propagated along
a curve in space—time, We restrict ourselves to the
consideration of only Lorentz connections without

torsion,
dfe=— e N6, (18)

where the @°, are the components of the Lorentz connec-
tion form in the decomposition

(19)

Let «(A) be an observer in P,, V its state, B, a standard
horizontal vector field; then

o= (‘EabEba’ (Eab )cd = nacébd - Gddnbc'

d6*(V,B)=L;6°(B,) - B,.6(V),

i ) (20)
L76°(B)=B,. (V) - 2" (V)
since
G(B,)=0, 6°(B,)=0s°, 1)

which shows how the canonical basis is transported
along the observer trajectory, Now, we calculate (18)
in local coordinates for the Lorentz frame bundle

i7 d6° = —iz(3°,AE).

The tangent vector field to the observer curve in P, is

d
V="Vea, + AL > (22)
and
fo=ve der, if u(l)= 2, X2 0\)), (3
Therefore,

iy df° =~ (YLAZY? )dx¥ - dYoV»
== (RAZY )dx* + Y2 (dX})YEVP;
on the other hand,
- i;@nb/\éb)z - ‘-bab(f/)yz dxct
+ Yo (dXg + T8 XE dx# ) VP,
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The first structure equation gives therefore an equation
for the components A for the tangent vector field ¥ in
the local decomposition (22)

axg_

A ==X (V) -XTy, v, (23)
or in other words

axe o=

D TRV =X8(). (24)

The timelike connection coefficients d’a“b(f;) determine
therefore the transport of the observer frame along the
vector field V? if torsion vanishes.

Remark 1: We obtain the same Eq. (23) by transform-

ing the components A%, of V in the decomposition
- P
V= VB, +As EP_ @")

to the local decomposition (22), since the standard
horizontal vector fields are locally given by

0
Ba=X (au T xe a—)q-) 25)
* d
E%=Xp 5 (26)
VE=veye, @7)

Remark 2: If the Lorentz connection is torsionless
and V is horizontal, i.e., &(¥)=0, then the frames are
parallely propagated, as a consequence of (24). From
Lemma 2 we know furthermore that, if V*=constants,
then x, will be a timelike geodesic and V a standard
horizontal vector field on P,, At the same time we re-
cognize the role of torsion in a Lorentz connection:
Torsion will act in the sense of an exterior force term
on the state of an observer field, since all Eqs, (18),
{20), (23), and (24) have an exterior force term on the
right-hand side given by the torsion coefficients.

B. Second structure equation of a Lorentz connection

The contraction of the second structure equation of the
Lorentz connnection,

43 (vV,B)=4 [a(V),s(B)]+2(7,B,), (28)
gives
LyG(B)=B,.5(V)+ R, V. (29)

The Lie_transport of the Lorentz connection in the direc-
tion of V is determined by the state of the observer and
the Lorentz curvature. For a given observer field o as

a local cross section of P,, the second structure equa-
tion determines the curvature in terms of the Lorentz
connection

R,,=3,T, -3 +[r,,T] (30)
or, if we contract with V* and X_, o= (x*, X%),
R-quuX:: Vuau (X:fv) - X:av(V” Fu. )+ [ruvu 7X:rv]

- (VuauX:)r‘v'*_ (X:auV“ )Fu’

or

d -~ - -~ - - -

=X, (v*T )~ [ver,,T,]+R, V*+b= T, (31)
with
1028 J. Math. Phys., Vol. 16, No. 5, May 1975

[v,x ]=bra, =b°X,. 32)

b°, is determined by the first structure equation. Let ¢
be a horizontal field of observers, V¢TI’ =0,

d

arb‘:RucVu +bgru" (33)
V# can be chosen parallel to X, since the V* are
constants,

A _f +ph T

o Li= Ry 07 Ty (34)

Equations (31) and (24) imply the following interpreta-
tion: The timelike connection coefficient VI' deter-
mines the state of the observer in as much as it gives
the vertical part of the tangent vector field to the ob-
server trajectory in P,; the spacelike part of the con-
nection, I';, contains the effective information about the
Lorentz connection; its evolution along the observer
trajectory is determined by the state of the observer
and the timelike part of the Lorentz curvature R V",

C. Bianchi identities for the Lorentz connection

The Bianchi identities for the Lorentz connection take
the following form

VR o+ VR, +V Ry,
+[T,, Ryl + T4, R, +[T,Re, 1=0. (35)

V is the linear covariant derivative given by the cor-
responding linear connection which reduces to the
Lorentz connection,

Contracting with V*X?X5, we have
VHX:XS{V{;L 7Ra81 + (T[u ’Raﬂl)} =0.
For the following we need some identities:
(1) VeX2XEV R o= VY, (X2X5R ,0) = V¥ (V X2)XER .
- VMX: (Vqu)éaB
with
Y? (VY X¥)= Y2 (V*0, X%+ VoT% Xo)= V4T? |
VE(V, XOXER = (VY XO)Y°R = V+T¢

pa“tebr

therefore,
VEXEKRY R o= V40, Ry, = VA TG Ry - 7 T2 R, (36)
(2) VEXEXEVR, = X5V, (VEXPR ) - GV, V)R,
~ (QUXIVER,,q,

(v XIYER, V= BTER, V¥,

Ye (X v, VE)=Ye XpV, (X3 V)
= (X, . Vo) + XB(V, X1 )V Ye
=X, . Ve +X5Tg, v,

Therefore, the contracted Bianchi identities read now

(37

=vTe R, - V* TS R -V, @R, V*) - Ve (&,,V*)
+X5Ts R, V* + XS, R,, VE+ (X, . VIR,
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+ (X, . VOR,, + XeTg, 'R + X°T%, VIR
V-b(ﬁuavu):=xb'(1§uavu)+ [rb’RuaVu]’

where the “covariant derivative” stands for the Lorentz
connection.

(38)

be?

Let us restrict (38) to a horizontal curve with V* =X},
a=i, b=k,

dR,k_—VRm—V,RkO+ R +1""‘R

dx
+ f’k"oR-ml + f‘?oékm“ (39)

Bianchi equations do not provide us with an equation for
the timelike elements of the Lorentz curvature Ry . In
the decomposition of

T, =fIK, + AL, (40)
ab'_flel+Al (41)

(for Gi=50(3)+m, J, the rotation basis for 1=1,2,3,
K, is the corresponding boost basis) together with the
bracket relation

[r'l ’Rab] Z{A':A;nb "fu’g}enm‘J (42)
Ay fn + AT e Ky
we get the J terms,
d
o ‘=—X A X¢-A;'zo
- {A"Aolenm fl;lf(;'ilerrmx}
- {A';Akoenm —frfk"(;enm,}
+ (rl’znl - FZ’L)A’ + I"%A"M + rlOAkm’ (43)
the K terms,
d 1 I X 1
ﬁfne=‘ XpoSoi — i Sro
- {A J oienml + B0 nm }
{A fkoenmz +f kOEnm}
+ (F - Fm )me kof;u + F'i"ofk'w (44)

Therefore, we obtain differential equations for A}, and
Il i,k,1=1,2,3, i,e., six matrix equations.

D. Differential equations for the timelike curvature part

The evolution equation for the timelike part of the
curvature is not implied by the structure of the Lorentz
frame bundle; in general, this evolution will be governed
by an internal current, built up by components of the
connection and curvature itself, and an external current,
which is a Lorentz Lie algebra-valued object of type
adG,—a fact which is suggested by the curvature struc-
ture of the gravitation theory. Since Einstein’s equa-
tions, which are not of the type of a curvature evolution
equation in the original form, give rise to a Yang—Mills
equation for the Lorentz connection

vV, Rev 4 [T, R4V =k

ex?

45)
as we shall see in the next section, we complete the
general Lorentz curvature dynamics by this type of

evolution equation for the timelike part of the curvature;
we obtain the Einstein class of solutions by restricting
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the Lorentz curvature to have some linear dependencies
between different components,

Let us transform Eq. (45) with various identities
Rev— Lyuves *R"aa,

v R‘“‘— - Lnuvaevu *RaB’

[T, ,R#*]= - in#ve8 [T, *R,,]
JV= — Lyuvas *J s (as a definition of *J sas)s
v[u* R +[r[u.’ ae]]_‘ Kk JuaB’ (46)

General vacuum solutions will be characterized by
*fwﬁ:O, (46) represents the “dual Bianchi equations”;
we apply the same procedure to them as in Sec. 5c¢ and
obtain the dual evolution equations for the elements
*R,». With respect to a horizontal observer the timelike
curvature satisfies the evolution equation

d - o~ - -
an le =-V, *Ro{ -v *Rko

+ (P - Fry*R +Tm*R +Tm*R, . (@7

6. EINSTEIN’S EQUATIONS AS A DEGENERATE
CURVATURE DYNAMICS FOR THE LORENTZ
CONNECTION

Einstein’s vacuum equations are not in the form of an
evolution equation for the curvature with respect to a
given observer, since they work with the general linear
{torsionless) connection (which is also supposed to be
metric) over space—time. Reduced to the Lorentz con-
nection of the Lorentz frame bundle, Einstein’s vacuum
equations are equivalent to special linear dependencies
between the components of the Lorentz curvature

*éab =1§*ab are equivalent to R a8 = A ops (48)

where ﬁ*ub denotes the algebra adjoint for the Lorentz
Lie algebra, namely if

R, =fLK, +8Ld,, 41)
then

R, = = ALK, +f}J,. (49)

Therefore, Einstein’s vacuum equations (48) imply the
following identities:

flxk =€lkmA:)m 9 Az)m Eem‘kfilk, (50)

A:k= —Gikmf;m’ f(‘fm=_%6m‘kAik° (51)
i,e., e.g., the relations

Afm =f112, f(}sz - AII.Z' (52)

Bianchi identities contain the evolution equations for the
spacelike curvature components, i.e., for the f}’s,
and Al,’s, so that now Einstein’s equations determine
automatically the evolution equations for the timelike
components, at least in the “Einstein” vacuum case.

Lemwma 5: Einstein’s vacuum equations together with
the evolution equations for the spacelike part of the
Lorentz curvature, given by Bianchi identities, imply a
Yang—Mills type equation for the timelike Lorentz
curvature.

Proof: We assume the differential equations for the
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timelike curvature are given by an equation of type (45).
All the equations are Lorentz covariant, and so we re-
strict ourselves to horizontal observers. We have
therefore to show that Eqs. (47) together with Einstein’s
conditions on the Lorentz curvature reduce to Bianchi
equations (43) and (44). We pick out, e.g., the compo-
nents for i=1 and k=2,

1. Take (43) for i=1, k=2:

d
aA’m: -X,. Afu -X. A!zo
—{ A% — 3 e
~{arar, - it
+ (rg'l - P’lnz)Aam + I"znoA:nl + I"lnoAlzm

Together with Einstein’s conditions (52), we obtain
d n
aAiz ==Xpefps~ X1 fla- {Agfz"é + AL e

- {Ayl'flg +f1nA;.n3}enml - r}zfzxs

- 1—‘g1f113 + (Fgl - Fi‘z )fllz + Fé"oAf..l + F’lnoAzzm- (53)
On the other hand, Eq. (47) for the *fém gives

%*fllzz - Ed):f(;:s: - Xz 'fzts "X1 ‘flls
- {83+ 00 e - {AT /I + 1AL Ye,
Tl fh- Do fla+ T~ T2/,
+ Do Dol + Thofls - Ty,
which reduces to (53) by introducing Einstein’s condi-
tions once again.

2. Take (44) for i= 1, k=2
d m
;{Xfl‘2: =Xy S =Xy fo0- {Agfg’ll +f;Am}5nml
-{ar s+ frante,,!
+ (I-"an - I‘Tz)fém +1—'Z’0 rfu + r’%f;m
together with Einstein’s conditions (52)
d 1 X Al X. A} {A"A"‘ nfm 1
a‘fm: 20 Bo3 T X0 A HAZAT _f2f23}enm
+{AAT — f1f B} + T1h0k
+ 5,480 - (T3, - T3 )AL + TR £ + TR fle
(54)

On the other hand, Eq, (47) for the *1%12 gives
d, d
Lxpl =&
A 2T T dx
—{agag ~ fof e’ —{M1AT — fif B} er!

= TlaBhs ~ THAL + (T3 - TH)AL

12823
'3 Al
V.Y

AZ) =_X2°A123‘X1‘A113

3

~ . - -
+ rgvos - FgoAéz + FioAés -

Introducing Einstein’s equations once again reduces this
equation to (54).

These Yang—Mills type equations for the Lorentz
curvature follow also over the corresponding equations
for the linear connection (metric and torsionless)
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VDRD‘B"“'zo., (55)
The linear curvature is related to the corresponding
Lorentz curvature over

R"‘B”"=X§'Y§1§°,,”"e
Then
Ye X3V (X2YR®, 2))

= Vpéefup_,_ I"icécfup _ f‘:féebup: 0,
i.e., in matrix notation

VR +[T,,R, ]=0. (45")

7. ON THE YANG-MILLS CONNECTION ENERGY-
MOMENTUM TENSOR OF THE LORENTZ STRUCTURE

The two algebra invariants I, and I, for the Lorentz
connection, defined by

11=Tr(ﬁabﬁ“”), (56)
I,=Tr(R *R»), (517)

assume particularly simple values under Einstein’s
vacuum conditions

Li=8 2 {[(LY - GLPI+[UAY - (4]
+[(74) - (AL P, (58)
I,= 8521 (flle:z +f2’3A':’3 +f3‘1A;l . (59)

In a general Yang—Mills connection theory, there is
defined a gauge-invariant connection energy—momentum
tensor T_,; the analogous object for the Lorentz
connection

KTy = (- g2 Tr(R R, + in, R, ,R°Y) (60)
resembles Bel’s super energy tensor’® in as much as
T,,is also quadratic in the curvature. x=87G/c? is the
Einsteinian constant., The decomposition of the Lorentz
Lie algebra into G, =s0(3)+m gives a remarkable iden-
tity for the Lie algebra-valued curvature elements and
their corresponding adjoint components, locally
expressed in (41), (49),

Tr (Rabéab)=Tr (-R:b‘é:b) (61)
(without summation over a and b).
The tensor T, satisfies the following condition:

Lemma 6: The connection energy—momentum tensor
density T,,, defined in (60), vanishes identically under
Einstein’s vacuum equations (48).

This property of T, follows directly by introducing
(48) into T,, and using the identity (61).

In general T, will not be positive definite because of
the noncompactness of the structure group (read “gauge
group”); however, we hope that the physically important
solutions of Egs. (35) and (45) would imply a positivity
condition for the connection energy density 7,,,. T, it-
self will not longer vanish, e.g., for the vacuum
Einstein—Maxwell equations, even if the corresponding
Lorentz connection satisfies the more general “vacuum”
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equations (45) with vanishing current j“, such as Love-
lock’s spherically symmetric connection.'” The exis-
tence of further internal degrees of freedom for space—
time manifolds modifies, in general, the Lorentz con-
nection in a way that T,, is nonvanishing.

8. CONCLUSIONS

We have seen that any metric gravitation theory?®
(without torsion) leads immediately to three different
levels in the hierarchy of the dynamics: observer dynam-
ics, curvature dynamics for the observer geometry, and
matter dynamics. Besides Einstein’s theory, for which
all the curvature evolution equations follow from Bianchi
identities, any metrical theory (e.g., the Brans—
Dicke—Jordan theory!® or Nordtvedt’s theories'®) can be
brought to the form of our curvature dynamics; a partic-
ular theory is specified by the current J, in Eq. (4_5)
and the particular values for the invariants I, and I, in
(58) and (59) as well as for the Lorentz energy—momen-
tum tensor (60). Our model is more general than the
framework of metrical theories developed by Thorne and
Will (see, e.g., Ref. 2) in the sense that we neither re-
strict ourselves to asymptotically flat space—~times nor
neglect internal degrees of freedom for the geometric
structures. In our framework, general relativity is char-
acterized among other metrical theories by the fact that
the curvature-energy—momentum tensor (60) vanishes
identically. However, the more general equations (45) in-
clude vacuum space—times with nonvanishing curvature-
energy density, The meaning of such solutions, at least
in the static spherically symmetric case, will be in-
vestigated in a forthcoming paper. What we are expect-
ing is the existence of a richer class of space~times
containing the Schwarzschild family as a subeclass. Such
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enlarged sets of “vacuum” space—times are useful for
different applications even in general relativity, since
Einsteinian vacuum geometries appear then in a subset.
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Conformal invariance and Hamilton Jacobi theory for dissipative

systems
R. M. Kiehn

Department of Physics, University of Houston, Houston, Texas 77004

(Received 25 October 1974)

For certain dissipative systems, a comparison can be made between the Hamilton-Jacobi theory and
the conformal invariance of action theory. The two concepts are not identical, but the conformal

action theory covers the Hamilton-Jacobi theory.

Recently, in this journal, two articles have appeared,
both of which deal with dissipative systems. The first!
considers the Hamilton—Jacobi theory approach, while
the second? incorporates dissipation into Hamiltonian
theory by considering the conformal invariance (rather
than the absolute invariance) of the closed integral of
action, A =p,dg* — Hdt. It is of interest to compare
these two theories, and herein it will be demonstrated
that the first theory is a special case of the second.

Classical Hamilton—Jacobi theory admits dissipation
in the sense that 0H/9f need not be zero, but physical
systems represented by Hamilton’s equations of motion
must be adiabatic, because the closed integral of work
always vanishes when the force is a spatial gradient,
dH/3q". The conformal theory yields a modified set of
Hamilton equations of motion which admit nonadiabatic
phenomena, as well as systems for which 0H/at#0.
These concepts as well as the explicit equations for v*
and f, in the conformal case, are given in Ref. 2,

The key idea, which permits the ready comparison of
the two developments, is based upon the observation
that if a form 4 admits an integrating factor B, such
that 34 is an absolute invariant with respect to the pa-
rameterized vector field ¥V, then the form# is a con-
formal invariant of the vector field yV. That is, if

£,,(84) =0 (absolute invariance) (1)
then
£,v4 =TA (conformal invariance), (2)

where the conformality factor I is given by the
expression

- T /y=203(nB) /31 +v*3(InB)/3¢"* + f,2(InB) /3p, . (3)

For the one~dimensional viscous medium, the
Lagrangian L =3 exp(vf) * generates 2 momentum p
= exp(v#)g and a Hamiltonian H=3p? exp(~ vt), such that
the action A =p, dg* — Hdl is a conformal invariant of
the flow YV =v(v", f., 1), with conformality factor I'/¥
=—v. The integrating factor for the action is g
= exp(- vt), such that 84 =¢*dg" - (4%/2) dt is an abso-
lute invariant with respect to vV.

Similarly, for the linear damped particle with con-
stant force L = exp(v1)(34% - gq), p =exp(vt)g, H
=3p? exp(~ vt) + gq exp(v?), such that the conformality
factor is I'/y=—v, and the integrating factor is 8
= exp(- vt).

The linearly damped harmonic oscillator yields L
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=3 exp(2v8) (3% - wie®), p =G exp(2vt), H=3[p® exp(- 2vt)
wiq? exp(2vt)], with a conformality factor I'/y=— 2v,
and an integrating factor B = exp(- 2vt).

The Hamilton—Jacobi theory for these and other ex-
amples has been worked out by Denman! and others.
It should be noted that each of the above examples is a
special case of the conformal theory; the constraints of
the special case are that the dissipation function T is
computed to be a scalar constant, and the integrating
factor is a function of time, alone. The conformal the-
ory of dissipation includes a much wider class of dissi-
pative systems for which I' is an arbitrary function of
q, P, and . As an example of the more general case,
consider the problem for which the equation of motion
involves both linear and quadratic damping and an ex-
ternal force to be described below; i. e., the equation of
motion is assumed to be,

. . . 3
§ 3k +vg=-2L _pv. (4)
3q
The Lagrangian generating this equation of motion is
given by
L=e{(3?/2) - V(g)}, o =hq-vt. (5)

The canonical momentum is p =¢e®, and the Hamiltonian
is given by the expression

H=(p?/2) exp(— ¢) + V exp(+ ¢), (6)

such that the action 4 =pdq - Hdt is a conformal invari-
ant with a conformality factor

T/y=+V=ki=v-kp expl- (kg - v1)]. (7
The integrating factor for the action is 8= exp(- ¢).

The Hamilton—Jacobi theory may be viewed in light
of a gauge transformation which reduces the rank of the
action-generated volume element from 2N +1 to 2N di-
mensions; i. e., consider the gauge function ¢, such
that the equation

reduces to A — dp=— (34¥/0p, ) dp,. Those actions that ad-
mit such a gauge reduction must satisfy @ =4 NdA A
.- Ad4 =0;1i.e., the 2N +1 volume § is empty.

The constraints so imposed by the gauge reduction on
(8) are the usual Hamilton—Jacobi conditions:

bu =3y/3q* (9)
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and
Gl
2+ Hp, q,0=0. (10)

The concept that an action which satisfies a conformal
invariance equation (which implies dissipation) admit a
global integrating factor 8 can be equilibrated with the
idea that the action be reducible by means of a gauge
transformation to a set of constraints that yield the
Hamilton~—Jacobi equations (9) and (10). The general
1-form of action does not satisfy A A\dA A+ AdA =0,
and cannot be represented in the Hamilton—Jacobi for-
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mat. Such systems are included, however, in the con-
formal theory of dissipation.
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Weyl quantization of anharmonic oscillators
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It is shown that polynomial self-interactions appearing repeatedly in the mathematical physics and
chemical physics literature for the case of one degree of freedom can be treated in the formalism
suggested by Weyl long ago, as was the case for the harmonic oscillator. New properties of the
Schrédinger wavefunctions are derived, and appropriate schemes of approximation for the eigenvalue

problem arise naturally in a nonperturbative way.

. INTRODUCTION

As far back as 1928, Weyl! had proposed to look at
the Heisenberg canonical commutation relations (CCR)
in their “exponential” form to describe the quantum
kinematics of a system. The proposal did not generate
much interest until 1949 when Moyal used it to show that
quantum mechanics can be viewed as a nondeterministic
statistical theory.? But it was only in the early 1960’s
that Weyl’s suggestion received renewed interest in the
formulation of quantum dynamics of a field by Araki?
and Segal.* This was subsequently followed by the dis-
covery of a realization of the “exponential” (or Weyl)
CCR in the space of analytic functions of a complex
variable by Bargmann. ° It turns out that Bargmann’s
construction is a particular case of the theory of con-
tinous representation of Hilbert spaces formulated by
Klauder. ® Indeed with the discovery of coherent light
at that time, the Weyl CCR enjoyed a great deal of
popularity due to the work of Glauber, Sudarshan,
Klauder and others.” However, despite recent attempts®
this formulation does not seem to be very successful in
any other case than the harmonic oscillator problem.

The objective of this article is to demonstrate that
nontrivial self-interactions of the polynomial type, @*"
with m =2, 3, can be treated by the Weyl formulation.
This seems to be a worthwhile enterprise since it is an
alternative to the well-known Schrodinger approach,
which leads too often to involved singular perturbation
series. Moreover, since it is so customary to view the
single degree of freedom with nontrivial interaction as
the prototype of a nonlinearly coupled field with no
space dimension, it is hoped that the present study would
shed some light on perennial problems of quantum field
theory.

In the rest of this section, we shall lay the foundations
of our discussion by introducing the functional repre-
sentation of the Hilbert space of states as a continous
representation theory generated by the Weyl CCR and
by recalling the essential functional properties that are
derived from this approach. In Sec. II the dynamical
problem is brought in, and it will be shown that an inte-
gral of the motion arises which leads to a partial solu-
tion of the problem. Sections IV and V are devoted to the
study of the quartic and sextic anharmonic oscillators;
it will be shown that new properties of the Schrodinger
energy eigenfunctions can be derived. Finally, new con-
nections with old problems are pointed out and their im-
pact on physical applications emphasized.
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A. Functional formulation of the Weyl's prescription

Let // be the abstract Hilbert space of states for a
single degree of freedom system. An element of // will
be denoted by a Dirac ket, i.e., )€ /. Quantum
kinematics in // is described by two self-adjoint un-
bounded operators on // and their canonical commutation

relation (CCR):
@, P]l=i1 (1.1

where I represents the identity in /4 and the Planck
constant is set equal to one for simplicity.

Following Weyl, consider the unitary operator
U(p, )= expli(pQ — ¢P)]

where p and ¢ are two real numbers. The group multi-
plication rule for U(p, q) can be easily derived from
(I.1):

Up, YU, q)=explilpg —p' ) Ulp+ 1, q +¢')].
A special state |€) in // is called a cyclic state with

respect to the U(p, q) if the totality of the states gen-
erated by U(p, q) as

b, @) =U(p, )|

for all p and ¢, spans // and form a total set in 4. °
Similarly, one would define

b, q|=@|UYp, q).

The set of states |p, ¢) are said to form an overcomplete
family of states (OFS) in //.

Once an OFS is known or made available, any state
can be completely described by the amplitude

lwe 4, Wp,a)=(,q|0.

The physical interpretation of the amplitude §(p, g} has
already been given in Ref. 9 and shall not be discussed
here. It can be shown® that:

(a) ¥(p, q) is a continuous, bounded function of p and g,
the upper bound being the norm of the state |);

(b) ¥(p, q) is a square integrable function with respect
to dpdg; moreover, we have

3 f [0, 9)|* apdq < | .

Let L%(p, q) be the Hilbert space of the functions ¥(p, q);
then L2%(p, q) is obviously a realization of // in the sense
of a continuous representation of a Hilbert space. ®
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B. Representation of operators in L> (p,q)

Assuming the most general choice of |Q) </, itis
possible to construct the partial differential operators
representing @ and P from the elementary relations

9
a_p U+(l), q) = U’(py Q) i(%q - Q):
9 .
3g U =U0, iz + P),
1t follows then that
, 0
@,q|Q|w>=( Ty +%q> wup, @),
, 9
b, q|P|p= (—la'vL%P) Wp, q)
for all real p and q. Consequently, the correspondence
. d
a-e=(i5- +39).

.0 1
P P_<—zaq +2p)

(1. 2)

defines a representation of the CCR in L%(p, gq).

However, in most realistic cases, the functions
WD, q) will have continuous derivatives of all orders and
will exhibit a strong decrease at infinity with respect
to p and ¢q. Then the Fourier transform

Wb, @)=1/27 [ Y(k, q) exp(- ikp) dp

establishes an isometry between L%(p, q) and L*(%, ¢), the
Hilbert space of the functions ¥(&, ¢). In L%k, q) the
representation of the CCR is now defined by the
correspondence

Q= Q=(3q+k),

0 0
P"P:—i(%a—le—--Fﬁ).

Consider the linear transformation in the plane (%, q),

(1. 2%)

x=(3q+k), y=(-3q+k), (1. 3)
which induces the initary mapping L3(k, q) — L%(x, v)
through

Pk, @) = P(x, ¥) = [3(x +9), (x = 9)]. (1.4)

In L%x,y), Egs. (I.2') can be rewritten in the variables
x and y and yield the usual form of the Schrodinger rep-
resentation of the CCR in the x variable:

. 0
Q Q_x, P P——lg-x—-

(I. 5)
Note that y remains a variable so that L%(x, y) is not
the usual space of the Schrddinger representation.

What is presented here is, for an arbitrary choice of
cyclic vector state | Q), three different ways of con-
structing two-variable representations of the CCR which
are mutually unitary equivalent to each other, exhibiting,
in particular, the main feature of von Neumann’s theo-
rem® on the decomposition of any arbitrary representa-
tion of the CCR into a direct sum of copies of the
Schrodinger’s representations as described by Eq. (I.5).

Finally, if the kinematics offer such a great flexibility
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in its description, the quantum dynamics in turn are
more specific and lead generally to a definite irreducible
representation of the CCR, i.e., a more concrete and
specific space of wavefunctions where the dynamics is
fully described and developed.

Il. FORMULATION OF THE DYNAMICS

\ .
A. General assumptions

Dynamics of the system are defined by a Hamiltonian
operator H, generator of the time translation group
{teR, U(ty=exp(-itH)}
The action of this group is defined by
Ul QU =Q(),
U-Y(() PU(t) = P(¢).

The Hamiltonians considered here will be assumed to
have pure point spectrum bounded from below, as well
as the “canonical” form, defined by the Heisenberg
equations of motion

liH,Q]=P,

(IL. 1)

dV(Q)’ (I1. 2)

[ZH, P] == dQ
where V(Q) is the given interaction potential. H will
consequently appear as a construct of @ and P.

We shall assume, moreover, that in the context of
the Weyl picture described in the previous section we
deal with an irreducible representation space of func-
tions L%(p, q), L%k, q), or L%(x)xXL?(y), where H is a
self-adjoint operator represented by the differential
operators

;0 PRSI R 2
H<—Zaq +2p5lap +Zq) 1nL(p7q)1

G} . 0 .
H(-iéﬁ-lﬁ’ k+%¢1) in L%k, q),

.0
H(—lax ax)

The point of considering an irreducible representation
is that it allows us to choose any state as a cyclic state®
and to relate the amplitude ¥(p, ¢) to the Schrédinger
wavefunctions and thereby to study their properties.

in L3(x) X L3(y). (I1. 3)

B. Existence of an integral of the motion

The task of solving for the spectrum of the differential
operators (IL. 3) turns out to be more tractable in the
Weyl formulation because one can explicitly construct
an integral of the motion, i.e., another differential
operator H’ which commutes with H.

To derive the expression for H' consider the OFS
generated by a choosen eigenstate |e¢) of the Hamiltonian

Hle)=c,|e,,
namely,
{(P,Q)(—Z]RXIR, lpq,n>:U(P,CI)‘€,,>}
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and form the matrix element of H between |pgq,n) and an
arbitrary state [y). From Stone’s theorem® one can
write

@q,nlﬂlw—z — (pq, n| exp(- itH)| ) |,.o

The matrix element of exp(—itH) can now be transformed
into

(bq,n| exp(- itH) [y) = (¢, | exp(- ie,) U* (b, ¢:0) | ),
where

U'(p, q,t)=exp[- ipQ(¢) + igP(t)),
thanks to the well-known Baker—Hausdorff formula®

1
27

and Eq. (II. 1). It remains to substitute (II. 5) into (II. 4)
and take the time derivative according to the formula®®

(1. 4)

(11. 5)

exp(- A)B eA_B+ — [A Bl+ = [A,[A, Bl]+

d l 3 . © im
dt exp[ (t)]!t=o—-GXP[- lA(O)] mz=;0 (m+1)l
x[4(0), [--[4(0), B]-]
where
e AN =40)
aoeim S

Again because of (II. 7) the value of the matrix element
(. 4) is

( l)md
(m+ 1)'

m+1

(g, n|H| = <pq,n|(e +pP- 2

dm+1
T V(Q)) 3
But, formally one has

@=ve-a=-3 &5 (5™ v

and
pP - 3p* =4[P? — (P - p)?].

Consequently, one winds up with the expression

(g, n|H| )= (Q,P)-H(Q-q,P-p)]|0,
(11.6)

where i H(Q, P) is the canonical form of the Hamiltonian
of Eq. (II.2):

H(Q, P)=3P*+V(Q).

(pg,ne,+ [H

The integral of the motion is the difference between the
Hamiltonian and its translated form

From (IL. 8) it is clear that H’ has the following
expressions as differential operator:

- 0 ;0 9
H = H(ap 34, -zaq+2p)—H(zap 39, zaq 2p>,
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. ., 0 . 0 0 5
H’=H<%4+k, _Z%W —lﬁ> —H(k-%q,iégg—iﬁ),

9 0
H = —f =
H(x, lax) H(, ay>

From the last expression, it can be seen that H’ is es-
sentially the difference between two Schrddinger
Hamiltonians of the same type in two independent
variables x and y, hence one verifies that

[H,H']=0.

C. Applications to the study of energy eigenstates

If one chooses i to be |¢,), another energy eigenstate,
then ¥(p, q) takes the form

E,. (0,0 ={e,|U(p, @] € (1. 7a)

The great advantage in dealing with an irreducible rep-
resentation is that it allows us to express E, (p, ¢) in
terms of the Schrddinger wavefunctions®:

E, 0, d)=1/27 [ .k~ q) explikp) 9,k + 2q) dk;

but we also have

E, (b, 0)=1/21 [_ E,(k, q)exp(ikp) dk. (I1. o)
This would simply imply that

E, (B, @)=y k-4 dnlk+ 3a), (IL 8)
or, alternatively, thanks to (I.3),

E, (%, 9) =§X(x) d,(¥). (11. 9)

Now without spelling out the variables it can be veri-
fied from the expression (II. 4) that the amplitude E_,
satisfies the following system of equations:

H Emn:(em - en)E
HEmn:mEmn

mn’

(11. 10)
These equations are greatly simplified when m=#, i.e.,
HE =0,

HEm:enE,m. (1. 11)

Hence in order to study an energy eigenstate |¢,) in the
Weyl representation one studies the amplitude E  which
is nothing else than the average value of U(p, q) in the
state le). The interesting point is that for the interac-
tions we are considering it is easy to find the solution to
the first equation of (JI.11) since the knowledge of the
spectrum of H’ is not required and since H’ appears as
a separable partial differential operator. Finally, one
can use the normalization condition on ¥,(x) to normalize
properly £,

tH. THE HARMONIC OSCILLATOR

The harmonic oscillator is a well-known testing
ground which is widely discussed in the literature, in
particular by Moyal and Bartlett. ! Nevertheless, we
would like to show in this section how the ideas put
forward in the previous section can be applied to this
simple and soluble problem. Moyal’s results will be
rederived with the help of Egs. (II.10), quite in contrast
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to the use of the Schrodinger energy eigenfunctions in
his approach.

The Hamiltonian
H =4+ w?Q?]
is realized in L%(p, g) by the second order partial dif-
ferential operator

2 2 wPf 00 2
H(Aq)zé(—t‘@— +%1>> +—2—(i57 +%q) (1. 1)
which admits the integral of the motion

H'(p,q)zi(wzq—a——p—a—). (IIL. 2)
ap oq

Geometrically H'(p, q) is nothing else than the generator
of the rotation around the origin of the space of the
variables p, q.

According to Egs. (II. 10) the amplitude
E, (0, 0)=(e,| U (b, @) | &)

are the eigenfunctions of H(p, q) and H'(p, q) with eigen-
values €, and (¢, - ¢,), respectively.

The single valued eigenfunctions of H'(p, q) are of the
form

E_(p, D)= f, (0" +wg")expl-ile,—¢ ) w0,

where

(I1I. 3)

€, -6, =vw with »=0,+1,£2, -..,
tand = p/wq.

The unknown functions £, (x) can be found, if one re-
quires that £ be eigenstate of the Hamiltonian. It can
be verified that

d? d  €—¢€m y2
(x dx® * dx * w T & fn =0,
where 4 wx = (p* + w’¢?). With the change of variable
p=2x, we define a new function g, (p} through the
relation
fudP)=€XD(= PV 3D &, ,(0).
Then the g, (p) will satisfy

2

(13%5 +(r+1-p) Zl%+ (enteJw™ = (v + 1)>gmn(p)=°-

One can attempt to solve this equation by power series
in p. However, in order to prevent its growth at infinity
from overcoming the factor exp(- p)vip, one has to
require that the series terminate: g, (p) assumes then
the form of an associated Laguerre polynomial®® L™"(p)
if the following condition is satisfied:

(6, +€,)—wr+1)=2muw. (I1I. 4)

Taking into account (III. 3) one finally obtains the energy
levels

€. =wlm+3%)

and the expression of E, (p, g) up to a normalization
factor N, :

E_(p,q)=N, expl- 3p —i(n—-m)plp-trm/2 L rm(p),
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When n=m, E_(p,q) is just a Laguerre function

N, exp(—p/2)L (p). When n=0 the ground state being
chosen as the cyclic state of the representation we ob-
tain the familiar coherent state representation if one
sets z =VIp exp(if):

Em0:<z!em).

We shall not discuss the properties of the Laguerre
polynomials further, since there exists ample literature
on the subject. !> However, it is interesting to notice
that they are introduced here in a natural way as the
solutions of differential operators arising from the
representation of the CCR.

Finally, we should mention that Moyal in Ref. 2 also
obtained the first Eq. {II. 11) with the time dependence,
starting from a different approach.

IV. THE QUARTIC ANHARMONIC OSCILLATOR

A. The main result of the Weyl formulation

The quartic anharmonic oscillator has been quite a
popular topic in recent years.'® In this section we would
like to present the derivation of some results reported
earlier.'? The model contemplated here is described by
the Hamiltonian

H=1(P + %@ + AQY). (Iv. 1)

Had we used a normal ordered term % @*t we would have
to introduce a correction to the frequency w and a shift
in the energy levels. However, these corrections do not
add any new physical content to the problem and shall
not be discussed.

The central problem here is the study of the eigen-
state le,) of H in (IV.1). From Sec. II, it is shown
that the realization

0 2 @ 0 2 g 4
N T § adlf FRCNY ;241
H(P,Q)—~z(laq+zp) +2(lap+24> +7‘(1ap +z‘7)
of H admits the integral of motion H’(p, q),

d a3 a® 9
Hr =ilwPg=— -p—) -rl4g - - ¢* —
(vq)=i(ota g ~p5) A (ia S35 -4 ).
which unfortunately does not possess a simple
geometrical meaning.

Since le,) is the state to be studied, its properties can
be described by the amplitude E, (p, )= (¢, 1U"(p, q)| ¢,)
or by its Fourier transform E, (%, q) given by Eq. (IL. 7).
It just happens that H’ turns out to be a separable partial
differential operator in L3(%, g) through the combinations

u=(3¢*+k%) and v=(q* - k); (Iv. 2a)

namely,

az 2

2
, _ - - — (2
H (B, q)=qk [a——uz 5o = w] .

Hence Eq. (II. 11) for the |¢,) eigenstate of the quartic
anharmonic oscillator will admit the general solution
4

«© h ! 2
Enn(u,v):f o (2) cosh ey Ai(yu+ wy:z ) dz,

sinh zv
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where 4x =y® and Ai(x) is the Airy function decreasing
for x—=, i.e.,

Ai(x):f_;° expli(£*/3 + xt)] dt

Finally, ¢,(x) is an unknown function.

Noting that, because of Egs. (II. 2), (I. 3) we have
u=3x*+9%) and v=xy (IV. 2b)

and that £, is related to the Schrédinger amplitudes by
Egs. (II. 9), we obtain the expansion

506 6.(3) :f 6.(2) coshxyz A (y x%+ 92 N w"’; Zz)dz.
(IV.3)

sinh xyz 2
The choice of cosh or sinh in this equation depends ob-
viously on the parity of ¥,(x).

To determine ¢ (z), we let the Schrodinger
Hamiltonian

d2
H(x)= - zdxz + 4 Wi+ axt
act on both sides of (IV. 3) and using partial integration
reexpress this action as a differential operator on ¢ (2).
To simplify the notation let us define

Then
HO) ) ,0)
= 7 0 43 - ey S iy as
“ Lok |- i - | avmas

Every expression containing x and ¥ can be rewritten as
a differential operator in the variable z, i.e.,

= z2%(x + %) AY(T)
g— + 1—3 222 + wZ)) AL(T),
2y? coshxyz\ _ i_ cosh xyz
sinhxyz] ~ dz% \sinhxyz

Hence

Hx) 4,(x)8,(9) = [ 6.(2) (-.,y Ly zz<22+w2))

coshxyz

sinh xyz Al(T)dz.

From this last equation it can be seen that the original

Schrodinger eigenvalue problem is now shifted to an
eigenvalue problem on ¢ (z) which satisfies the equation

( % y3 Ziéz— +y73 2328 + w2)> o (2)=¢€,¢,(2)

with the new boundary conditions
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(¢>ﬂ(z)Ai(T) °9Sh"y2)°° —0,

sinhxyz /_

coshxyz _
{(b (2) ( U7 s1nhxyz)] e =0,
which force ¢,(x) to be of the same type as ¥,(x).

Let us perform the following scale transformations on
the equation satisfied by ¢ ,(z):

z2=0f, w=0ow, ¢€,=0¢, (Iv. 4)
where y* =203, The transformed equation is now
1 dz 1 2.2 1 44
- E EF +3w o+ 5t d)n(l):E’" @n(/). (IV.5)

The previous transformations reveal the correct de-
pendence of the energy levels on the cubic root of the
coupling constant X.!'? Since it is well known that there is
no loss in generality as far as the properties of the
Schrodinger wavefunctions are concerned in assuming
r=1%, we shall stick to this particular value of X in the
rest of the discussion, and set

P () = 1 ¥,(2)
where u, is a constant of proportionality.

The expansion (IV. 3) assumes now the well-known
form of an integral equation for zonal spherical func-
tions'® (e. g., Legendre Gegenbauer polynomials,
Bessel functions -

$,(x) 0, ()= uf (2

where y*=2.

cosh 2492+ 22+ ?
 coshxyz Ai(x y 2z w >dz
s1nhxyz 0%

(Iv.6)

We observe that if ¢ (x) is a solution of (IV. 6) corre-
sponding to i, then - ¢,(x) is also a solution corre-
sponding to the value -y ; since both wavefunctions
describe the same physical probability distribution we
can assume that u,> 0 for all .

B. Homogenous integral transformation for Y, (n/

A linear homogenous integral equation can be derived
from equation (IV.6) if one multiplies by ¥,(») on both
sides of it and replaces the product ¢ () #,(2z) on the
right-hand side by its expression given by (IV. 6). The
normalization condition on #,(v) yields

by =12 [T 9,0 K. (x,9) dy,
where the kernels K,(x, ¥) are defined by

(v.mn

cosh xuv coshyuv . (xz +ut+ 2+ w2>
% 9) f f sinh xuv sinh yuv Y2

><Ai<————2—————y2 tutt P o ) dudv.
Y
The integral transforms T, defined by the symmetric
kernels K,(x,y) commute with the Schrédinger
Hamiltonian H(x). It is interesting to notice that T is
analogous to the Fourier transform in the problem of
the harmonic oscillator. Equation (IV. 7) is of the
Fredholm type. The conventional approach to Fredholm
integral equations is well known, '® but we shall seek an
alternative approach to the solutions of (IV. 7).
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We shall restrict our discussion to the case of even
parity wavefunctions, and the results can be trivially
extended to odd parity wavefunctions.

Consider the function of x defined by the integral

Fylx)=

w 2 .
coshxu Ai (yuz + wy-: xz) du.
F,(x) is obviously a square integrable function in x since
it is bounded and integrable over the real line. F(x)
does not have any zero for w®>yr» where »=-2,.338--.
is the first root of the Airy function Ai(x). However, as
«? goes increasingly negative a first zero will appear at
the origin when «” satisfies the condition

= 2
f Ai (yu2+ %) du=0.

In fact, this equation has an infinite number of roots
w?, j=1,2,---, for which when w?< f there exists at
least j zeros of Fy(x) on x>0 and for which the sign of
Fy(0) is (- 1),

Equation (IV. 6) shows that
“‘Lé}z :(Z)bzky Fj), k=0,1,2, -,

and using the Sturm—Liouville theorem for H(x) on
L?(x), we have the expression

(Iv. 8)

Fo(x)=2 Hop Yanl2). (Iv.9)
k=0
More generally, if one defines the functions
Fm(x) = T:"Fo(x)v
then they would have the expansion
Fu(x)= 25 (Hgp) ™™ tpy(x) (1v. 10)

k=D
and T™ are trace class operators: Tr T7'=(F,__,, F,) for
m=1,2,3, -, where (, )is the inner product in L?(x),
the Hilbert space of square integrable functions which
are even on R, Moreover, using (IV.6), (IV.9), (IV.10)
the kernel of TT can be either calculated explicitly from
F_(x) or be expanded in terms of the Schrodinger wave-
functions as follows:

© 2+ 2+ 2+ 2
K’[‘(x,y):f Fm_l(z)coshxyzAi(x—yyzz——w—) dz,

Km(x, v)= 25 (gp) ™ (%) ¢ pu()- (Iv.11)

k=0

Finally, from (IV.9), (IV.10), (IV.11) we can derive
the numerical equations

(Fn-l’ FO): i) (I“L;zk)"a (IV. 12)
k=0
(F, HF})= Z} (152, (IV.13)

for n=1,2, .

Equation (IV. 8) shows that u;; is a positive real num-
ber for an appropriate choice of phase for i,,(x) and
consequently that T, is a positive transformation. For
a fixed value of w?, the overlap amplitude (3,,, F,) will
be maximal when ¢,,(x) looks close to Fy(x), in particu-
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lar when both ,,(x) and Fy(x) have the same number of
zeros on the real line. From Schwartz inequality it
follows that uz: <(F,, F,).

There are, however, values of w? for which the over-
lap amplitude (3,,, F,) is the same for a finite number of
% {since for k sufficiently large, ;. will tend to 0); then
1% is a degenerate eigenvalue of T',.

Let 152 be the largest eigenvalue of T, appearing d,
times in (IV.12); then independently of d,
. Fn Fy)
432 = 1lim .
# n-e (Fn-I’FO)
Again from Eq. (IV.12) one can see that (F,_,, F))'/"
will converge to ;% if and only if d;=1, otherwise d,
would be the number for which
lim (@thﬁn»”" =,

2%

"= 3

Then if d;=1, Eqs. (IV.10) and (IV. 12) show that one
can determine the wavefunction as

Upa () =1 [, 72 F (2]

and the energy levels

;= lim u37(F  HF).
o
So long as there is no degeneracy, this process can be
repeated to determine all subsequent 133, ¢,, and ¢,,(x)
in a recursive way.

Unfortunately, the determination of y,,(x) and ¢,, in
the case of d,> 2 remains an unsolved problem. The
previous procedure of taking limits would yield only
a mixture of equal weights of eigenstates and conse-
quently of energy levels. It seems that one would need
an additional condition to lift this degeneracy.

But the values of w? for which transformation T, has
degenerate eigenvalues (in finite multiplicity) form only
a discrete set of numbers which annihilate the Van der
Monde determinant®” of the system of linear equations
in ¢, (IV. 12). We note that the crossing of some of the
u;i as functions of w? may correspond to some of the
physical features of the quartic anharmonic oscillator
unseen before in the Schrédinger representation. In
particular, this would happen most likely when w? <%y
in the usual situation of the double well potential.

Finally, we would like to mention that numerical
calculations have been performed in ¢ as an illustration
of the approximation scheme which is apparent from
this approach.

C. Adjunction of a radial potential

When a centrifugal potential, arising from a separa-
tion of variables in polar coordinates, for example, the
term

L(L+1)/2x%, x>0,

is added to the Schrodinger Hamiltonian, the operator
H’ again remains soluble in the variable # and v as
defined by Eq. (IV.2):
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32 2
H’(u,v):( 0 -u-w

2 2, LI+ 1))
out 9 ” )

Let #,,(x) be the eigenfunction of the Schridinger
Hamiltonian

1 2
H(x)= (— d +3 w0’ + 3t + ;

14® ﬂi@
2 dx? 2

2x

then we obtain, following the same procedure, the
integral equation

Vg, (%) Yo, (9) = Mg, fom Dpr,(2) Vxyz 1,172 (xv2) Al(T) dz

(Iv.14)
where
T =(w?+ 2% + 92 + 2%) /y/?
and

2
(f;z— - L(%H "Zz) Veo I, ,5(20)=0,

;... being a modified Bessel function regular at the
origin. For L — 0 we recover the odd solutions of the
previous case, It is interesting to note that the “zonal”
character is not destroyed by the centrifugal potential
and that ,,; (¥) again satisfies a homogeneous integral
equation

meL(x) = IJ'mL _]0‘” K(xa y) d)m]_‘,(y) dy
with kernel
K(x,y)= [ Fou(2) Viyz I., 5 (xv2) AKT) dz,

where

FOL(z)=fO'°u~/z_1

L+l/2

2 2
(zuz)Ai<yu2 + wy:r z >du.
V. THE SEXTIC ANHARMONIC OSCILLATOR

A. Main results of Weyl’s formulation
The Hamiltonian

H=1P%+107Q%+102Q° (v.1)

has been studied in the past in the Schrédinger repre~
sentation through singular perturbations® and through
the Hill determinant method. '°* Moreover, one can show
that the Schrodinger eigenfunctions of the Hamiltonian
(V.1) are expressible in terms of a confluent form of
the Heun functions. * In this section we shall demon-
strate that Weyl’s formulation of the Hamiltonian (V. 1)
leads to the expansion of the Schriddinger eigenfunctions
in terms of parabolic cylinder functions and the eigen-
value problem can be reduced to the finding of the eigen-
values of a very simple symmetric matrix.

We first remark that the operator H’ of the
Hamiltonian H is again separable in the variables # and

v defined by Eq. (IV.2):
1ot 4@ )N (12 9
)\ 25r T 2

2) w?
4 p— -_—— — — —
H(u,v)_( 28u2+ 5 v +2

b

(v.2)

Hence E, (k,q) or E,_ (u,v), Fourier transform of
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E, (b, q)=(e,|U"(p,q)|¢,)

where |¢,) is the nth eigenstate of H, has the expansion
with coefficient c,(n):

E, (u,0)=7] c (n)D (2 Qu)D (J2Q).

"
In the expansion D (x) is the well-known parabolic cy-
linder function solution of the equation

(a(iz—z —-ix2+(2v+ 1)) D (x)=0

which decreases at infinity (x — + «). The indices u and
v of the parabolic cylinder functions according to Eq.
(II. 11) are related by

L=2v+8

where § is a naturally scale invariant parameter:
11+ w?/Q)
Equations (II. 8, II.9) help to obtain the expansion of

the Schrodinger eigenfunctions product ¥ ,(x),(v) with
real numerical coefficients cu(n):

Do) B (¥) =20 ¢, (n) D (V@ (x* +y*)) D, (VZQ x).
u (v.3)

To ensure that the right-hand side of this expansion
shows the appropriate behavior under the space inver-
sion x—~ —x (or y— —~y), we are led to choose y even
(odd) positive integers whenever »n is even (odd). The
parabolic cylinder functions D (x) are just in this case
the harmonic oscillator Schridinger eigenfunctions H (x)
of frequency .

To determine ¢, (n) we let the Schrodinger Hamiltonian
act on the expansion (IV. 3):

[y = (0?x* + @2x%) ) 0,(7)
=R 73 ¢, (n)2D,(VQ (x* + %) [H (V20 xy)
+ Zjiﬁxy H, (V29 xy)]
+VQ 2 ¢, (n) VR (x* +y*)D, (V2 (x® +y?))
x [ZQ;zyz - (2 + 1)JH (V2Q xy).

From the known recursion relations for D (x) (Ref. 12)
we have with the use of (IV. 2)

2D(2VQ w)=vD,, (2VQ u) - D, (2VQ u),
2VQ uD(2V8 w)=vD, ,(2VQu) - D,,,(2VQ u),

and similarly from the recursion relations of the har-
monic oscillator eigenfunctions:

H,(V2Qv) + 20 H, (V2@ v) =V = 1) H,_,(V2Q0)
~Vu+ D +2) H, ,(V2Q0),
[2Q0% ~ (20 + 1)]H,,(V2Q0) = Vulp - 1) H, (V22 0)
+ V(e + D(p +2) H, ,(V2Q0).
Hence
[97 — (w®x® + Q2x)P, J9,(v)
=2‘/§Zu) (Vu(u=1) c,.n)

+vV(p+ 1 +2) c,,,(mD,(VQ (x® + y))H (V2R xy).

The eigenvalue problem in the Schrodinger representa-
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TABLE, 1. Convergence of the energy levels €, as a function of
N, the dimension of the symmetric matrix approximating A.

N= 40 80 160 320
€ 0.7647  0.7501  0.7402  0.7336
€ 1.689 1.639  1.609  1.588
€ 5.812 5. 537 5.360 5,248
€ 7.607 7.214 6.962 6.795

tion is now shifted to the difference equation

V(e +1) ¢, ,n)+ W {n 1 +2) c,.,(n)

+(en/x/§)cu(n):0. (v.4)
This is a numerical system of linear homogeneous
equations in ¢, (n), with coefficients depending on two
dimensionless quantities g and the scaled energy value

¢ =¢/VQ.

The existence of a nontrivial solution requires that the
determinant should be zero.

Since u takes values in the set of positive even or odd
integers, we shall restrict ourselves to the case where
p=2p (p=0,1,2, .-.) corresponding to the Schrodinger
wavefunction i,,(x). The extension to odd wavefunctions
Pop.1(%) is trivial. For u=2p, we have v(p)=p—B/2
with p=0,1,2, ---. Hence if §/2<0, then all v> 0; and
if p<B/2<p+1, v will take (p + 1) negative values. In
particular, when B/2=p then v=0, and the system (V. 4)
is split into two groups of equations. The first group of
P linear homogeneous equations in ¢, ..., Cy(,.;, has, in
general, the trivial solution ¢y= -+ =c¢y(,.,, =0 because
the vanishing of its determinant leads to imaginary
values for €:

¢ v(1W1.2 0 0
V1.2 ¢ v(2)V3. 4 0

0 V3.4 € 0

: v(p - 1)V(2p)(2p - 1)
v(2p)(2p - 1) ¢

) 0 -
=0.

The second group of equations for c,,, c,,.,, - is of the
usual type which shall be discussed. Consequently, for
those special values of 8/2 the expansion (V. 3) would
have started with H,,(x) rather than H,(x).

When p<g/2<p+1, since all ¢,, and ¢, for k<p are
continuous in 8/2, the reality of the expansion (V. 3)
requires that ¢,, =0 for 2 <p. The only system of equa-
tions to be considered is (V. 4) with u > 2p its involves
only one negative value of v, i.e., v(p)<0 and v(k)>0
for 2> p. Then in this latter situation we have

€ Cyp + V(D +1) (20 +1)(2p+2) 3, =0,
V(20 +1)(2p +2) ¢,

€ Cpp + V(P +2) Y (20 +3)(2D +4) 05,4 =0,
V(20 +3)2p +4) ¢y,
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+€Copy T V(P 3)J(2p +5)2p + 6) Cap.6=0,

Since
vip+ 1) -1=v(p)=1+v(p-1),

one can define new coefficients d,, by the relations

| _vp+1) 1/2d
@T\IThe+D])
c2k=—1—— d,, for k>p
V Iv(k)]

and obtain a completely symmetric system of linear
homogeneous equations in d,,, #>p. The vanishing of the
determinant now can be viewed as the characteristic
equation of a real symmetric matrix of the type

0 a 0 0 0---

with
ap,=Vvip+k) V(2p+2R+1)(2p+2k+2).

As expected, the eigenvalues of A obviously real and
the coefficients cu(n) can be computed theoretically up
to a factor which in turn will be determined by the
normalization condition on ¥ ,(x).

Finally, we note that for 8/2<0 and large, the case
of the double well potential, there is no problem in sym-
metrizing the matrix for there is no negative v. The
expansion (V. 3) starts only with a large value of v,

B. Numerical results

A straightforward approximation scheme can be set
by restricting ourselves to the NXN upper submatrix of
A, As an illustration we have choosen w==1 and
proceed with various values of N. The results for low-
lying levels are reported in Table I and show the slow
convergence of the approximation steps. We have made
no attempt to improve this numerical convergence but
have just used a standard routine to diagonalize a real
symmetric matrix. Graphical interpolation yields the
following values:

€,=0.718, ¢ =1.571,
€=5.08, ¢=6.64.

These numbers can be compared to those of Ref. 19.

C. Adjunction of other interactions
The Schridinger Hamiltonian
1 a
2 dx®

JA-1/4
242

H,(x) = + 3wix® + % +

admits in Weyl’s formulation the following integral of
the motion:
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2
‘55:?7+42i“2)

_<_1 i +Q—2u2+J———2_1/4)+—°£
2’

2 37 2 202

where u and v have the definition given in Sec. V.A.
Then $,(x), the Schrédinger eigenfunction of H(x),
verifies

Dok %) Py (¥) = 25 ¢ (7, J) D (VQ(x2 +y*)N G ,(VQxy), (V.5)

where G, ;{v) is the solution of the differential equation

1d® 1 J?_1/4
(_ L _.2_1)2/_)601:(2q+J+1)qu,

vanishing at the origin and normalized as the radial
harmonic oscillator eigenfunction.

The indices v and ¢ are related by
2q+(J+3)=2v+8.

Again, to determine cq(n,J) we calculate the action of
H(x) on (V. 5):

H () (%) $s(¥)

VB T ¢, ) 2D, (VR (52 + 37) (G, (Vaxy)
+2 \jﬁxy G (V@ xy)]
+ovR é ¢, ) VR (4% + 32 D (VG (62 + %))

x[Qx*y? - (2 +J + 1D]G _,(VQxy).
(V.6)

From the recursion relations of the Laguerre
polynomials'?

[y = (2q+J+ 16 ;== Vg + 1) g+ +1) G( 1y
-Vg+Ng Gprrys

G, (V2xy) + 2V xy G, ,(VQxy)
=2V(qg+ D) (g + 1+ G )y -2 g+ INg G(1yy-

This implies in (V. 6) that

wWig+D(g+1+J) c ,(n)+Vqlq+d) c,=¢c,
(V.7
where the ¢ the scaled energy value given by

¢ =¢/2VQ

appears to be the eigenvalue of an infinite real sym-
metrizable matrix analogous to A, along the lines dis-
cussed before in the preceding paragraphs.

Finally, one can consider the Hamiltonian

2
H\(x)= [(‘% d%—z'

Its eigenfunction y,; (x) satisfy the expansion

2 —
+ 3w0ix% + Paxt+ % J——x21/4 ) + %szs].
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Pnr (%) Y0 (0)

- ¢, d, M) D (VR (¥ +y* +1/2Q%)) G, (VQxy),

where

2g+J +3=2v+p
with

B =(B-122/40%

and ¢, satisfying a recursion relation similar to (V. 7).

VI. CONCLUSION

In this article we have shown that Weyl's formulation
of the CCR can be used to treat nontrivial interactions
in the quantum mechanics of a single degree of freedom
system. This formalism is based on the existence of
an integral of the motion. It leads to the natural sep-
aration of odd and even states. It does predict the cor-
rect scaling of the energy levels in terms of the coupling
constant. It does accomodate the addition of a radial
centrifugal potential. And most crucial of all, it does
set the eigenvalue problem in a novel context suitable
for a natural approximation scheme. Moreover, the
expansions (IV. 6) and (V. 3) exhibit more explicitly the
analytic properties of the Schrodinger eigenfunctions.

However, we did not'try to deal with the interaction
Q® since the integral of the motion is unfortunately not
separable in the variables u and v.

The present study has by no means exhausted the new
revelations brought into light by Weyl’s formulation,
Equation (IV. 6) proves that some group theoretical back-
ground is still to be discovered® and it is quite obvious
that from the structure of its integral of the motion H’,
the sextic anharmonic oscillator is related to the two-
dimensional anisotropic oscillator in Minskowski space
and therefore to its group of dynamical symmetry. We
hope to treat these problems in a forthcoming
publication.

Finally, needless to say that in many physical situa-
tions the radial potential arises from the separation of
variables in spherical coordinates of some higher di-
mensional problems of statistical mechanics. ?* It may be
there that the degeneracy of some eigenvalues of the
transformation T, found in the quartic anharmonic os-
cillator may be of some unsuspected physical relevance.
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An integral equation for the Gel'fand-Levitan kernel in terms of
the scattering potential in the one-dimensional case

H. E. Moses

Air Force Cambridge Laboratories, Hanscom Air Force Base, Massachusetts 01731
(Received 6 November 1974; revised manuscript received 10 January 1975)

An integral equation for the Gel'fand—Levitan kernel is given in terms of the scattering potential.
This integral equation may be regarded as complementary to the Gel'fand-Levitan equation which is
an integral equation for the kernel in terms of the Fourier transform of the reflection coefficient.

1. REVIEW OF THE GEL'FAND-LEVITAN
ALGORITHM FOR ONE DIMENSION

We take as our space variable x with — o <x <+,
We shall assume the scattering potential V(x) vanishes
with sufficient rapidity as x —+ % for the operator — d?/
dx? + V(x) to be Hermitian with the usual complex inner
product and have a spectrum and eigenfunctions of the
usual character described below.

The operator — d%/dx? + V(x) = H has a continuous spec-
trum which is the entire positive real axis and in addi-
tion may have negative point eigenvalues. Denoting an
eigenvalue of the continuous spectrum by E=p? with
—®©<p <+ the corresponding eigenfunctions (there
are two, one for each sign of p) are denoted by ¥(x|p).
The eigenvalue equation Hi(xip) =p2(x|p) is a second
order differential equation which requires boundary
conditions to specify ¥ uniquely. One such boundary con-
dition gives rise to ¥s(x |p) which are of interest in
scattering theory:

lim P¢(x |p) = exp(ipx) + 0{p) exp(~ ipx),

xa©

lim Y5(x [p) =£(p) exp(ipx). ey

Xt
The quantities 6(p) and £(p) are called the reflection and
transmission coefficients respectively. Their properties
are discussed in Ref. 1, for example. The inverse prob-
lem which we are about to present is discussed in Refs.
1-3 and a very extensive bibliography of inverse scat-
tering theory is given in Ref. 4.

It is readily shown that the eigenfunctions ¥(x|p)
satisfy the integral equation

holx |1))=exp(i19%)—%f+ exp(ip | x = x'|)

XV(x)P(x’[p) ax’. (2)
From this integral equation one can obtain b(p) and £(p)

in terms of ¥,.

Another set of eigenfunctions §,(x|p) of the continuous
spectrum is defined by the boundary conditions
lim g, (x |p) = exp(ipx). (3)

X=*w®

These eigenfunctions have simpler analytic properties
as functions of p than ¢ (x1p). The two sets of eigenfunc-
tions are not independent but are related. Clearly

bslx [p) = B,0x [ p) + 0PI, (x | = p). (a)

1044 Journal of Mathematical Physics, Vol. 16, No. 5, May 1975

The eigenfunctions i, satisfy the following integral
equation:

by(x | p) = exp(ipx) +})fx sinp(x — x YV (x") g, (x' [p) dx’.  (5)

As mentioned above, there may also be point eigen-
values E; <0, The corresponding eigenfunctions ,;(x)
may always be chosen real and their normalization is
arbitrary:

[ o Pax=4,>o.

The functions ¥,(x1p), ¥;(x) satisfy the following com-
pleteness relationship, from which an expansion theo-
rem can be derived:

(2m)t f jwa(x!p)w.,(x’l—p)dp+(21r)" f _:ww,,(xbp)

xb(- Pl ) dp + L WD g )

We shall now give the Gel’fand— Levitan algorithm:
Define’ B(x) by

B(x)=(2m)™* fwb(p) exp(— ipx) dp

©

+ 3 expl(- B /%], ®

1

Then let the Gel’fand— Levitan kernel K(x, y) defined
for x>y satisfy the integral equation

K(x,y):_B(x +y) - f_’;K(x,z)B(z +y)dz. (9

It follows that

V() =22 K(x, ), (10)
dalx [p) = explipx) + [* K(x, y) exp(ipy) dy, (11)

;(x) = expl(~ E;)* /%]
+ [* K(x,3) expl(- E;) 2y ay. 12)

2. THE INTEGRAL EQUATION FOR THE KERNEL
IN TERMS OF THE POTENTIAL

One can also obtain an integral equation for the kernel
K(x,y) in terms of the potential V(x). The equation is
the principal result of the present paper. We have
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K(X,y) :%f_fu)/z V(X’) dxl_,_%f;:a—y)/z V(x')

x [

y=x+x*

X [yE=xt p(x! 2)dz dx’. (13)

y=x+x?

’ ? 1 x
K(x',z)dzdx" +3 e /2 V{x"

We shall now derive Eq. (13). It is convenient to in-
troduce the Heaviside function 7(x) defined by

nx)=1 for x>0,
=0 for x<0. (14)

We use Eq. (11) on the right-hand side of Eq. (5) and
then equate the resulting expression for ¥, with the ex-
pression for ¥, given by Eq. (11). We find

j_; K(x, v)n(x — v) exp(ipy) dy =%fwsin1>(x-y)n(x—y)
X V(y) exp(ipy) dy +%fmn(x—x’) sinp(x - x Y V(x’)

x f e = (', 3) explipy) dy dx”. (15)

©

We now multiply Eq. (15) by (27)~ exp(~ ipz) and inte-
grate with respect to p. We use the fact that

(217 [ ** sinkx exp(ky)k dk =4[n(y +2) = nly -],  (16)
Then
K(x, 2)n(x = 2) = K(x, 2)
=3 [nlx—y)nx-2) =02y -z -x)]
XV(y)dy +5 [ 27 [0l = x)n(x "~ )

X[ny-z+x-x)=nly-z-x+x)]
XV{(xVK(x', y)dx'dy. 17
But as we shall show
N0 = y)N(x ~ 2) = 02y — 2 = ) ] =n(x - 2)n((x +2)/2 - y),
(18)
N ~xMx" =Yy -z +x=x) = nly -z —x +x')]
=1 -2)n((x +2)/2-x)nly -2z +x=x) =y - x)]
+n(x - 2)[nx’ = (x +2)/2) = n(x’ - x)]
X[ny-z+x-x)=nly—-z-x+x)]. (19)

Substitution of Eqs. (18) and (19) into Eq. (17) leads to
Eq. (13).

The proofs of Eq. (18) and (19) are not altogether tri-
vial. Hence we shall sketch them.

To prove Eq. (18), we shall first prove that 7(x — y)
Xn(2y—-2z—-x)=0if x<z. If x <y, this result follows
immediately. Hence take x >y, Then, if x <z, we have
y<x<zand so 2y <x +2z. Thus the factor n(2y - z — x)
=0 and we may write

n(x = N2y - 2 — x) =n(x = 2)n(x — )2y — 2 - x).  (20)
The left-hand side of Eq. (18) is then

1045 J. Math, Phys., Vol. 16, No. 5, May 1975

n(x - 2)n(x = y)[1 - n(2y — 2 - %)}

=n(x = 2)n(x - y)nx +2 = 29), (21)
where we have used the relation 1 - 7n(x) =7(-x). On
also using the identity 1(2x) =n(x), the last two factors
on the right-band side of Eq. (21) become 7(x - )

xn{(x +2)/2-9v). For a nonzero result y <(x +2)/2<x,
Hence

n(x = v)n((x +2)/2 = y) =n((x +2)/2 - y), (22)
and Eq. (18) results.

To prove Eq. (19), we denote the left-hand side by
A and define vy, and v, by

y=z-x+x', y,=z+x-x', (23)
Then
A=7(x - xInlx" = y)nly - 3) -y - 35) . (24)

First let us prove that A=0 if z >x, We may take
x>x', for the result is trivial otherwise. Then

Y1 <Ya. (25)
Furthermore,
x'< V1. (26)

By considering A as a function of y, it is clear that
A=0, since one of the two y-dependent factors is al-
ways zero. Hence we may insert the factor #(x - z) on
the right-hand side of Eq. (24) without a change of
meaning.

Now let us take x >z and ¥ >x’ in evaluating the
expression

B=n(x" =)l -3 =1y -y,) . (27)
[We note
A=7n(x - 2)n(x-x"B.] (28)

Equation (25) holds. Moreover, x’>9;.

We can now consider two cases: (a) in which x' <4y,
which is equivalent to x’ < (x +z)/2 and (b) in which x’ >y,
which is equivalent to x’ > (x + 2)/2.

Let us first consider case (a). Considering B as a
function of ¥y, we have

B=1(y -y - nly -x". (29)
In case (b)
B=n(y - 9,) - n{y - v,). (30)

Thus combining the two cases and using Eq. (28), we
have

A=nlx - 2)n(x - x)((x +2)/2 = x)[n(y - y;) = nly -~ x "]
+0(x = 2)In(x ~ xInlx’ = (¥ +2)/2)[0(y - y,) = 0y - y5)].
(31)
But on using x >z with the consequence x > (x +2)/2,
N —xWn((x +2)/2-x)=n((x +2)/2 - x"),
N —xIn(x' = (x +2)/2) =n(x'~ (x +2)/2) = n(x - x"), (32)

considering the left-hand sides as functions of x’. Then
the substitution of Eq. (23) and (32) into Eq. (31) yields
Eq. (19).
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We shall now discuss the integral equation (13) for
the Gel’fand— Levitan kernel in terms of the scattering
potential briefly. First of all, we note that this integral
equation is one for the fwo variables in K(x,) in con-
trast to the Gel’fand— Levitan equation (9) which involves
the variable y only and in which x is fixed. Secondly, it
is readily seen that the kernel satisfies the hyperbolic
equation

K= K,y= V0K (33)
with the boundary condition
K(x, x)=3 [ V(x) ax'. (39)

Indeed, Egs. (33) and (34) are used in deriving the
Gel’fand— Levitan equation (see Refs. 1 and 5 for the
radial equation). The integral equation (13) can be con-
sidered an alternate approach and can in fact be derived
from Eq. (33) with boundary conditions (34) through the
use of the theory of characteristics.

It should also be mentioned that an analog of Eq. (13)
arising from the three-dimensional problem of inverse
scattering at fixed energy but various angles is given in
Ref. 6.
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Note added in proof: The integral equation (13) can
also be obtained from the integral equation for the
kernel B,(x,y) of L. D. Fadeev [AMS Transl. Ser, 2
85, 142 (1967)] by a suitable change of variables, The
author is grateful to Professor R. G. Newton for point-
ing out this reference to him.
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Variable dimensionality in the group-theoretic prediction of
configuration mixings for doubly-excited helium
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Variable dimensionality (= D) is used to interpret recent group-theoretic predictions of configuration
mixings in doubly-excited helium. Calculated 25%2p? 'S mixings agree with the group theory over
the range 1 < D < . General results for D = 2 predicted mixings are given and energies of states
within the N = 2 atomic shell confirm predicted level orderings. The D = 1 model atom is
described exactly by the group theory, with quantum numbers and a selection rule characterizing the
stability of Coulomb matrix elements as D — 1. The exact D = 1 results have a physical
interpretation in approximate autoionization and energy selection rules for Rydberg series at D = 3.

1. INTRODUCTION

Recent investigations showed that mixing ratios of
doubly-excited, degenerate, two-electron hydrogenic
configurations (for example, s, 2s%:2p?!S) due to the
Coulomb interaction 1/R,, are predicted quite well by
a new group-theoretical technique.® Diagonalization of
an operator B2 equal to the square of the distance be-
tween two one-electron Runge—Lenz vectors in the
hydrogenic configuration basis yielded a “doubly-excited
symmetry basis” (DESB) with configuration mixing
ratios extremely close to the directly calculated ratios,
Qualitatively, the ability of the DESB states to describe
correctly the near-degeneracy two-electron correlation
is related to the fact that average values of the Runge—
Lenz vector A are proportional to average values of the
position vector R in the one-electron hydrogenic basis.
It is expected then that two-electron states in which B2
= (A; - A,) is largest will have the largest average
values of (R, -R,)?, resulting in the smallest average
values of 1/R,,. This assertion was extremely well
verified, and simple empirical formulas relating B®
and the total angular momentum to exact doubly excited
energies were obtained. A natural consequence of the
diagonalization of B*> was the appearance of two new
quantum numbers K and T which labeled each configura-
tion-mixed state, Extensive configuration interaction
calculations of the doubly-excited helium spectrum de-
monstrated conclusively that K and T labeled uniquely
each Rydberg series in helium, In addition an analysis
of the relationship of K and T to the angular and radial
correlation properties of each zeroth order DESB state
gave approximate “selection rules” for predicting cor-
rectly the relative weakness of autoionization and UV
absorption processes for the actual helium states,

Although the DESB classification of the near-degen-
eracy correlation is good the fact remains that the
method does not exactly diagonalize the energy, thus
complicating attempts to determine both the precise role
of B2 in the group-theoretical description of 1/R,, and
a group-theoretical derivation of the autoionization
selection rules. Some insight to B2 can be gained by
investigation of configuration mixings of the asymptotic
region of the wavefunction, for which the “dipole ap-
proximation”?3 is quite good. As we have noted else-
where,? a more accurate description of the long-range
mixings was given by Macek® in a diagonalization of
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asymptotically degenerate configuration interactions to
order r~2 in the hyperspherical coordinate »= (2 +#2)!/2,
One readily sees that the major portion of the mixings

is due to B?,® As we emphasized in Ref. 1, there is
sufficient empirical evidence to suggest that B? is funda-
mentally more important than these long-range results
indicate,

In order to elucidate the role of B? in determining
configuration mixings, we investigate in the present
paper the model problem of a helium-like atom of vari-
able dimensionality (= D), with physical results cor-
responding to the case D=3, Calculations of the actual
2s2: 2p?!S mixing are made, and verify the group-
theoretic predicted mixings over the range 1< D<o,
Details of the group theory and the calculation are de-
scribed in Sec. I, Further investigation of the operator
B? for the case D=2 appears in Sec. III. While our use
of variable D in this problem represents in itself an in-
teresting mathematical problem, it is our goal to use
the results for general D to better interpret the D=3
results, To this end we show in Sec, IV that in the limit
D=1 the DESB mixings predicted by B? are in exact
agreement with those given by calculation, This cor-
respondence leads directly to a new interpretation of the
D=3 quantum numbers and autoionization “selection
rules.”

Variable dimensionality has been used previously by
Herrick and Stillinger” to describe the ground state
binding energy of the helium isoelectronic sequence,
and resulted in the discovery that the doubly-excited
2p? ¢ (D =3) state is identical (within a simple angular
factor) to the 1s2'S$¢ (D=75) ground state. Similar de-
generacies exist for excited states of the same sym-
metries, and in Sec. V we show that the group-theoreti-
cal DESB does in fact predict identical configuration
mixings for these D=3 and D=5 states. Interpretation
and discussion. of the variable D classification of states
appears in Sec. VI, and we show that the D=1 results
are particularly useful for interpreting the D=3
classification.

1. THE 25?:2p2 'S CONFIGURATION INTERACTION
IN D DIMENSIONS

A. Group theoretic prediction of mixings

The degeneracy group of the bound hydrogen atom

Copyright © 1975 American Institute of Physics 1047



TABLE 1. Calculated and predicted 2¢2,2p° ‘S‘ mixing coeffi-
cients for variable dimensionality (= D). Calculated values are
for the lowest energy state from a 2 X2 diagonalization of the
1/Ry, interaction in a hydrogenic basis. Predicted values are
from Eq. 6.

Calculated Predicted

coefficients coefficients
D ©s?,s) @, S) @s?,8) ©ep?,9)
1 0.7071 0.7071 0.7071 0.7071
2 0.8250 0.5651 0.8165 0.5774
3 0.8796 0.4756 0. 8660 0.5000
4 0.9094 0.4160 0.8944 0.4472
5 0.9277 0.3734 0.9129 0.4082
8 0.9552 0.2958 0.9428 0,3333
10 0.9644 0.2645 0.9535 0.3162
100 0.9965 0.0834 0.9950 0.0995
o 1.0000 0. 0000 1. 0000 0.0000

states in D dimensions is SO(D+1),57° in analogy to the
well-known results of Fock'! for D=3, The group al-
gebra is generated by the D(D —1)/2 angular momentum
operators

» . 0 0 .
Ln=-l(XJ@‘-Xka—XT), (j<k=D) ®
and the generalized Runge—Lenz vector operator®°
. D-1 >] ?
4= {[( aR) < 2 X,
- X [2H+R™)[~2H]'/? R<D). 2)

Here R is the position vector (X, X;, . .., X,) and H

is the one-electron energy H= -A/2-1/R. Both L,,t and
A commute with H, The one-electron energy spectrum
is E,=~-2@n+ D - 3)?, with the principal quantum num-
ber n=1, 2,°°- , The bound state wavefunctions are
¥P® =R, .Y}, where Y} is a D-dimensional spherical
harmonic of total angular momentum A(A+D-2), A=
=0,1,..., n—1, R?, is the radial function'?

RP, = NP, exp(=kR)R*F(~n+A+1; 20+ D -1; 2kR),

OS2 Vs [r(n+A+D-z)(2k>2A+M]1/2 (32)

nMATOTRA+D-1) T — * (3b)
with =V = 2E,. We label states with A=0, 1, 2, -+,
respectively, ns, np, nd, - . T'(X) is Euler’s gamma
function.

For n=2 there are D+ 1 degenerate states, There is
one spherical (A=0) |2s) state, and a D-component [2p)
vector state (A=1), For all dimensionalities we find
that

Ak | 2s)= ‘zpk)’

A, |2p,)=|25)5,,,
where ,, is the Kronecker delta function. The cor-
responding two-electron configurations with zero total

angular momentum are
|252,8)= | 25),|2s),, (5a)
|2p2,9)=~[(2p);* (2p),1/YD (5b)

Each configuration is normalized to unity, and subscripts
label electron 1 and 2. The phase in (5b) is chosen to

be consistent with the Condon—Shortley'® convention for
D=3.

(4a)
4p)
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As in Ref. 1, we can define generators of an SO(D
+1),XS0(D+1), algebra with the two-electron angular
momentum and the antisymmetric _operator B= A A
We expect that diagonalization of B? in the |2s?) ]21)2)
basis will yield correlated states which apprommate the
exact mixings caused by 1/R,,. The resulting DESB
states are

/
=[] e [ e, @
for which [B? - 2(D +1)]x,=0 and
/2
X.=-— [Dill-l] IZS S)+ [Di)l] 12[)2,8) M

for which B?y_=0. x, is expected to give a lower 1/R,,
repulsion energy since it is characterized by the larger
B? eigenvalue,

Note that in the infinite-D limit x, and x_ approach
pure |2s2,5) and |2p?,S) states, respectively, while at
D=1 the mixing is predicted to be strongest.

B. Calculated 25?:2p% mixings

Each configuration has zero total angular momentum,
and transformation to the coordinates R,, R,, R,, allows
all Coulomb integrals to be evaluated as a continuous
function of D.” Def1n1ng E% = (25| R3}12s%), ED =

= (2p21R312p?), and EB, = (2s*| R} |2p2), we obtain

(8)
1, )

EP, = a[D(16D° + 56D + 17D+ 91)N"'],

E,= a[(2D +1)(2D+ 3)(4D*+ 15D ~ TN

E2, = — a[15(D +3)(2D + 1)D*/*N™"], (10)
with

N=16D(D+1)(D+2}(D+4), (11D

2I((p-1)/2]T(D +3) (12)

C=TTO T D2 -

Diagonalization of the 2s%, 2p*'S interaction matrix
yields two configuration-mixed states which can be com-
pared with x, and x_. The mixings are determined
uniquely by the parameter

n= (Ess - Epp)/zEsp

_(D=1)(12D*+41D+7)
~ 10(D+3)2D+1WVD

with the ratio of the 2s%:2p® mixing (= C;,) in the lower
energy state given by

Ccale=n+V1+77,

Values of this calculated ratio appear in Table I for
comparison with the predicted value C3*= VD obtained
from x, in Eq. (6). Excellent agreement between the
predicted and calculated ratios is found, and at D=1
they are identical, For increasing D the predicted ratio
is smaller than the calculated ratio and at D=, Cgalc/
Cored= 6/5. However, the actual state at D= 1s pure
|2s ,S) in agreement with the group theory. It is clear
then (at least to first order in a Z-* expansion of the
doubly-excited energy) that the contribution of the near-
degeneracy 2s%:2p? correlation to the total energy dimin-
ishes with increasing D,

(13a)

(13b)

’

(14)
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TABLE II. Group theoretical DESB states and Coulomb repul-
sion energies for hydrogenic configurations with both orbitals
in the N=2 shell,

(K,M,spin) B® {/R,y)?* Label Wavefunction

1,0,0 6 197 ig VZ @s2s) +VI @p2p, )P
a,1,1) 5 210 ’p «(232pﬂ—2p+12s)/f
©,0,1) 2 280 3g @p42bs — 2020 N2
,2,0 2 367.5 D —@p,2)

0,1,0) 1 460 ip 282D,y +2p,425) V2
(-1,0,00 0 576 g —-\/—(2328)4-‘/1 2p2p,9)"

2n units 7/3072; {0,0,0011/Ryy | (=1,0,0)=4V2
®Defined in Eq. 24).

1. DESB MIXINGS FOR D =2

The results of See, II show that the DESB approxima-
tion to the actual 2s%:2p%'S mixing is better in two
dimensions than in three dimensions, This suggests that
group-theoretical investigations of the Helium doubly-
excited states can be made without a loss of generality
in D=2 rather than D=3, The results obtained for this
model problem should allow similar results to be formu-
lated in D=3, There are two features of the D=2 prob-
lem which make it particularly appealing. The first is
that the angular portion of the wavefunetion is simpler
than in D=3, This places a greater emphasis in the
calculation of Coulomb matrix elements upon the radial
portion of the wavefunctions, and facilitates their evalua-
tion. A comparison of the matrix elements for two and
three dimensions appears in the Appendix. Secondly,
the underlying group theory of the DESB is simpler in
D=2 than for D=3, although the fundamental role of
B2 in both d1mens1ons is unchanged. For these reasons
we describe in detail the DESB states for D=2,

A. One-electron states

Defining p=2kR, we use the radial states in Eq, (3)
to construct the D=2 hydrogenic wavefunctions

v (R)
=M, p"™ exp(- p/2)F(|m| -j; 2|m| +13p )exp(zmqb)
Vir
(- 1) G+iml \/2 (152)
mm = @ ml )1 ((j—lml)1(2j+1)3) ’ (15b)

where j=n—1and m=0, £1,,.., j. The angular
momentum operator L— —i8/3¢ and the Runge-Lenz
vector in Eq, (2) are used to define

)
Joz—lﬁ, (16)
J,=A xid,, an)

—exp(izd))((ziJ) -2t 1J) )[—2H]"/2 (18)

=exp(ii¢)<(112Jo)%—(2J§¢Jo)%+(j+%))a (19)

Jo, J, are generators of the hydrogenic SO(3) degeneracy
algebra, with commutation relations

[Josd]=24, (20a)
[J,,J.]=2J, (20b)
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and

Jo¥pm=m¥,, (21a)
I Y, m=10 *m)(]im+ D20, 21b)
JE=dy(J, - 1)+J J_is diagonal in the ¥ basis with

elgenvalue ji+ 1)

We use the convention that states with |m|=0,1,
2,°°° are labeled s, p,; d,,°** . For instance, when
n=23 there are a total of five degenerate states cor-
responding to the j=2 irreducible representation of

S0(3): 3s, 3p,,, and 34d,,.

B. Two-electron DESB states

The DESB states obtained by diagonalizing B?= (4,
- A,)? subject to conservation of total angular momentum
(= M) and parity are

¢(Nn,KM)=§(_1)m*W2J+1

><(N-—l n-1J (22)

m M-m —M>‘I’N’"(1)\I,HM-m(2),

where (:::) is a 3 —j symbol, For convenience we as-
sume n > N, J [the usual SO(3) quantum number] is re-
stricted to integer values |j, —j,| <J <j,+7j,, but the
more important DESB quantum number is K=J-n+1,
in analogy to our definition of K for the D=3 states.!
Note that the total parity for the D=2 states is (- 1)¥,
and need not be specified.'®> The phase factor (- 1)"
arises because B? depends upon the difference of the
operators A, and A, rather than their sum. The states
¢ (Nn, KM) are bases for irreducible representations

of the SO(3) algebra generated by J,=J,(1)+J,(2) and
J,=d,(2)-J,(1). The eigenvalues of B? are J(J+ 1) - M2,
When n=N the states have exchange symmetry (- 1)*¥,
but when n# N exchange-symmetrized states must be
constructed. Multiplication by appropriate spin functions
then gives the antisymmetrized states required by the
Pauli principle.

The K quantum number is more useful than J since it
labels an entire Rydberg series of states n=N, .
N+1,-.. for each value of M, For instance the DESB S
states (M =0) with N=2, K=+1 have the mixing

2 = —
©(2n, +10) <2n_

) |2sns, S)+<

> |2pmp, S),

(23)

where

[2pmp,8)= [ 2p_mp,1) + | 2p,mp_)]/V 2. (24).

C. Example: N = 2 states

The DESB states in which both electrons are in
orbitals with principal quantum number N=2 illustrate
quite effectively the relationship of the B? eigenvalues
to the average Coulomb repulsion energies. The wave-
functions, quantum numbers, and energies appear in
Table II, As expected, the states with larger values of
B2 have a smaller Coulomb repulsion energy, This
supports our assertion that the fundamental role of B?
may be independent of dimensionality. Each state is
clearly the analogue of a D=3 state, as indicated by our
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TABLE III, Group-theoretic DESB configuration-mixed states
for D=1 doubly-excited states. Each wavefunction for n>N
must be exchange symmetrized to form a singlet (S=0) and a
triplet (S=1) state, The labels 25*!L are used to indicate corre-
spondence to states in D=3, The other quantum numbers are
described in the text.

K B # €,6, Label Wavefunction (n=N=2)
+(N=1) W+n=2% +1 -1 135 (Nsyns)— Npyupy) V2

+(N=1) W+n-22 -1 -1 3P (Ngupy— Npyns) N2
~(N-1) (a—N? -1 +1 1P (Nsmpy+Npyns)) N2
-N-1D (~-N  +1 +1 135 (Nsynsy + Npympp) N2

notation. The 3S state (D=2) corresponds to the 3p¢
state at D=3,

1V. CONFIGURATION MIXINGS IN ONE DIMENSION

We show in this section that Coulomb mixings of
hydrogenic configurations in the limit D=1 are exactly
those predicted group-theoretically by diagonalization
of B?, We noted in Sec. II, for example, that the pre-
dicted DESB mixing of 2s%:2p?'S converges to the calcu-
lated mixing ratio at D=1, even though the Coulomb
matrix elements diverge in that limit. In general, prob-
lems of convergence can be avoided by assuming that
the limit D=1 is not taken until after the radial in-
tegrals and matrix diagonalization are performed., The
same convention is used in the determination of com-
mutation relations (for instance, of the Runge—Lenz
operator and the one-electron Hamiltonian) on the
hydrogenic basis. A second problem is the conceptual
difficulty of interpreting the physical nature of the D=1
hydrogenic states, since there is no “SO(1)” angular
momentum, The one-electron states are described in
part A, and are classified by an SO(2) hydrogenic de-
generacy group, The two-electron classification appears
in part B.

A. One-electron states

While each radial function RZ, in Eq. (3) has a de-
finite limit at D=1, only states with zero total angular
momentum [=A(A+ D - 2)] have a physical interpreta-
tion. Clearly, these are the states with A=0 and A=1,
The corresponding “angular” functions in each case are
s=1/V2 for A=0, and p=sgn(X)/V2 for A=1, Note
that s and p have even and odd parity, respectively. The
full hydrogenic wavefunctions are then

ns=RE - s, (25a)
np=REp (25b)

in the limit D=1, The 1s ground state lies at E= ~ »,
and has been shown’ to represent the single bound state
of an attractive Dirac delta-function potential when
length and energy are suitably scaled. All excited bound
states (n=>2) have energy E, = - 3(n~1)2,

The most important property of the hydrogenic states
is that the normalized ns and np vadial functions are
identical at D=1, corresponding to a collapse into the
origin of the first radial node in each ns wavefunction as
D—1, This is easily shown,

})inllRfoz[n— 1]‘3’251111 (D-1)F(1 —n; D-1;2kR)exp(-kR)
ZR;u (26)
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using the hypergeometric identity

limbF(a;b;z)=azF(a+1;2;2). 27)
b=0

More fundamentally, the equality of the ns and np radial
functions is a result of the Fock-type SO(2) degeneracy

of the state, with the Runge—Lenz operator in the D=1

limit being simply

= (n - 1)sgn(X) (28)
when acting on n#s and np. The states
U,,= s tnp)/V2 (29)

with m =n - 1 satisfy

AU, =+mU,,, (30)

and define the irreducible representations of the SO(2)
degeneracy algebra, %17

B. Two-electron states

The DESB for D=1 is obtained by diagonalizing 5%
=(A,- A, on the (Ns,,Np,)X (ns,,np,) product space
subject to conservation of parity. These wavefunctions

and the B? eigenvalues for the entire doubly excited
spectrum »n = N appear in Table III. In each case B?is
an integer (=M?), and the DESB quantum number K
= |M| ~n+1 labels each Rydberg series n=N, N+1,

. Because the ns and »np radial functions are equal
the DESB wavefunctions factor into a product of a two-
electron radial function times one of the four “angular”
functions (s;s,xp,p,), (S1pa+p:5,). Subsequent sym-
metrization of the functions in Table Il with respect to
electron exchange therefore affects only the radial
portion of the wavefunctions,

The one-electron Runge—Lenz operator A= sgn(X)/
Vv ~2F is energy-normalized, and therefore commutes
with R} only in subspaces of constant », and »,, Thus

C=AV_2F (31)

is clearly a more useful one-electron operator because
C C commutes with both l/R12 and the partity operator
for all 7,1, > 2, On the DESB C C affects only the
“angular” portion of each wavefunctlon and the cor-
responding eigenvalues (given in Table III) are

C,C,= - sgn(K), (32)

We therefore have the result that matrix elements of
1/R,, between DESB states having different parity (™),
exchange symmetry (P,,), or C,C, tend to vanish as D
—1, even when the stales vepresent nondegevate hydro-
genic configurations. Note that ¢ C is a function only
of the SO(2) algebra generators, and does not depend
upon the corresponding noncompact SO(2,1)
description, V'

For the 2s2:2p% 'S mixing described in Sec. III the off-
diagonal Coulomb matrix element in the hydrogenic
DESB is

8(D — 1)2(D+ 4)D*/2a
D+1N ’

where N and « were defined in Eqs. (11), (12), Since «
diverges as (D -1)"at D=1, the matrix element (33)
vanishes linearly in (D - 1),

(33)

(X, |Rii|x)=
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C. Diagonal DESB Coulomb energies

A discussion of 1/R,, matrix elements for arbitrary
D appears in the Appendix, Assuming as we have through
throughout that the D=1 matrix elements can be
obtained by continuous scaling of D from higher dimen-
sionalities, these matrix elements have the form

RiD=AD-1)'"+B+C(D=1)+-++ (34)

in a (D - 1) expansion. The properties of this series,
and in particular the value of A are important in under-
standing the relative magnitudes of the Coulomb matrix
elements for DESB states at D=2, 3, In this section we
shall consider only this leading order singularity at D
=1, Evaluation of A4 is facilitated by the fact that (D - 1)
/R, may be replaced in the integrations by the
delta-function 25(X, - X,) in the limit D~ 1, In the
present paper this result is obtained immediately from
Eq. (AB) using the Fourier representation of the 5-
function,

6(x)=(2n)? [~ dk exp(ikx).

Within DESB subspace of constant N and »n defined in
Table M1, the Coulomb matrix elements can be written
uniquely in terms of the exchange operator P,,, C,C,,
and the matrix elements

Fg,,=<f\7$1ns2|R;§lelnsz)(D— 1), (352)
Gy,= (Nslnsz|R;;‘nslez)(D -1), (35b)
F},,,:(Nslnsz‘R;ﬂ Npnpy(D-1), (35¢)
Gya= WNsnsy| Ri}|np Npo)(D - 1), (35d)

The form of the diagonal DESB energies is such that the
Coulomb operator may be represented by

(D - DR;y—~ F, +GY, Py + (FS + G} P,)C,C, (36)

for n> N, When n=N (36) must be halved because of a
normalization factor in the wavefunction. Further reduc-
tion of the energy expression follows from application of
the 6-function behavior of (D-1)/R, to (35), and we find
that F§ =Gy, =F},=G;, at D=1, Values of the coeffi-
cient A of the leading order Coulomb singularity may
then be calculated using

(D-DRE—F3, (1+5,)1+C,C,) (37)

within the DESB subspaces. In particular, note that
there is no singularity for DESB states having either
antisymmetric spatlal exchange or a -1 eigenvalue
(i.e., K>0)of C ng Only states with K <0 can have
the (D - 1) Coulomb singularity. For fixed N and » the
nonzero values of A are the same for each state since
the magnitude depends only upon F9

The preceding group theoretical classification of
the Coulomb singularity at D=1 can be used to interpret
states of higher dimensionality only if they connect to
“physical” states at D=1 upon continuous scaling of D.
It is possible that similar singularities exist in the ener-
gies of higher dimensional states which have no physical
interpretation at lower dimensionalities,

V. (3p2:30?%)3Pe MIXINGS FORD =3
We have shown elsewhere” that every exact nonrela-

tivistic two-electron wavefunction of total orbital angu-
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lar momentum L =0 in D+ 2 dimensions is identical
(within an angular factor) to a state in D dimensions
having L=1 when D> 1, This equivalence was effected
in the zeroth-order hydrogenic radial functions by the
transformation®®

(A, gy o)~ (N + 1, A+ 1, + 1,1, + 1), (38)

where A, and »n, are the one-electron orbital angular
momentum and principal quantum numbers, respective-
ly. A consequence of the equivalence of the states is
that the mixing ratio of (3p%:3d2)°P¢ for D=3 is identical
to the (252:2p%)'S mixing at D=5. It remains to be seen
whether the group-theoretical DESB mixings for these
two states are also equal.

The D=3 DESB states from Ref, 1 are

1/2 1/2
¢+=<g> (3p2,3P)+(é> (B&%,°P) (39a)
with (B?-14)¢,=0, and

with (B? - 2) ¢_=0, Comparison with Eqs. (6) and (7)
shows that the 'S (D=5) states x, and x_ are in fact
transformed by Eq. (38) into the ¢, and ¢_°*P¢(D=3)
states, respectively.

A similar relationship exists between the (2s2:2p2)'S
(D=4) state and the (3p2:3d%)’S (D=2) state. Using the
D=2 coordinates X=R cosf, Y=R sind, this latter
state (for K=+1) is obtained from Eq, (22) as

#(33, +10)= [(5)”"'( 39131 +3p 43p.. 1)

\ V2
. <_> 1/2(3d 23d, - 3d+z3d_2>:| (402)
5 \/—2— D=2
4\ 1/2 1\ /2
:Q[(§> R”Rs’—(g) RyuR,, coselzl)-z, (40b)

where Q= (X,Y, - ¥,X,)/7iV2 and 6, is the angte between
electrons 1 and 2, The second factor in Eq, (40b) is
identical to the D=4 state x, defined in Eq. (6) when
(cos8,,)p.. is replaced by (coséy,), ,. Both states have
the same DESB mixing coefficients,

The agreement of the DESB mixing coefficients with
the exact invariance of the mixing ratios for these pairs
of states in D and D+ 2 dimensions is interesting, It is
likely that the mixing invariance in the DESB results
from the explicit use of hydrogenic radial functions,
The results of this section are further evidence that
variable dimensionality does not affect significantly the
role of B? in classifying the two-electron states.

VI. INTERPRETATION AND DISCUSSION OF
RESULTS

By using variable dimensionality in the calculation
and group theoretic prediction of configuration mixings
we have obtained several results which elucidate the
previous DESB classification of the doubly-excited
helium spectrum for the physical case D=3, Foremost
of these results is that simultaneous diagonalization of
Bz, parity, angular momentum, and exchange yields
configuration-mixed states nea.rly identical to the states
obtained from a direct diagonalization of 1/R,,, for all
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dimensionalities. Future investigations of the operator
may therefore be performed in a two-dimensional vec-
tor space, for which both the group theory and integral
evaluation are considerably simpler than in three
dimensions.

More important, however, is our application of the
DESB classification to the limiting case D=1. That the
calculated mixing ratios are predicted exactly by the
group theory for this model problem can be attributed
directly to the equivalence of the ns and np hydrogenic
radial functions, All the features of the D=1 classifica-
tion can be used to interpret the D=3 results. For in-
stance, Eq. (37) shows that states with DESB quantum
number K >0 have a lower repulsion energy than states
with K <0, This is due to the presence of a node in the
“angular” portion of the wavefunction at the position X,
=X,. Thus of the two'P Rydberg series (see Table III)
Opon= @smp, —2pms), and ¢, = 2s,np, + 2p,ns,); the
K=+1 states lie lower in energy. In addition, the K=
+1 series is stable against autoionization to the (Iskp)
continuum, whereas the K= -1 series can decay due to
its nonzero amplitude when X, =X,., These exact results
for D=1 are identical to the qualitative interpretation
given by Cooper, Fano, and Prats'® in their initial clas-
sification of the experimental helium absorption spec-
trum, This example also illustrates how autoionization
“selection rules” arise naturally from the DESB classi-
fication. Since C,C, exactly commutes with 1/R,,, in-
teractions between discrete and continuum channels are
allowed onlty when C,C, is conserved. Although no analog
of C,C, has yet been found for the D=3 states, we have
noted in Ref, (1) approximate autoionization selection
rules which agree with experiment, These rules are in
fact exact at D=1,

Conservation of 6162 within a given Rydberg series
at D=1 also has a physical interpretation at D=3. For
instance, a configuration interaction calculation at D=1
including the configurations (2sns), (2pnp)'S for n=2,3,
o+ would give a block-diagonalized energy matrix in
which all matrix elements connecting K=+ 1 DESB
states with K= — 1 DESB states are zero. The extensive
configuration calculations in Ref. 1 showed that the D
=3 energy eigenvectors are very strongly (although not
exactly) classified by the K quantum number over the
entire helium isoelectronic sequence. Use of K as the
“natural” quantum number for the D=3 Rydberg series
is thus well justified by its exact conservation in the D
=1 limit,

That € rather than 4 is the operator of physical im-
portance for Rydberg series at D=1 suggests that it
may also be useful in three dimensions for describing
the mixings of configurations (NZ,nl’) with >N, The
DESB approximation to these mixings does not have the
correct energy dependence at large n. Investigation of
this possibility is in progress.

In conclusion, the use of a nonphysical variable
dimensionality has given new insight to the classifica-
tion of the doubly-excited helium spectrum and the K
quantum number of the DESB, primarily because exact
results are obtained at D=1 which have physical inter-
pretation at D=3,
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APPENDIX: EVALUATION OF TWO-ELECTRON
COULOMB MATRIX ELEMENTS

For the wavefunctions 4, =a(R) Y, (6, $) in three
dimensions, Coulomb matrix elements are usually
evaluated using the Legendre expansion

Ri3=21P,(c0s6,,)f, (R, R,), (A1)

RE
fk(R<,R>):_A_

Rl>e+1 (A2)

where R, and R are, respectively, the larger and
smaller of R, and R,. The resulting integrals are

Cammys lymy !RI; llcmc’ Lymg)
:k% C*(@ my, 1 m YC*Ugm, lym,)

XRF(ab,cd)d m, +my,m,+m,),
where

CH(Im,'m")=[(21+ 1)@ +1)]*/2
><<ll,k><l l k>,
000/ \-m m! m-wm'
and
Rk(ab,cd)zdelf:dRz(Rfalcl)fk(R<,R>)(R§b2d2)o (A5)
4]

The expansion contains a finite number of terms due to
symmetry restrictions on the 3 —j symbols. A similar
expansion for D=2(or for any even dimensionality) is
not convenient, since in general an infinite number of
R integrals must be determined, In order to evaluate
the Coulomb integrals we therefore use a Fourier Con-
volution in D dimensions:

(Ad)

| e [ movm s,

e f ROF, (P, ), (6)
with
F,= [ dRu()exp(~it+R) (am)

for u="¥,y. This illustrates the (D - 1) divergence at
D=1 discussed in Sec, V.

For D=3 Eq. (A8) leads directly to Eq. (A3), except
that now

Rk(ab,cd);g’ dtME(OME, (2), (A8)
with
M‘;c(t):<2kt+1>l/2j dRaR)c®),.,, ,(tRR/2, (49

J,(Z) is the Bessel function, Equation (A8) is particular-
1y convenient because it reduces the two-electron radial
integrals to an average (over ¢) of a product of one-
electron expectation values of J,,, ,,({R)/VR? in the
radial basis. In this sense, the M? (¢) are similar to the
c®(m,!m’) coefficients, which are equivalent to
averages of P,(cos6) between the one-electron angular
functions, The difference is of course that averages of
products of two functions are effected in Eq. (A3) by a
summation over ., while the average over products of
ME, coefficients involve integration,
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For D=2 the one-electron wavefunctions are 4, =
=a(R)expEme)/V2r. Equation (AB) leads quite simply
to the result

(mgmy | Rt m mq)

=0 (m, +my,m,+m,)(2k +1)'S* (@b, cd). (A10)
Here k= |m,—m,| =im, —m,|, and $* is the radial
integral
S*ab, cd)= fo " dtG ()G, (1), (A11)
Gk.()=(2k +1)'/? [* dRaR)c RV (GR)R. (A12)
0

Note again that use of the R, R, coordinates is avoided,

We can return to these coordinates by substituting (A12)

into (A11) and integrating first over f to get

S*(ab,cd)= [~ dR, j;" dR,(a,c,R)g, (R, R,)(b,d,R,), (A13)
o

with

T(+3
gk(R<aR>)='rT(7cf(%_i—1")“12‘—(_23ﬁ‘)°fk(R<,R>)

XFe+5,5k+1;(R /R, ). (A14)

The special case g,(R.,R,), representing a circular
average (m,=m,=0) of 1/R,, was given in Ref. 7.
Note that the leading term in (A14) is R%/R#*, Compari-
son with the Legendre expansion in (Al) gives the selec-
tion rule

[ ae, [ “ d,P, (c0S$,,) exp(t ik,,)=0

for integer k> %’ = 0,

(A15)

We illustrate the difference between the D=2 and
D=3 Coulomb integrals by comparing the quantities EZ,
E},, and E?, defined in Egs. (8)—(10), They are for D
= 3'

E%, =R°(2s2s,252s),

E;,=R°(2p2p,2p2p)+ ER*(2p2p,2p2p), (A16)
E},=-V3R'(2s2p,2s2p);
and for D=2:

EZ,=5°(2s2s,252s),
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E2,=S"(2p2p,2p2p) + $5%(2p2p, 2p2p), (A17)

E2,= -V25%(2s2p, 2p2s).
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The inverse scattering transform: Semi-infinite interval
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Certain nonlinear evolution equations can be solved on the semi-infinite interval by the method of
inverse scattering. These equations are a subset of those which can be solved on the full interval.
The equations have even dispersion relations when linearized, and are subject to appropriate

homogeneous boundary conditions at the origin.

1. INTRODUCTION

Many nonlinear evolution equations can be solved ex-
actly as initial value problems on the infinite interval
— o <x < by the method of inverse scattering. The
form of each of these equations is characterized by the
dispersion relation of its linearized form and an in-
tegro-differential operator. As shown in Ref. 1, the
problems that can be solved by use of the generalized
Zakharov—Shabat eigenvalue problem have the form

a [r o (M _
5 () i () o
where L* is the integro—differential operator
oo fLava v
5—27 . dyq 2v B dyr
_—

X a X
—2qfdyq —5;+2qfdyr

and Ay(¢) is proportional to the dispersion relation of
the linearized problem. As a simple example, if

A (§)==28%, r=tq*, (1.3)
then (1.1) reduces to the nonlinear Schrédinger
equation’

qs - g2 |q| g =0. (1.4)

It was also shown in Ref, 1 that the method of inverse
scattering, as applied to nonlinear equations, is analo-
gous to the method of Fourier transforms for linear
equations.

In this paper, we consider the question of whether
any of these equations can be solved on the semi-in-
finite interval, 0 <x <, The question has a simple
answer, which reemphasizes the close connection be-
tween inverse scattering and Fourier transforms (which
we use here in the narrow sense, excluding other eigen-
function expansions). We find that those evolution equa-
tions of the form (1. 1) which can be solved on the semi-
infinite interval are exactly those which, when linear-
ized, can be solved by either a Fourier sine or cosine
transform,

For a linear evolution equation,

u,=Lu, x,t>0, (1.5)

where L is a linear differential (in x) operator with
constant coefficients, Fourier transforms are useful

1054 Journal of Mathematical Physics, Vol. 16, No. 5, May 1975

if the (homogeneous) boundary conditions at x =0 allow
u(x, f) to be extended to — « <x <« as either (a) an odd
or (b) an even function of x. Specifically, the solution
of (1.1) may then be written as

ulx, t) = 21-” f 7, (k) expli[kx + w(R)t]} dk, (1.6)
where 7, (k) = [ u(x, 0) exp(- ikx)dx, and w(k) is the
dispersion relation of the equation. Since u(x, 0) is now
(a) odd or (b) even, so is 7,(k). Then if and only if w(%)
is even, u#(x,f) remains (a) odd or (b) even for all £> 0.

For a nonlinear problem that can be solved by inverse
scattering (on — « <x <), similar conclusions hold. We
will show that if the linearized dispersion relation is
even and appropridte homogeneous boundary conditions
at x =0 are imposed, the solution of the nonlinear equa-
tion can be extended as an odd (or even) function. More-
over, if the linearized dispersion relation is odd, a
counterexample is given which suggests no extension
will provide the solution by inverse scattering,

2. ANALYSIS

The generalized Zakharov—Shabat eigenvalue problem
is (~w <x <o, {>0):

Vi +iEV =qUy, Vg = iLUy =70y, 2.1)
with the associated time-dependence
vy =Av; +Bvy, vy, =Cvy— Av,, 2.2)

A, B, C are given functions of ¢(x,t), »(x,t), and ¢.
Cross differentiation of (2. 1) and (2. 2) yields, as a com-
patibility condition, the evolution equations for ¢, 7. 3
Suppose that, at time £=0, (a) g(x) and 7(x) are odd
functions or (b) g(x) and 7(x) are even functions. Then
there are symmetry relations for (2.1) and (2. 2):

(@) vilx, &) =vi(=x,- &),
Vylx, £) =vy(~ %, - 8),
Alx, ) =A(-%,-0),
B(x, {) =B(-x, -~ &),
Clx, ) =Cl=x,=8);

(b) vylx, &) =vy(~x, - &),
va(x, §) == vg(=x, = £),

A(x, g) :A(_ Xy = g),
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B(x’ c) =B(_x5 - g)y

Clx,t)=C(-x, - 1),
In the case where 7,q — 0 sufficiently rapidly as x| — o,
define particular solutions of (2.1) at £=0 by

- (},) exp(-itx)

2.3)

x—+—oo

5 (2y) ewtien o

Qi

- (é) exp(-itx)
Here ¢ and ¢ (or 3 and §) are two linearly independent
solutions of (2.1), rather than complex conjugates. It
follows from (2. 3) that:
(@) ¢, &)=¥-x,- 1),
o0, &) == P(~x,- £);
®) ¢y(x, O =Py(~x,-0),
$alx, ) == Yol %, = 1),
4(x, £ ==~ x,-0),
$2(x, £) == Py(-x, - 2).

The Wronskians of these solutions, which comprise the
scattering data (see, for example, Ref. 1), satisfy:

@) a(9)=al-¢), (®) a@)=a(-9),

(2.5)

b(¢) == b(- o), b(¢) =b(~ 9), (2.6)
b()=-b(-2;  b(&)=b(~).
For {> 0, the scattering data evolves as
a(g, ) =a(8), b(g,t)=b(k)exp[-24,()t], @.7

a(¢, ) =a(y), blg,t)=b(2)exp[24,(2)],
where

Ao(g) = l]-}mA(x, g;t)y

x| -

and is directly related to the dispersion relation of the
linearized problem. Thus (2.6), which follows from the
assumption of oddness or evenness at =0, remains
valid for £> 0 if and only if Ay(£) is an even function of

¢. This is analogous to the results in the linear
problem,

Conversely, we show that if the eigenfunctions satisfy
(2. 5) [so that the scattering data satisfy (2. 6)], then the
corresponding potentials must be (a) odd or (b) even
functions of x. These eigenfunctions have the
representations

o(x, &)
= ((1)) exp(- i &x) —»/:: L(x, s)exp(—igs)ds,

o(x, £)
=— ((1)) exp(itx) —1: L(x,s) exp(its)ds,

2.8)
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Plx, &)
i, (2) explitx) + f " Kix, s) explits) ds,
P, £)
= ((1)) exp(—i¢s) +fw K(x, s) exp(-i¢s)ds,
where L = (ﬁ%), etc. It can be shown that
K, (x,x) == Ly{x,%) =— 3q(x),
Ly(x, %) =Ky (x, %) = - 37(x).
Substituting (2. 8) into (2. 5) yields (s = x):
@) K(x,s)=L(-x,-s), () Kylx,s)==Li(-x,-5),
I?(xys):_L(—x,_s); K2(x;s)=z2(_x’—s)’
1_{1(’(, S) == Ll(_ Xy = S);
Ky(x,8) =Ly(- %, - 5).
(2.10)

The relations (2.9) and (2. 10) ensure that the potentials
q,7 remain (a) odd or (b) even for all time,

2.9

The solution procedure is to solve either of the sets
of equations,

K(x,y)+(>F(x+y)+f K(x,s) F(s+y)ds=0 (y>x),

K(x,y) - (0) 7“(x+y)—£ K(x,s)F(s+y)ds=0 (y>x),
2.11)

or

f(x,y)+((1)) G(x+y)—f: L(x,s)G(s+y)ds=0 (x>y),

Lix,y)+ <$> 5(x+y)+[wx L(x, s)G(s +y)ds=0 (x>y),

(2.12)
for K,K or L, L. Here

Fe)= 5 § o8 ewlite - 2400z

(2.13)
F(z)= ZLW f Zg; exp(~ itz +24,(0)t)dg,
Glz)= L 28 exp[— itz + 24,(0)t]d
— 2.14)
G(z)' ?_23 explitz — 24,(9)t]de.

In (2.13)—(2. 14) the contours C (C) refer to integration
above (below) all zeros of a() (a(¢)), assuming g(x,0),
7(x, 0) are on compact support. F,F, G,G satisfy the
linearized equations and obey the symmetry relations,

(@) Fz)=-G(-2), (b) F(z)=G(-2),
F(2)=-G(-z), Flz)=G(-2),

which ensure that (2.10) are consistent with (2.11)—
(2.12). Note that in the special case 7(x, f) =0 [the evolu-

tion equation for g(x, f) is rendered linear] then (2.13)—
(2. 14) properly reduce to (a) sine transforms or (b)

(2.15)
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cosine transforms, Thus, the nonlinear evolution equa-
tion which can be solved by the inverse scattering
method on 0 <x <<« are exactly those which, when
linearized, can be solved by a Fourier sine or cosine
transform.

It is a consequence of the method of inverse scatter-
ing that with the time dependence (2.7) an infinite set of
globally conserved quantities on |x| <« exist. If g(x),
7(x) are (a) odd or (b) even, half of these vanish identi-
cally. The other half yield conserved quantities of the
form [, (++*)dx.

A much different situation arises when the dispersion
relation is odd. Extensions to the full interval cannot be
expected to yield valid solutions, Indeed we know this to
be true of linear problems as well. For example,
consider

s+ quxx=0 (2.16)
on the interval — © <x < [7(x,#)=0, A;=-47¢% in our
scattering formalism], The solution has the form

alx, t):-él; f "y (k) expli(ex + k%)) dk. (@.17)

o

If (2.16) holds on the semi-infinite interval 0 <x <o,
subject to the boundary condition ¢(x =0) =0, then
q(x,%)=0 is the only solution of the form (2.17) which
vanishes at the origin for all time. Thus, the method
of Fourier transforms (or inverse scattering) yields
only the trivial solution, There are nontrivial solutions
of (2. 16) of the form,
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ulx, t)
= J,7 7o (%) exp(= kx/2) sin(z V3 kx) exp(- k*t) dk, (2.18)

but they are not recovered by this method.

Finally, we note that, in solving nonlinear evolution
equations, use of the full interval — « <x < is impor-
tant. If one attempts to use inverse scattering proce-
dures on 0 <x <<, then the time dependence of the
eigenfunctions at x =0 is required information, The so-
lution process then depends on the solution of (2. 2) at
the origin. Unfortunately, A(x,t), B(x,?), C(x,?) intro-
duce further unknowns, not given by the boundary con-
ditions, into the equations.

The conclusion is that the solution procedure for non-
linear evolution equations by inverse scattering on the
interval 0 <x <« is in close analogy to that of Fourier
analysis. The method is valid when the linearized dis-
persion relation is even and appropriate homogeneous
boundary conditions are given at the origin.
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In this article we consider the effects on ensembles of random Hamiltonian matrices when certain
restrictions are imposed on the potentials of the corresponding Schrodinger Hamiltonians. In
particular, we investigate the validity of the assumption which is usually made when ensembles of
random matrices are used to predict statistical properties of energy levels of complex systems, namely
that the Hamiltonian matrix elements are statistically independent.

1. INTRODUCTION

Recently there has been considerable interest in
studying the restrictions imposed on random Hamilto-
nian matrices by the requirement that they represent
physically realistic forces. In particular, extensive
numerical computations have been undertaken to study
the implications of the limitation of the forces to two-
body interactions and to study the effects of the Pauli
principle. ! These computations start with assumptions
about the effect of the physical conditions on matrix
element distributions and proceed by computer diagonal-
ization of the resulting matrices,

The purpose of this article is to provide a systematic
method for determining the matrix element distribution
which corresponds to any physical set of potentials. The
method utilizes a particular representation (harmonic
oscillator states are used as a basis) to calculate
analytic expressions for the transformation from a
random Schridinger equation. The results are essen-
tially identical (except for the dimensionality of the
matrices involved) for a single particle in an arbitrarily
complicated external potential or for a system of parti-
cles with arbitrarily complicated interactions. Explicit
transformation matrices are given for both cases, and
it is shown that, for sufficiently general Schrédinger
equations, all of the matrix elements Hy,, j=i, are
independent. Since relatively simple analytic expres-
sions can be obtained for both the transformation matrix
and its inverse one can transform from Schrddinger
equation to Hamiltonian matrix and vice versa at will,

As an example of the effect of the imposition of physi-
cal restrictions on the Hamiltonian matrices we then
consider an ensemble of velocity-independent Hamilto-
nians, This imposes so severe a restriction on the
matrix that now instead of having all of the matrix ele-
ments independent we find that only the diagonal ele-
ments are independent, The off-diagonal elements are
linear combinations of the diagonal ones. This causes
restrictions on the resulting eigenvalue distribution,
but does not destroy the functional independence of the
eigenvalues,

We then turn to the question of the effects of the
statistics of the particles on the matrix element distri-
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bution, This is done by reformulating the problem in
second-quantized form and again calculating the trans-
formation matrices explicitly. For bosons the algebra
is unchanged from the previous version of the trans-
formation. For fermions the algebra is different but the
results are effectively the same. In both cases one
finds that, provided the interactions are complicated
enough, the matrix elements are all functionally inde~
pendent, However, this requires the use of many-body
forces up to and including N-body forces, where N is
the number of particles present, Thus, in practical
cases where the order of the interaction is quite low
the matrix elements will not be independent, Nonethe-
less, as one increases the order of the admissible in-
teractions, the number of restrictions on the matrix
elements decreases rapidly so that one would expect
“approximate” independence to prevail. ’

2. DEFINITIONS AND CONVENTIONS

A basic assumption in the statistical theory of spectra
is that the Hamiltonian matrix of a sufficiently complex
system will be a typical sample of the same multivariate
distribution in almost any representation, ® Thus, we
are essentially free in our choice of a representation
for describing a complex Hamiltonian, ?

We will choose as our basis functions, the eigenfunc-
tions of an isotropic harmonic oscillator. (In the begin-
ning, we shall not consider spin dependent ensembles, )
Such basis functions are commonly described by de-
fining so-called “ladder operators” for each degree of
freedom. !° These operators may be defined in terms of
the coordinate x and momentum p associated with a
given degree of freedom as

B'= (X—ip)/\/-i,
B= (x+ip)/V2,

2.1)
2.2)

where the system of units has been chosen such that
m=k=%=1 (m is the mass of the oscillator, % is the
spring constant, and 7 is Planck’s constant divided by
2m).

It follows from the canonical commutation relation
[p, x]=~1i that
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(6", (871- 25 (;”)(f); UBYIB™, myn=0,1,2,- .

@.3)
Using this result it can then be verified that
G AL e oY (A C Y
and
n Fj
p"=i"27 (8 - B =" D (- Vi
. 320 =
r T ) gryi-e
=0 () e, @.5)
where # is the nonnegative integer, and where
1+ (= 1) n!
=
"f’< 2 /jllm-j)/2]12® 07 (@.6)

Finally, we choose the normalization and phase of the
oscillator eigenfunctions such that

(n|m) =By @.7

and

/ 1/2

-mi 2.8}

‘ n= m> H
where we have used Dirac notation

3. ENSEMBLES OF NONSINGULAR HAMILTONIANS

First we consider the most general ensemble of
Hamiltonians corresponding to a one-dimensional parti-
cle in a nonsingular potential (i, e., we consider Hamil-
tonians which are expandable in nonnegative integer
powers of x and p). The ensembles can be specified
mathematically by writing the Hamiltonian, H, in the
form?!

N n

H= 2 2 bnk(B*)n-kBk,

n=0 k=0

(3.1)

where the b,, are parameters, which have an associated
multivariate distribution that determines the ensemble.
The largest power involved in H has been chosen
arbitrarily to be N. Later, we will have reason to
choose a particular value of N, which will be deter-
mined by considerations of functional independence of
matrix elements,

Since H is Hermitian, the parameters b, must
satisfy
b% = by s (3.2)
Also, if we restrict H to be time reversal invariant,
then

bk = b

(3.3)

(i. e., the b,, are real).

We wish now to calculate the matrix elements corre-
sponding to this ensemble. As is the usual procedure in
the statistical theory of energy levels we shall treat the
Hamiltonian as a matrix of arbitrary but finite dimen-
sion, say M +1. (Then, of course, one must take a
limit as M —,)

From Eqs. (2. 8) and (3. 1) it follows easily that
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Hy, =G |H|j)

1 [ (=)™ a2
T2 [G+7-n)/2)t

where 4,7 =0,1,...,M, and where b,;=0, 1 >n. Note
that only odd or even values of » contribute to the sum
on the right if j -7 is odd or even, respectively. This is
because our states have definite parity, and each term
in the Hamiltonian (but not the Hamiltonian itself) has
definite parity. It should be pointed out that if N> 2M,
those b,, with »> 2M do not contribute to any matrix
element, Thus, terms in Eq. (3.1) involving those

b,; are superfluous. Note also that due to properties
(3.2) and (3. 8), it follows that H is real and symmetric.
Thus, from this point we need consider only the matrix
elements H,,, j=i.

bn, (n+j=i) /2 (3<4)

Equation (3. 4) can be rewritten as
[J-l»s] 1

(s) _
v = kEo G-R)1

(s) -
Uy 3_0,1,---;M7

i=0,1,2,...,M=s, (3. 5)

where u = (N-s)/2, [m/2] is the largest integer less
than or equal to m/2,

vi(S) =Hli+s/(“ (i*‘s)!)l/z’

and

(3.6)

3.7

Note that if N <2M there will be a smaller number of
#{® than there will be »{®. This means that the v{®,

and thus the Hy;, j={, are not functionally independent,
Thus the assumption usually made in the statistical
theory of energy levels that the H;,, ¢ <j, are statisti-
cally independent would certainly be false if the ensem-
ble consisted of only Hamiltonians with N <2M. That is,
if the ensemble does not contain a large enough class

of Hamiltonians, then the assumption of statistical inde-
pendence of the matrix elements is untrue,

(s) _
Uy = Boag, sane

If N> 2M, then Eq. (3.5) can be rewritten as

(s} E; 1 (s)
V7= T Uy
! w0 (E—R)! k
(

Clearly, there are exactly the same number of uks’ in-
volved in (3. 8) as there are v{*), Further, since the

Jacobian of the transformation does not vanish, i.e.,

7 ?}§S)
ués)

the v,‘s’ are all functionally independent provided the ué”
are functionally independent.

{3.8)

=1, (3.9

At this point it is clear that if the multivariate dis-
tribution for the b, is known, the multivariate distribu-
tion for the H,,;, j= i, can be obtained by direct calcula-
tion by use of Eqs. (3.6)—(3.9). Further, if N=2M the
inverse of the transformation given by (3. 8) can be ob-
tained explicitly. In particular, it can be shown that

t ik
o _y EDM
U = TR 3.10)

where s=0,1,...,M, i=0,1,...,M~s.

Note that not all of the b,; can be obtained from Egs.
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(3.10) and (3.7). However, all other b,, (excluding the
superfluous ones) can be obtained from relations (3. 2)
and (3. 3) (i.e., they are not independent). Further-
more, if N is exactly equal to 2M, through (3. 8) and
(3. 10) there is a known one-to-one transformation be-
tween all of the independent b,; and the independent
Hy;. Thus, given any ensemble of one-dimensional
Schrédinger Hamiltonians [defined through (3. 1)} the
corresponding matrix element distribution can be ob-
tained explicitly by using (3. 8). Conversely, if the dis-
tribution of matrix elements is known, the correspond-
ing ensemble of Schrddinger Hamiltonians can be ob-
tained through (3. 10).

From the above discussion it is clear that provided
the ensemble of matrices is general enough, (i.e.,
N= 2M) almost any joint distribution of the H;;, i<j, is
possible. That is, even though we are considering a
fairly special case of Hamiltonians (i, e., one-dimen-
sional particle with potential expandable in powers of x
and p) there seems to be no constraint on the matrix ele-
ment distribution,

If we add the condition that the Hamiltonian is in-
variant under space inversion, the matrix elements be-
tween states of different parity will vanish, Thus, we
can choose our basis such that all Hamiltonian matrices
in the ensemble consist of two blocks along the diagonal,
one for each parity. Since all the matrix elements are
still independent functions of the remaining b,;, the
transformations being exactly the same as above, there
is essentially no change in the conclusions, However,
we now would, of course, consider each block
separately.

It is now a simple matter to generalize to an ensem-
ble of Hamiltonians in a mulfidimensional space. Again
we will use Hamiltonians which are expandable in posi-
tive integer powers of the canonical variables,

X5 X3, . .., Xg and Py, Pa, . . ., Px. Such a Hamiltonian cor-
responds to an » particle system in an m-dimensional
space, such that nm =K,

The most general Hamiltonian of this form can be
written as
®e oy ¥g ng

H= 7, 2, b

- . s eac ppikqooe
ng=0 ky=0  nge0 kg0 1T MKIRLTCRE

X (BB« o« (BR)"k* KBy, (3.11)

A calculation analogous to that for the one-dimensional
case above yielcllvs
1

N
Hii---ix;ji---JK:%ZO cee néo A
X bnla--nK; (n1+11-t1) {220 ngef peip) /25 (3- 12)
il’j1=0,1,°“’M1:"" iK’jK=0’1;---,MK,
where
1 X1 +(=1)%i
A= — Vi di. 1
iin 9K bl [ik +jk_nk) 2]1 Zk']k' ’ (3-13)
and
ligga- - -dn) = i) fia) - - ). (3.14)

If we now define
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4
p,® SH ety tyasyoef sy kr=11 (! G+ ) 1)L/ (3.15)
and
uk(')E bsl+2k1--'5K+2kK;31+k1"°SK*kK’ (3.16)
Eq. (3.13) can be rewritten as
. Cuql [“EK] -
8) _ a8
vy ~ 5 Rl Ty (8.17)
where
1
Tix= Tiiu.fK;k('“szm:im {38.18)

and where y,=(N, - sk)/z.

It should be clear at this point all calculations and con-
clusions are essentially unchanged from the one-dimen~
sional case, In particular, the Hamiltonian matrix is
real and symmetric (assuming time reversal invariance),
and the matrix elements can be functionally independent
only if N> 2M,, m=1,...,K. H these conditions are
satisfied, then (3.17) can be rewritten as

iy ig
(s)

vy =20 2 Tyt

2 (3.19)

The Hil...gx;jl...jl{, jl = il’ e ,jKZ iK’ will be func-
tionally independent provided the uk"’ are independent.
(In fact, the absolute value of the Jacobian will again be
unity. ) Further, it is easily verified that

X (_ l)iqu

e )] .20

Tty

I N,=2M,, m=1,2,...,K, we have a known one-to-
one transformation between the independent b,y and the
independent matrix elements. Thus, given an ensemble
of Hamiltonians of the form (3. 11) the corresponding
matrix element distribution can be obtained using (3, 17).
Conversely, if the matrix element distribution is known,
the ensemble of Schrédinger Hamiltonians can be ob-
tained using inverse transformation given by (3. 20).

It should be noted that using the same techniques one
can treat the problem of an ensemble of Hamiltonians of
the form (3. 11) corresponding to a single particle in
three dimensions with the additional restriction that the
Hamiltonians be spherical symmetric. Since the conclu-
sions are basically the same as those above the explicit
calculations will not be given here.

4. AN ENSEMBLE CORRESPONDING TO
HAMILTONIAN WITH NONSINGULAR VELOCITY
INDEPENDENT POTENTIALS

As an example of an ensemble for which the matrix
elements are not independent we consider one which is
restricted to velocity independent potentials, In particu-
lar, let us consider an ensemble of one-dimensional
Hamiltonians of the form

N
H=24p? +kZ,‘0 a,(V2x)*, 4.1)
where A is a real positive constant, and the a, are

parameters which have some distribution associated
with them. Clearly, the g, are real since H is Hermi-
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tian. Further, since each H is real and spin indepen-
dent it is also time reversal invariant,

Inserting Eqs. (2.4) and (2. 5) into (4. 1), we obtain
H=~A[(B"} - 288+ "]

N n
> n n=p ok
+ 2 2 )5 (), 4.2)
where
[N/2] .
ban= Y TMonzy+Aby 4.3)
k=n
and
[(N=1)/2] -
By = Nauailorsets 4. 4)
with 7}, defined by Eq. (2.6).
It should be noted that
‘J<b2n> - J(b2n+1) =1, (4. 5)
Por Dokl

At this point we shall restrict our discussion to
Hamiltonians which are invariant with respect to space
inversion (i. e., all a,;,1=0). Equation (4. 2) can then
be rewritten as

H=- A[(8') - 28'B+F]

N/21 28 [, on
LTS (o ere, )

If now we use Eq. (2. 8) to evaluate the corresponding
matrix elements, we find that

Hj,j+2k.,1=0, j=0,1,2,..-,M, k=0,1,--.,

[(m-j-1)/2], 4.7
and
H,, juge == ALV + 1) +2)84 = 2 6]
J+k e 172
2m \ [J1(j +2F)!
+n§o(m+k> [7+k—m]! B2m; (4. 8)

§=0,1,...,M, E=0,1,...,[(M-5)/2],

where by, =0 if 2m > N, Note that since the matrix is
real and symmetric, only the diagonal and super-
diagonal matrix elements have been given explicitly.

As above, if N> 2M one has superfluous b,,’s which
do not contribute to any matrix element. Further, if
N=2M there are only M +1 of the b,,’s. Thus, it is
impossible for the H;;, j =14, to be functionally indepen-
dent. However, as is shown below, it is possible to
choose a subset of M +1 of the H;;’s which are indepen-
dent. In particular, the diagonal elements

H, =2A+ é_)o 3;”)0_1’—‘7”)1 Doy 4.9)
form a functionally independent set.
Note that if we define
v;=(Hy; - 2A)/5! (4.10)
and
“ s<2”‘) by, @.11)
™ \m
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then Eq. (4.9) becomes
)
1
P 2

& (]——m)l Upps 4.12)

This is of course exactly the same transformation as
that given by Eq. (3.8).

Thus from Eq. (3.10) we have

2m (- 1) .
b, = —_— -
<m) o gﬁo porm e (B = ). (4.13)
If now we insert this into Eq. (4.8), we obtain
H“,,zk:—A\/ij+liij+2561k
5
+ s By (Hp — 2mA), k>0, (4.14)
where
Byn= GTGTIT 55 LY
= LG+ 2O T A=yt - 41D

Thus, the off-diagonal elements can all be written ex-
plicitly as linear combinations of the diagonal ele-
ments. 2 Further, it can be shown that this is true in
almost any representation, not just for the particular
basis we have chosen. 1

Clearly, if N> 2M and the a,,’s are independent, the
matrix element distribution can be expressed as a joint
distribution containing only the diagonal elements. An
obvious question which arises is whether the various
statistical properties of the eigenvalues are affected by
the fact that the multivariate distribution does not in-
volve all of the matrix elements (i, e., how does the
functional dependence of the matrix elements manifest
itself in the statistical properties?)

To study the statistical properties of the eigenvalues
one must first obtain the joint distribution of the eigen-
values. Immediately, there is the question of whether
or not the eigenvalues are functionally independent.
Appendix I contains a proof of that independence, How-
ever, it has not proven feasible to obtain the joint eigen-
value distribution explicitly when the dimensionality of
the matrices is arbitrary. An indication of the nature
of the problem will be given below by obtaining the solu-
tion for a low-dimensional case.

In keeping with the usual assumptions, we shall con-
sider only ensembles of matrices which are representa-
tionally invariant, Thus, the ensemble will be of the
form

P(H,;)dH =f(TrH*)[ | detg]| ]!/%dH, (4. 16)
where dH =117, dH,,, where all traces are to be ex-
pressed in terms of the diagonal elements only, and
where the symmetric matrix g is determined as follows.
Define length in the matrix space as'!

ds?=Tr(dH)? = f (dHy))%. (4.17)
1y J=0

s J=

If now Eqs. (4.7) and (4. 8) are used to express the
dH,,, i#j, in terms of the dH;;, Eq. (4. 17) can be put
in the form
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M
ds®= ,Zj;_ogudHude (4.18)
where g;,=g;;. Equation (4, 18) then defines the matrix
g.
For definiteness, we shall restrict our discussion
from this point to the special case M =2, The Hamilton-
ian matrices are 3 X3, and can be put in the form

H={ 0 Hy Hyp |, (4.19)
0 Hy Hy
where
Hyy == 2V2A + (V3/2)(H,; - Hy). (4. 20)

Note that the matrix has been blocked according to the
parity of the states. Note, however, that the blocks
corresponding to different parity are not statistically
independent since Hy, is a function of Hy;. Thus, both
blocks must be considered together.

It is easily shown that |detg| =3. Further, for
definiteness, we shall assume that

ATrH*) = (C/V3) exp(- BTTHY), (4.21)
where — o <H;; <+, {=0,1,2, and where

C=V3(n/B)°* ? exp(16A%5/3). (4.22)
Thus,

P(H,;) dH =C exp(~ B TrH?) dHy dHyy dHy, (4.23)

where TrH? is to be expressed in terms of only the H,,,
using Eq. (4.20).

To obtain the joint eigenvalue distribution we must
now make a change of variables to the three eigenvalues,
It is easily shown that the eigenvalues are given by

(4.24)
(4. 25)

Note that E; corresponds to an odd parity state, while
the E, correspond to even parity states., The joint
eigenvalue distribution is given by

p(E,, E,, E)dE,dE, dE.

E, =Hyy,
E, = 3[(Hyy + Hyp) £ {(Hyy — Hyp)? + 4H3 ' /2],

=CF(E) exp[~ B(E3 + E2+ E})|dE,dE,dE_,  (4.26)
where
F(E)= f:: dHy [ dHyy f::dezb(Eo - Hyy)
X8(E, - E,(H;))3(E. - E_(Hy)). (4.27)

It can be shown by a straightforward calculation that

V2(E,-E)
F(E)= s = H(E,-E)H(E,~ E{)H(E; - E._
(E) T =B)E D) (E,— E_)H( DH(E; )
(4. 28)
where
Ej=E,—-4A (4. 29)
and
1, u>0,
H(u)—{o’ %<0, (4.30)
1061 J. Math. Phys., Vol. 16, No. 5, May 1975

Note that even though the three eigenvalues are func-
tionally independent their ranges are not independent, In
particular, note that if E_ and E, are fixed then for a
nonzero probability, E; must be in the interval

E_+4A<E,<E,+4A,

This of course is quite different from the results one
obtains for ensembles of matrices containing no func-
tional dependence among the matrix elements,

Since the various spacing distributions play a crucial
role in the statistical theory of energy levels, let us
next consider one of the spacing distributions for this
ensemble, The spacing distribution for the two levels
with even parity (i. e., E, and E_) is defined by

P(S)dS:[%/ dEof dTp@o,TT”,%Sﬂds,

4.31)
where
S=E,-E.=0 (4.32)
and
T=E,+E.. (4.33)

If now Egs. (4.26) and (4. 28) are inserted into (4. 31)
it follows after some straightforward calculations that

P(S)={2n/ 3R} /*CS exp(- BS*/2)G(S), (4.34)
where
()= [ [+5/2)(5/2 - w2
xexp[- §B(u +4A)*] du. (4. 35)

Since lim, .y, G(S) = 7 exp(— 328A%/3), for small spacings
P(S)=C’S (4. 36)

where C’ is a constant. Thus, the repulsion of energy
levels of like parity is still present, 15

It seems likely that for larger dimensions the effects
noted here will be present. In particular, even though
the eigenvalwe s are functionally independent their ranges
will not be independent. Also, there is no reason not to
expect the repulsion effect to remain.

5. THE EFFECT OF PARTICLE STATISTICS

We now consider a system of N identical particles, A
general Hamiltonian for such a system can be written in
the second quantized form as

L 1 I
H=03 23 20, Con (Bt -~ (By)*

XBgK - -« 1™ 87,054, (5.1)

where n= (1, n,,...,ny) and n=3 n, and where B} and B,
are, respectively, the particle creation and annihilation
operators for the ith single particle state. Note it has
been assumed that there are only a finite number K of
single particle states involved, and that the number of
particles N is finite. (We shall assume that K= 2N, )
The effect of these assumptions is to make the dimen-
sionality of the Hamiltonian matrix finite. Note that the
index / indicates the number of particles interacting and
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also note that the maximum number L of interacting
particles must be less than or equal to N. The commuta-
tion relations for the operators are

B:Bjx BiB; =0y,
and

B:B;+ B;B; = BiB;+ BiBi = 0,

(5.2)

(5.3)

where the upper sign is to be used for fermions and the
lower sign is to be used for bosons.

We shall assume that the parameters C{!) are real, ¢
Since H is Hermitian, it then follows that C;f,’,, = CL’.),,
(i.e., for eachl, C{) is symmetric). It follows that an
ensemble of Hamiltonians will be completely specified
if the joint distribution for the diagonal elements and
the superdiagonal elements of the C,‘n’n’ are given.

The different commutation relations of the f’s for
fermions and bosons cause the matrix elements of H to
be quite different. Thus, we will consider the two cases
separately.

Since the commutation relations of the boson creation
and annihilation operators are identical to those of the
ladder operators given above, the calculation of matrix
elements in this case is identical to the one given above
for obtaining (3.12), The result is

L 1

1 K 5 ag.1
_ 8 Pitg;t ST
H"’_:/_}o ”%30 n%—-zo Cninsacs =1 (P =)’ 015 0n50ney
(5.4)

where p; and ¢; are the number of particles in the ith
state of the bra and ket vectors, respectively, and
where

c;;x’x-ﬂl-PE 0 ifany n;+q;=p; <0.

If the number of particles is larger than the maximum
order of the interaction (i.e., N> L) there will be
matrix elements which are identically zero. For exam-
ple, any element with p; =N and ¢, =N, i#j, is easily
seen to vanish. Thus, if N> L the matrix elements
(diagonal and superdiagonal) certainly can not be treated
as independent variables, To illustrate the effects on the
matrix elements if N> L let us consider the case when
L=2 (i.e., two-body interactions at most).

From Eq. (5.4) it follows directly that the only non-
zero matrix elements are

S 3
Hy = Cé% + kE=1 Ci(.i;)ikpk + ;% céi;’zkpk(Pk -1)

+ 20 Ciu o, Dabis (5. 5)

Hypt 1, = C1 VP (P + D) + €3l g VB2 (B = 1D, + 1)
+ C 50, D iPE (D + T

+ "%31 Cﬁlim;lkd-lmVpl(pk'*'l;p?n: k:’*l’

m#k

(5. 6)

Hv;p-rzk-Zl = c;i;)zk‘/t)z([’l - 1)(?;;@(1’;; +1), k #1, (5.7)

Hy, 211, 7 Hp+2k-1,-1m; pt Ciz,ixm;zk\/Pme(Pk +2)(p,+1),
(5. 8)
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Hp; x>+1k+11-1m-1,l = Ci(:,)-»i"; 1k+1l‘/pmpn(f’k + 1)(171 + 1), (5° 9)
where
p+1k=(p1’p27°--7pk+19pk+l,---’p1(), (5-10)

etc,

Note that each type of nonzero element depends on a
different set of C’s. Thus, any given matrix element

is functionally independent of matrix elements of an-
other type. However, for matrix elements of one type
there are more matrix elements than C’s, For exam-
ple, the diagonal elements are functions of (K +1)(K + 2)/
2 distinct C’s. Thus, all diagonal elements can be
written in terms of a particular set of (K +1)(K +2)/2
diagonal elements,

The results for larger values of L will be similar.
That is, some matrix elements will be identically zero
and those which are not will not be functionally inde-
pendent. As L increases, however, the number of zero
matrix elements decreases and the number of functional
relationships between the matrix elements decreases.

On the other hand, if L =N the diagonal and super-
diagonal elements can be used as independent variables
provided the corresponding C{ﬁ? are independent, This
follows easily from (5.4). (i.e., each C,‘,ﬂl’ oceurs in

one and only one of the elements of H.)

Consider now the case when the particles are
fermions. The calculation of the matrix elements is
analogous to the case of the bosons. We find that

L 2 bk

Hyg =20 20 = 25 p™ee  p kg "*1P1 . . g "KWKPK
1=0 ny=0 ng=0
X Caf 20a-30130 430 (5.11)

where p;=0,1, ¢;=0,1, and Ci}),..,=0, if any n; +¢; - p,

<0. Note that since we are dealing with fermions the
matrix elements are zero if any p; or g, is larger than
unity, Thus, from this point we consider only matrix
elements with p;=0,1 and ¢;=0,1, {=1,2,...,K. Note
that again if N> L some of the matrix elements are
identically zero, For example, if p;#qy, i=44,%y,...,%5x,
then p; =q; =0 for all other ¢, and it follows easily that
H, =0. Therefore, the matrix elements cannot be used
as independent variable. Again to illustrate the effect

on the matrix elements we consider the case L =2,

When L =2 the only nonzero matrix elements are

) ) (2)
H, =C 425 (), +C2, )5
w =G50+ (C1;1,+Coi2,) 1o,

@)
+
§l Cryetys1,41, 019, 015 (5.12)
=5, & W 23R, . 46 5.13
valk-iz Opk Ipl (Cll,ik"'" it tl+1m,1k+1m 1pm 3 ( )
m#l

and

- CPu it 5.14
H”"ik*it'im'in = 005,005,015 10, tm*laitehs ( )
The three classes of nonzero matrix elements are in-
dependent of each other. However, in each class only a
proper subset of matrix elements can be taken as inde-

pendent variables,

The results for L > 2 are similar. However, as L in-
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creases the number of types of nonzero matrix elements
increases and the size of the proper subset of indepen-
dent variables for each type increases.

As was true for bosons, if L =N the diagonal and
superdiagonal elements can be used as independent
variables provided the C;:' ’ are independent. That is

each C{{” occurs only in the element H,,.

Finally, it should be noted that if the system is a mix-
ture of bosons and fermions we could choose as our
basis products of the antisymmetrized state functions
for the fermion and symmetrized state function for the
bosons. The details of the calculation are somewhat
different than those above but the conclusions are
basically the same.

APPENDIX : PROOF THAT THE EIGENVALUES
CORRESPONDING TO A RANDOM HAMILTONIAN
MATRIX, WITH A FUNCTIONAL DEPENDENCE
AMONG MATRIX ELEMENTS GIVEN BY (4.14), CAN
BE USED AS INDEPENDENT VARIABLES

The procedure will be to show that there exists a re-
gion in the matrix element space where

J(i‘)# o,

The region is selected such that nondegenerate perturba-
tion theory is applicable.

(A1)

In particular, let

H=H"+V (A2)
where

H . =2mA, m=0,1,...,4P~1, (A3)
and where

Hjpp =Hjy == AVG+1)(G +2), (A4)

are the only nonzero off diagonal elements. Note that
the matrix elements of H; satisfy (4.14). Thus, the
matrix elements of V (which will be treated below as a
perturbation) must also satisfy (4,14). Note also, that
we have chosen M =4P -1 for simplicity (i.e., H is
4P x4p),

Clearly, H’ can be written in the form

H}
Hy
Hj
H= Hj ) (A5)
Hip.s
where
H®
HO - rr r r+2)-
" H?' r+2 H(;*z r+2 (A6)
If we let A° be defined by
E° = A"HA®, (A7)

where E is the diagonal matrix with the eigenvalues of
H® on the diagonal, it is clear that
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g ot
T}
T}
A} = ) (A8)
Tip-s
where
(’33 0 ):i‘“,n&’rﬁ, 7=0,1,4,5,...,4P—4,4P-3,
Eve
(A9)
If now we let
™ =(:: - Z:), (A10)
it follows easily that
a,=(1+51)/V2, (A11)
b,=(1-51)/V2, (A12)
EV=2A[(r+1)-S,], (A13)
and
E) . =2A[(r +1) +5,], (A14)
where
S,=[(r +1)(r +2) +4]1/%/2. (A15)

It is easily verified that none of the 4P eigenvalues are
equal (i, e., there are no degeneracies). Thus, we can
use nondegenerate perturbation theory to approximate

the eigenvalues of H (provided of course V=H ~H’ can
be treated as a perturbation).

If we let
(A16)

Vonm =€ms
(where the ¢, are as small in absolute value, as need be
for perturbation theory to hold) it follows from (4. 14)
that the only nonzero superdiagonal element of V are

I
VJ.I+2k = mZ=>0 B!km€m° (Al 7)

From nondegenerate perturbation theory it follows
that

E,=E% +u,+0(%), m=0,1,...,4P-1, (A18)

where the E,, are the eigenvalues of H, and the %, are
the diagonal elements of V in the representation where
H® is diagonal, i.e.,

U =27 A Vi (A19)
kyn
Clearly, since A’ and the EY, are constant,
E;\_ fuy
J(Hu) —J(ej )+ 0, (A20)

and we need only show that

J(”‘) £0.
7

It can be shown directly using (A8), (A10), (A17), and
(A19) that
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2
Ugy = (1 - 601‘)'041 + 0y €g, + Yarkar, dr+1€4rs1 + b4r€4r+2; (A2 1)

2
Ugpsd == - 601')7)41- + BAreh = Varbsr, irs1€4rs1 T @4y€45425

(A22)
Ugrsy = (1 - 607)7]4#1 + Viarsi Mars, 464y
+ Ogrii€apst + 741'4-1“4”1. dr+2€ars2 + bir+1€4r+3, (A23)
Uppsg =— (1- 6()'r)vdr-»l = Yars1t44re1, 4rS4r + Birs1€arat
= Vir+l “4744, 4r42€4rs2 + air+1€4r+3’ (A24)
where v=0,1,...,P~1, and where
I‘ijEBlim’ (A25)
vs=2agb,, (A26)
R AT (A27)
Bs = b.2s — Yshssy (A28)
and
4dr-1
Vs=vs 20 Bombms (A29)
m=0
1t is easily seen from (A21)—(A24) and (A29) that
P-1
lJ(”f) =T |J,] (A30)
€; r=(
where
J,, EJ(u:ir Ugrsl Ugys u4r+3). (A3 1)
€y Crel Cars2 Care3
It can be shown by direct calculation that
J,=[2- (R+1)(R*+5R*+4R - 6)]/D, (A32)
where R =47, and
D, =2[{(R+1)(R +2) +4}{(R +2)(R + 3) +4}]' /%, (A33)

It is easily verified that J, <0, while J,>0, >0, Thus,
clearly
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(g2 o

in the region we have considered, and the eigenvalues
are functionally independent,

*Supported in part by NRC Grant A4625,

!See for example, Ref. 2—6 below.

tJ.B. French and 5.5.M. Wong, Phys. Lett. B 33, 449
1970).

30. Bohigas and J. Flores, Phys. Lett. B 34, 261 (1971).
4J.B. French and S.S.M. Wong, Phys. Lett. B 35, 5 (1971).
50. Bohigas and J. Flores, Phys. Iett. B 35, 383 (1971),
S.5.M. Wong and J. B. French, Much. Phys. A 198, 188 (1972).
"This is consistent with the numerical computations of French
and Wong, Ref. 4 above.

%See for example, C.E. Porter and N. Rosenzweig, Ann.
Acad. Sci. Fennicae: Ser. AVI, No. 44 (1960).

Clearly the representation chosen should not be one where the
Hamiltonian matrix of the particular system of interest is
diagonal (or almost diagonal).

103ee, for example, R.H. Dicke and J, P, Wittke, Infroduction
to Quantum Mechanics (Addison-Wesley, Reading, Mass.
1960).

1'If the Hamiltonian is given in the form H =32, ,a,x"p*, it can
always be put in the form (3.1) by using (2.4—(2.6).

2We might add that if we do not impose the condition of space
inversion invariance there will be no change in Eq. @.15),
but there will be a similar set of equations which give the
matrix elements H; ;4.4 as linear combinations of the H; ;..

131t is easily shown that the Jacobian of the transformation
from the diagonal elements in one representation to the diag-
onal elements in another representation vanishes only for a
set of points of measure zero in the space of rotations. Thus,
the diagonal elements are “good” variables in almost any
representation.

14This approach is due to Porter. See the introductory review
of C.E. Porter, Statistical Theories of Spectrva Fluctations
(Academic, New York, 1965),

15See, for example, Ref, 8 above.

18gince every matrix in our ensemble is then real (as shown
below), we are in general considering only time-reversal in-
variant systems, In addition, if the total angular momentum
of the system is half-integer, we are considering only rota-
tionally invariant systems. See introductory review of
Ref. 14,
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For space-time regions with finite volumes, the lattice cutoff unnormalized Schwinger functions
converge to the (unnormalized) Schwinger functions as the lattice cutoff is removed.

1. INTRODUCTION

We study the lattice approximation of the (A ¢p* — o),
field theory in a finite volume. The main progress on
the ¢% model has been the proof of the existence Land
semiboundedness?® of the spatially cutoff Hamiltonian,
and the proof of the convergence? of the ultraviolet cut-
off Schwinger functions as the ultraviolet cutoff is re-
moved. Recently, Guerra, Rosen and Simon* have
shown how the p(¢), field theory can be approximated by
a general Ising model, which they called the “lattice
approximation.” As a consequence of this approxima-
tion, one has been able to apply results of the classical
lattice theory to the p(¢), field theory. **'® The main
purpose of this work is to establish the convergence of
the lattice cutoff Schwinger functions of the ¢j model.
Then one may develop the ¢ field theory parallel to
the p(¢), model.

We are concerned with the Euclidean approach to the
(A ¢*— po), theory for A= R*, u=R. Let ¢,(f), f= S(R?),
be the Euclidean free field with the lattice cutoff 6 and
let dq, be the free measure.* Then the lattice cutoff
partition function Z; and the lattice cutoff unnormalized
Schwinger functions S{" are given by

Zy(g) = [ expl-V(5,2g) + 1 ds(2)) dqq,
SENG frs oo f )= [ O F L)ooy Do)

X exp[- V(5,18) + k¢, dg,,

where exp[— V(5, \g) + ud,(g)]dg, is the interaction mea-
sure of the (\¢* - u¢); model, A= R*, <R, with the
lattice cutoff 5 and the spatial cutoff g. See Sec. 2 for
the detailed definition of the interaction measure.
Throughout this paper we assume that the spatial cutoff
g is the product of a positive function in Cg (R%) with the
characteristic function of a union of unit lattice cubes.
We also assume that A\e R* and p = R.

Theovem 1.1: (a) Let f,= §(R®). There are constants
K,(\, 4, f;'s) and K,(x, ) independent of 5 and g such that

[Se(gs £, .. f )| <K exp[KA(g)],

where A(g) is the volume of the set of points within a
distance unity from the support of g.

(b) As 5§~ 0, Z,g)— Z(g) and
Sgn(g’flv""fn)»sun(g;fp--"fy,))

where Z(g) and S*(g; f,,..., f,) are the partition func-
tion and the unnormalized Schwinger functions.

(c) Let p=C. Then the results of (a) and (b) are uni-
form with respect to i on a compact subset of C.
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Remark 1.1: Feldman® has proven the existence of
Z(g) and S"™g; f,, ..., f,) for the case of 4 =0. For an
arbitrary u R the existence follows immediately from
Ref. 3, Theorem 3, by setting f=pug.

Remark 1.2: For small coupling constant X (depending
on g) the lattice cutoff normalized Schwinger functions
Sig; 81, 8)=248V'St™g; f1, . .., f,) converge to the
normalized Schwinger functions S(g;f,,..., f,)
=Z(g)*S"™g;f1 ..., f,) as 6~ 0. The above assertion
follows from Theorem 1.1 and from the fact that Z(g)
#0 for small coupling constant x.

Instead of proving Theorem 1.1 directly, we will in-
troduce the ultraviolet cutoff « in Z, and S;” to get the
triple cutoff partition function Z; , and Schwinger func-
tions S§¥,. For a given lattice cutoff 5 we will show the
uniform convergence of Z; , and 53", as the ultraviolet
cutoff is removed (Theorem 3. 1). The basic idea of our
proof for the uniform convergence is essentially the
same as that of Glimm and Jaffe? or Feldman. 3 The
theorem will follow as a consequence of Theorem 3. 1.

In Sec. 2 we introduce the definition of the lattice cut-
off interaction measure for the interaction (A¢* - ugb)s,
A>0, u=R. We also establish technical lemmas which
we need in Sec. 3. Section 3 is devoted to proving
Theorem 1.1 by showing the uniform convergence of
Zs,.and S; . In the Appendix we give estimates of small
graphs.

Readers are referred to Refs. 2,3, and 4 for further
background material, notation, and references.

We conclude this section by proposing two problems.
The applications of the lattice approximation to the
P(¢), field theory are frequently dependent on boundary
conditions (for example, the Dirichlet boundary con-
dition). *®7 Notice that the results of this paper hold for
the free boundary condition. The first problem is the
convergence of the lattice cutoff normalized Schwinger
functions with the free boundary condition and the se-
cond is the extension to the Dirichlet boundary condition.
That is, we wish to prove:

(i) For the free boundary condition the lattice cutoff
normalized Schwinger functions Sy(g; f;,..., f,) con-
verge to the normalized Schwinger functions
S(g; fr,.-., f)as5—0.

(ii) Let ZP(g) and S¥(g; fi, . .., f,) be the corresponding
partition function and Schwinger functions with the
Dirichlet boundary condition. Then Z2(g)—~ Z%(g) and

SP(g; fr- o F)SPgs fis ..., f)as 6= 0.

If one is able to show that the partition function Z(g) is
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not vanishing for 4 =0 and 0 <A <),, where A, is a con-
stant independent of g, it then follows that Z(g)+ 0 for
all pue € and 0 <) <), by the Lee—Yang theorem for the
lattice cutoff partition function together with Hurwitz’s
theorem. ® Hence the first problem will be solved by
Theorem 1.1. In this case, we conclude that the Lee—
Yang theorem and any correlation inequalities, which
hold for 5 #0, hold for ¢? field theory with the free
boundary condition in a finite volume.

2. NOTATION, DEFINITIONS, AND BASIC
ESTIMATES

We introduce the lattice cutoff interaction measure.
The free Euclidean field theory is given on the path
space L% (7(R%), dg,) where dg, is the Gaussian mea-
sure with mean zero and covariance {— A+ mz)'l. The
Euclidean fields are the linear coordinate functions on
SRR :d(f)(q)=(q, f) for all g §L(R®) and f € §(R®).
Following Ref. 4, in Sec. IV we introduce the lattice
approximation of the free fields. Let & >0 be the spacing
parameter for the lattice L,={nd:n=(n'", n'V, n®)
= Z% in R%. We approximate — A by

(= 86/) (n0) =07*[6 f(n5) = 2. f(n'd)],

where ln[ %2, 1n'P|. We consider the Fourier trans-
formation from 12(62%,5%) to Ly([— /5, 1/5), dk) de-
fined by

ﬁﬁ(k) %7 ;23 h(nd) exp(~ ik - nd). (2.1)

Then the image of (- A;+m®) on L? is mutliplication by
2
uﬁ(k)2:6‘2<6—2 Z_g cos(ék‘”)) +m?2, (2.2)
We define the lattice cutoff free fields and Wick product

of the free fields by
o) =(2m)272 [ exp(=ik-nd) a(k)* +a(- )] by (k) d%,

1 op(n) ‘(27r)'3’"/2f exp(—ibn - Ek)Z}( ) a(k,)* ++- alk,)*

Xa(-k,,) - al= k) ’r:l ok )2k, (2.3)

where [, means that the range of integration is
(D} <s7/5, For ge L,(R% we write

bs{8) = Za 8¢ g(n) g(nbd),
"= (2.4)
10T (g) = szS 6% : ¢™(n) : g(nd).

The partition function Z; and unnormalized Schwinger
functions S;® of the lattice cutoff interaction theory are
the mass and moments of the unnormalized lattice cutoff
interaction measure dg(5,\g):

Zg(g) = <l>dq( 6,8

2.5
Sgn(g; fp e ,f,,): <¢o(f1) ¢6(f")>4q(ﬁ.g) ( )

where (M), = [ M dgq. The measure is given by
dq(6.g) = exp|[~ V(5,rg) + L o4(g)) dg,
V(é’ >Lg) = V[(éy )\g) + Vc(és )\g)s
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Vi(6,28)=n:¢5:(g),

Vo8,08) = 2(V (6,28,

~ 5V (6,087 44,

— $\ 6 : 021 (g?),

53 = — 47X 6X (27)"°

4 2nn
,,f:Z,:va fzn(a) I LL5<, 3§ > dek,

= i=2
n{l)=0,11

where

n

{=kythky,thy Z (6):{k2, kg, Ry

k §+

35

n1r|

(2.6)

|\’ﬂ'/5,

and the measure d.k is proportional to Euclidean mea-

sure on the space =0,

dt de=d%k, Ak, d°k,.

The mass renormalization counter term is logarithmi-
cally divergent. We will discuss the counter term V
in more detail in Appendix A3—A4.

We now establish technical lemmas which we will use

in the next section. Let

[J.(k):(k2+mz)“/z

where B2= |k @124+ |pV |24 | @2,

Lemma 2.1 (Adapted from Lemma IV.2 of Ref. 4):

(a) For each k= R3 u (k)— p(k)as 5—0;
(b) if 1RV | <7/5, 0<i<2, pyl)yt<imulk)

We remark that Guerra, Rosen, and Simon* have proved
the lemma for 2= R?. The proof was based on the

inequality

1 - cos(y) = 277%y?

if ye[-m,7]

Hence the extension to the case of k= R? is trivial.

Lemma 2.2: Let f= $(R®). Then for 1k'¥| <n/5

| 74(R)] <O(1) u(k)2.

Proof: We note that by the definitions

| g(R)2F o(R) | <0O(1) 5 E |6F(n8) - 2 f(n's)

Since

I’ -ni=l1

izf(n(l))é n(l)é n(2)6)_f( n(°)+1)5,n(”6,n(2)6)
__f(( ()] 1)6 n(2)6 n(s)é)‘

=

n©1/2)8 fy.o/z
./(‘,,(0>-1/2)5 y=6/2
2

<5 sup
*x=1 @ =1)5, 01 01)61

< §2

=

sup
x (el (nE)-1)8, (n (841151

we obtain

aZ
<5§F f(x,n‘“é,nm()

62 (1) (2)
FreaACTE 5)

©) 1)
5

‘——m S x
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| o(R)?F (k)| <O(1)5° > sup

Sz3 =0 (D[ (pW1ys, (r{Pe1)r8)

()

X 1

Since f= §(R?), |f"(x)| OB [1+ [xt]™ for any
m > 0. Hence the above is bounded by

o183 2,

n=2z

2

n [1+]2%s]]™<0(1)

i=0

for m = 2. The lemma follows by Lemma 2. 1(b) and the
above bound. =

If one applies a method similar to that used above,
one may show the stronger result: For any m >0

|7 ()| <O(1) (k)™ for |k!| <m/s.
In applications we only use the case m =2.

In the next section we will divide a bounded region
into a union of cubes. To prevent double counts of lattice
points on the boundary of cubes we consider half open

cubes of the form
a={x:xic[a?,b"), |[aP-bP|=d, 0<i=<2).

We write (2.7

U Ji(8) = o7 L h(nd) exp(= ik - nd),

n6=aA

Fo.A(k)=f{) a[ouyk D)+ 1], py(k®)

=5672[2~2cos(6k )] +m?

’

o (2.8)
2 2\ m
7= () - Zm=lml,
FA(k)zf (1+ a3,

1=0

where |Al is the volume of A. Notice that F,(k) is the
comparison function introduced in (5. 2. 10) of Ref. 2.

Lemma 2. 3: (a) For 1V <7/
’D"'Ha(k)'z‘ SO(I)u(k)'z""";

(b) let g= §(R®) and let k=3%%,, p<4. We assume that
lA} =1 and the center of A is at the origin:

|D™(gx ); (R) <O(1) |A[+m/3p (k)
{c) for |8 <n/6 and |k*?| <7/5, and for 0 <e <1/3,
| o) = pylk'Y2| <O(1) pll = R')% X [py(R) 2% + (k7))

Pyoof: (a) To show the method of proof we first con-
sider the case where D™=(3/3%)?. For this case we
have

a 2
(W) ok 2 == 2% uy(k)® [267 sin(6k )2
+4 py(k)* cos(6k ).
The lemma follows from Lemma 2. 1(b) and from the
following inequalities:
[67% sin(6k )| <0(1)|& ],
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|cos()| <1 and |k¥| <u/s. (2.9)
The lemma for the general case follows by a method
similar to that used above. u

{b) Let

ag(k) =26 sin(3k5) = i5 [ exp(iks/2) - exp(ikd/2)}.

It follows that a,(k)?= 6"2[2 — 2 cos(5k)] and so
[ug( )| <O(1)]agk®))].

By definition we have

(2. 10)

’ﬁ ay(k ) D™(gx , Vo)

s

s g(nd) exp(= ik - n5) ‘121 (n5)m®
né= A =0

<o(1)|‘ 2

X[exp(i%kmé)—exp(—i%k‘“&)]I,. (2.11)

We only consider the case of g=1 on the cube A. The
simple modification of the method for the above case
gives the lemma. Let 9A be the set of points within a
distance 36 from the boundary of A and let A, =A~34,
By rearranging the sum in (2. 11) we bound (2. 11) by

2 :
omn(z |(nP5)m ©|
i=0| 0
n6= oA
) ; i)
£ 2 s e - - par)
n’ﬁ'/EA
(1)
0 nl+b/2 X
<o(1) 11 IAI"‘(i /3+‘ —a—i(x"'('))dx"
i=0 ox ’
ntid-b/2

SO(I)JAJI’"I/S.

On the other hand, one may check that

ID™(gx (k)| <O(1)tA|*'™ /3, From (2.10) and the
above result we have proved the lemma for g=1 on A,
By using a summation version of the integration by parts
and using the above argument we proved the lemma. We
leave the detailed proof to the reader. [

(c) We write
BolR) % — 1o(R) 2= (gt o)) 2 (1olR' ) = us(R)),
Ls(R)F — po(k")2 =252 ZV_‘, (cos(k’ "5) = cos(k 5)).
=0

If £’ and £‘Y have the same direction, then we have

2 (i)

672 cos(k’ *’6) — cos(k*'8)| < o(1)| fk (p 07" sin(6k) dk|

SO(I)'k'“) _ k(i)’ (2.12)

by (2.9). Since cos(5k)=cos(- 5&), the above bound
holds for the case where »’‘" and &‘"’ have opposite
directions. The lemma follows from (2. 12).

3. CONVERGENCE OF THE LATTICE
APPROXIMATION

In this section we prove Theorem 1.1. We first in-
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troduce the ultraviolet cutoff in the interaction measure
dq(s, g). We define
dq(d, k, ) =exp[- V(3, k, Ag) + poy(g)] dg,,
dq(5, k,2g) =exp|-V(5, &, rg)]dg,, (3.1)

where V(5, k, £) is defined by replacing po(R)" by
K(R)p (k)" in the definition of V(5,g) in (2.6). We as-
sume that the momentum cutoff (k) has the form?

k(k) = 1210 [n(%) ‘”(Z_(”)’EI

(1(“<B“),

(3.2)

a® gV (M, =0, M, =M, it j=1),

where M, >1 and v> 0 are constants given in Ref. 4 and
7 is a fixed C;(R") function satisfying

n(x)=1 for |x|<1/2, 0<n(x)<1 for 1/2< |x|<2,
N(x)=0 for |x|>2 and n(x)=n(=x),

and by convention 7(%/0)=0. The triple-cutoff partition
function and unnormalized Schwinger function are de-
fined by

Zﬁ.x(g):<1>dq(6.x,g)’
SE?K(g; IETEES f,,):<¢5(f1) d)ﬁ(f"))dq(é,x,g)'

(3.3)

Theorem 1.1 is a consequence of the following result:

Theovem 3.1: (a) Let f,= ((R®). There are constants
Ry(X, i, f;, s) and k,(x, 1) independent of 6, x, and g such
that for 8’2 27/6 and a'"'=0, i=0,1, 2,

S8(g5 frr - ooy f) | <ksexplAlg)].
(b) As k—1,
Zg (&)~ Z,(g) uniformly in 5,

Sy & fase e f)SME f -

{¢) Let Z =C. Then the results of (a) and (b) are uniform
with respect to y on a compact subset of €.

Proof of Theorem 1.1: (a) This follows from the
boundedness of Theorem 3. 1(a) and the fact that
Sun =S for B> 2r/6 and ¢‘*'=0, i=0,1,2. (b) We
note that

[Spn—seef < [Syn—Spn [ + [Spn, = Ser| + [Syn— S|

., f,) uniformly in 5.

(3.4)
where S{"=S71, . By virtue of the momentum cutoff «
we have that for given « and ¢ there exists a constant

a(k, €) depending on « and ¢ such that
(3.5)

We use Theorem 3, 1(b) and the result of Ref. 3 (see
also remark in Introduction). The theorem follows from
the 3¢ argument. (c¢) This follows from Theorem 3. 1{c)
and a method similar to that used in the proof of
Theorem 1. 1(b). n

|sin ~ S| <e for 6 <a(k,e).

The rest of this paper is devoted to showing Theorem
3.1. The proof is based on the method developed in
Ref. 2 (and Ref. 3). We organize the proof in the order
of Ref. 3. Apparently, we have to show the necessary
results corresponding to those of Ref. 3. We will adapt
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freely the notation and the results in Refs. 2, 3. Feld-
man® has introduced a norm on the kernel of Graph G:
For y >2a >0,

Gy, .o=sup sup Il p& ¢ M7|G| iy
¢ C
[o4
e M", and |- | are “operations” that modify the

Graph G and its kernel. See Ref. 3 for the detailed de-
finitions. For convenience we include the characteristic
function on the range of the integration into the kernel
of the Graph G. From the definition we have

ool Oy, o= (2m) 3 2K lu7iy ™ Fyxslly
= ‘f6|7’
where (k) is the characteristic function on
{k:kDe[-n/5, n/8], 0 <i<2] and K, is the constant
given in Ref. 3. If f € ((R?), then it follows that
| f51, < const uniformly in 5 for small ¥ by Lemmas
2.1, 2.2. Consequently, we obtain that for small v and

fie SRY

(3.6)

T oo f ;... < const uniformly in . (3.7)
Here we have used the fact that |Gl 5 < 11,11 gl 5. if
G is a union of subgraphs g,.

We reduce the problem by a method similar to that
used in Ref. 3. Theorem 3.1 follows immediately from
Corollary 3.3 and Theorem 3. 4 listed below, and from
the result (3.7).

Theorem 3.2: Assume G is a graph having N external
legs. Then there is a constant K,(\, u,y, o) independent
of 5 and x such that

(G exp[-V(5, k. A8y | < N¥IGI,,,,, explK,A(0)].

Covollary 3.3 Under the assumption on « as Theorem
3.1(a), there is K,(x, p) such that

|[(Gexplu¢,(g)lexpl- V(5, k, 22N,
< NMIGll, , ., explK A(g)].

The constant K is uniformly bounded with respect to p
in a compact subset of C.

Theovem 3.4: Let |IGl, , , < for some 0<vy <y,.
Then as k— 1

(Gexpludq(g)]expl- V{5, k,A8) Ny, ~ (Chyyis.p0

uniformly in 5,

and (G),,s, ¢ Obeys the bound of Corollary 3.3. The
convergence is uniform in g on a compact subset of C.

The above are the results corresponding to Ref. 3.
Theorem 2, Corollary 2.1, and Theorem 3, respec-
tively, for the case of G, =G, G,=1, and f=ug.

Before proving the results we describe briefly the
reason why the method used in Refs. 2,3 can apply to
our case. Roughly speaking, the authors of the cited
papers have proved the results corresponding to
Theorem 3. 1—Theorem 3.4 by expanding
(Gexpl- V(k,1g)]),, by a so-called “inductive construc-
tion. ”* Each inductive step consists of three main parts:
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{a) a high momentum (P —C) expansion,
{b) 2 low momentum (Wick) expansion,
(¢) combinatoric estimates.

Then the problem was reduced to estimates of the ele-
mentary integration labeled by Feynman graphs. The
combinatoric estimates have been used to bound the
number of terms in a sum of Feynman graphs. To esti-
mate each term the majorizing functions for the kernels
of P, C, and W vertices (except the mass renormaliza-
tion cancellation) have been used. For the details we
refer the reader to Refs. 2 and 3. By replacing
exp[~ V(k, xg)l dg, and exp[¢(f)] in Ref. 3 by

xpl— V(5, x,rg)] dg, and exp| i ¢4(g)], we perform exactly
the same inductive construction used in Ref. 3 {and
Ref. 2). We also assign the same combinatoric factors
for the combinatoric estimates. We then use Lemma
2.1—Lemma 2. 3 to obtain majorizing functions for the
kernels of P, C, and W vertices similar to those of
Ref. 2. In the Appendix we estimate small graphs to ob-
tain the same bounds as those of Ref. 2. Hence the upper
bound of the elementary integration for each Feynman
graph will turn out to be same as that in Refs. 2, 3.

We begin to show Theorem 3.2 with a few technical
assumptions. We assume that the lattice spacing
parameter has the form

5=27, jez'.

We also assume that the allowed cubes have the form

A=277A + 2706, ke 2, neZ?,

where A, = {x:x“’c [~ 4, $)}. Theorem 3.2 for an ar-
bitrary 6 will follow from the method for 5 =27 with a
modification of the allowed cubes. Following the main
steps used in Refs. 2,3 we summarize our proof.

Sketch of the Proof of Theorem 3. 2
The main steps are as follows:

Step 1. The Inductive Expansions: We expand
(G exp[- V(5, k,22)]D aq, by the inductive construction
given in Ref. 2 Secs. 2 3 (and in the proof of Ref. 3,
Theorem 2). First we write

<G,)da<5.x,xx) :NN”G'Hl.r.a <G” >dq(6.x,).g) (3 8)
where now [IG"’ll,,,,, =N"". We will show that for this
new G'’

G yes.enp | < €XDIK A(g)]. (3.9)
When the inductive expansion is applied to

(6" expl- V{5, k,1g)),, the G” vertex remains com-
pletely passive (initia qges no action) with one exception.
The exception is the low-momentum contraction
operation. Since

V(5,k,0g)=V(5,k",\g) for B, B'=21/5, (2.10)

where 8 and B’ are the upper momentum cutoffs for «
and k’, respectively, we may assume that the upper
momentum cutoff k is smaller than 27/5. Undoing the
Wick ordering it is easy to check that on the cube A

V(5, k,08x,) = ~0(1) |A| M2y,

1069 J. Math. Phys., Vol. 18, No. 5, May 1975

where M, ,, is the maximum upper momentum cutoff of
k. Hence, in the Wick construction, the exponent is
completely removed when A is below the minimum size,
i.e., when |A| <(8/2n)°<M;},,. From Proposition
A1l.2 and Lemma A3.1 in the Appendix, and from the
method used in Ref. 2, Sec. 3.2, one may check that a
lower bound of 6V (the change of interation during the
Wick construction) similar to that of Ref. 2 (3.2.5) holds
for our case. Replacing ¢, by ¢; . in Ref. 2, we apply
the Wick construction same as Ref. 2, Sec. 3.2. We
perform the low-momentum contraction operation on

the G” vertex according to the process given in the proof
of Ref. 3, Theorem 2 (set G,=G’', G,=1). After com-
pleting the inductive expansion, we obtain

'<G>dq(§,x.hg) 1 = rz I(G) }3 (3. 11)
G

where [(G) is the elementary integration labeled by the

Feynman Graph G. We note that I{G)’s can be obtained

from those of Ref. 3 (and Ref. 2) by replacing

u(ky? uglR)t
(xa)™ (%), (gx ) o(k)
by in P, C, and W vertices,
[ ar L
sm?2 oms

(3.12)

where 6mZ ,, is defined by replacing p;' by x{k)u;' in
the definition of 6m2. I(G) was written T(c) in Ref. 3,
Lemma 5.1. For our case we set G, =G’ and G,=1 in
Ref. 3. The estimate leading to Theorem 3. 2 is com-
pleted by first using the method of combinatoric factors
to bound the number of terms in the sum of Graph G and
then bounding the size of each term.

Step 2. The Combinaloric Estimates: We assert that
the combinatoric bounds given in Ref, 2, Theorem 4.1
apply equally well to our case provided we include in
addition a factor of

K’'Nx¥  for each (external) G” leg.

The above assertion follows from the argument used in
the proof of Ref. 3, Lemma 4.1 on setting G, =G” and
G,=1.

Step 3. Localization Factors: Following the method
used in Ref. 2, Sec. 5.2, we isolate the distance factors
from I{G)’s. We first divide cubes in P, C, and W
vertices such that the conditions in Ref. 2, Sec. 5.2,
are satisfied, and we translate each P, C, and W vertex
to the origin. Then one obtains

KG)=2; I(G,),
K6)=J |

P,C.W vertices

w(k) 1
ines |
in P,C, udevertices

x exp(ik, - n,, 0) dk,

where n, 5 is the vector displacement of the I/th line be-
tween the center of the cubes it connected. For more
details we refer to Ref. 2, Sec. 5.2. We first note that
for any momentum cutoff «, and k,

B s(R) 2k, (k) K,(k) exp(— ik - nD) | f,{}’a =0 for any ne Z2.
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(3.13)
We use (3. 13) and integration by parts to get
f fa w(k) mll, (Az’)ml exp(ik, .nlaé) dk

=/ n

S 1ines:

(A2)™: w(k) exp(ik; « n,,5) dk,

(3.14)

where A, is the Laplacian 32 (3/2k;")%. If we use
Lemma 2. 1(b) and Lemma 2. 3(b) on the range of in-
tegration, and if we use (3. 14) and the method of Ref. 2,
Sec. 5.2 and Sec. 6.2, then we may obtain

[16)] < (@,d,™ 1(G),

Il
(connoctod to“}??é.lw vertices ) (3 15)

KG)= [ w(k)dk,

where w majorizes w. Here w(k) is a product of the
following factors: (i) the absolute value of the kernel of
the G” vertix in w(k); (ii) a u(k)® for each factor p (k)™
in P, C, and W vertices in w(k); (iii) | Al F; ,(g) bounding
each (gx ,);(¢) in P and C vertices in w(k); (iv) the bound
in (A3.2) in Appendix for |v(k)| from the W vertix in
w(k); (v) the characteristic function on the support w(k)
with respect to lines connected to P, C, and W vertices;
(vi) any constants not absorbed in combinatoric factors.
We note that 1(G) is dependent on the lattice spacing
parameter §._The following step gives the uniform
estimates of I (G).

Step 4. Estimate of I(G): We assert that {I(G)| is

bounded above by a product of factors given by those
of Ref. 2, Sec. 5.3 and

Gl ., per G'’ graph,

K"\t per G” leg,

where K” =K,;K,*!, y and o are given in Ref. 3, Lemma
5.1. The bound of (3. 19) follows from (3. 15), the as-
sertion and the method in the proof of Ref. 3, Theorem
3. We now prove our assertion. We write

o) < [ m da%, 1m |Gk NK(R),] T
lines ¢ o P w

G
graphs p

(3.16)

where the «(k) are momentum cutoffs that were intro-
duced into the G” graph during the low-momentum
operation.

We now use the method of decomposing big graphs to
estimate I(G). We adapt the decomposing process of
Refs. 2,3. I{G) is the union of the disjoint subgraphs
that consist of

(1) a single G” graph,
(2) a single W vertex,
(3) a P vertex and the C vertices it generated.

The estimates of the P, C, and W graphs are given in
Propositions A.1,1—5 in the Appendix, which are the
same as those of Ref. 2, Sec. 5. We note that the ex-
pression (3. 16) is of the form in the proof of Ref. 3,
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Lemma 5. 1, for the case of G;=G"” and G,=1. Hence
the proof of our assertion follows from a simple modi-
fication of that of Ref. 3, Lemma 5.1, and from
Propositions Al.1—5 [and also the method used in
proving Proposition A1. 5(b)].

Pyoof of Corollary 3.3: We first assert that there is a
constant K (A, u) independent of 5, x and g such that

(G expl= V(5 k,%0) + 1 g, (8)D )| <
NIGH, ., explKA@)].

Then Corollary 3.3 follows from our assertion and
from the fact that u ¢, (g) = L d4(2) under the assumption
in Corollary 3. 3.

The proof of our assertion follows from an easy
modification of the proof of Theorem 3.2. That is, in
the proof of Theorem 3.2 we replace V(5, x, rg) by
V(b, k, rg) — ¢, (g) and follow each step. For complex
r we use the fact that fexp(— po, (2))1
< exp[- (Rep)o, (g)]. We note that there is essentially
no change in the combinatoric bounds. Let w be the
kernel of ¢, (g) vertex. Then it follows that

liewll, < O(1)| A/ +/2 e<1/4. (3.17)

We now use the method of decomposing big graphs into
small graphs, (3.17) and the results in the Appendix.
The proof then follows a straight modification of Step 4
in the proof of Theorem 3. 2. Obviously the constant K
in the corollary is uniformly bounded in 4 on a compact
subset of C. .

Proof of Theovem 3.4. We employ the method used
in the proof of Ref. 3, Theorem 3. We assume that
k, =k, and that neither «, nor x, has a lower cutoff. Let
K, =Ko <Ky <ky,=k,. Let k(s)=sk,,+(1-s)k, If we
follow the method used in the proof of Ref. 3, Theorem
3, then we obtain

‘<G>da(ﬁ,i<b,g) - <G>dq(5.xa,x) l

[1 ds <G exp[m)a(g)] {g—s— V(6,K,(s),>\g)}

Xexp[— Vs, Ki(S), Ag)]>

dag

M-1 1 |
< / ds ’ <GU,.- eXp[lJ- d’@(g)]
(

i=0 o= T

expl= V10, x,(5), ), | (3. 18

where (d/ds) V(b, k,(s), rg) is the sum of a finite P
vertices, T is a finite index set, and each Graph G, ;
contains one G graph, one P vertex, at most 16 C ver-
tices and at most 12 p¢,(g) vertices. We have used a
single P step (C step) of the P-C expansion to obtain the
first (second) inequality of (3. 18). Following the process
used in Ref. 3 and using Corollary 3.3, we bound
(3.18) by

sup K’ loginIG

i,0

oillipar (3.19)
where the constant K’ depends on almost everything
except the ’s and 6, and %, is the maximum low

cutoff of the P vertex in G, ;. Since the topological
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Graph G, ; is the same as that of Ref. 3, the upper bound
of the kernel norm |IG, ,ll, , , may now be estimated by
the method of Ref. 3.

We divide P, M”|G, | into two subgraphs P{ ; G and
P2, R where P¢ , includes those P¢ vertices that con-
tract to G only and P¢, , includes the rest (we suppress
the u”’s, o’s, etc.). R is the graph containing the P, C,
and p¢(g) vertices. Following the process used in the
proof of Ref. 3, Theorem 3, the problem is essentially
reduced to the estimate of |2 ,Rll;, ; . We again use
Propositions Al.1-5, Remark A3, and also (3.17) to
handle the pu¢g). Following the process used in the
proof of Ref. 3, Theorem 3, to obtain the same upper
bounds of ||Pf, ,RIl; ., as those of Ref. 3. In this way
we bound (3. 19) by

supK' logh lIG 1l ,, o < O(1)25%, €>0,
1.0

for sufficiently small y and a <v/2, where X, is the
upper momentum cutoff «,. Since A,— wox — 1, we have
proven the theorem. The convergence is uniform in p
on a compact subset of C by Corollary 3.3 and by the
uniform boundedness of | iif,l,. We leave any omitted
details of the proof to the readers. [

APPENDIX: ESTIMATES FOR SMALL GRAPHS

1. The results

In this Appendix we establish the basic estimates for
small graphs and obtain upper bounds like those of
Refs. 2 and 3. We keep the notation of the former.
Throughout this section we assume that the upper mo-
mentum cutoffs are smaller than 25 for the reason
stated in Step 1 of the proof for Theorem 3.2. We first
collect the main results in this section. We let
M(1),...,M(4) denote the upper cutoffs in the legs of a P
or C vortex, numbered so that M(1) sM(2) s M(3) sM(4).

Propositions Al.1: Let w be the kernel of a ¢*P or C
vertex in A.

(a) For sufficiently small ¢ > 0 and € <1/4,

oeel; frenf: bon

3
< 0(1)|afe (logM(2))/2,

(b)
” >©< l < 0(1) |aln=, e<1/16.
H.S.

Proposition Al.2: The uncancelled mass-renormaliza-
tion diagram

%3
[

1172
HS.

M(a,A)=-P=C -~
and the mass counterterm

6M =5M(A, A)S, .
(64,4 =0 for A# A’ and 1 for A=A’) have Hilbert—
Schmidt norms that are O(1) (1A] |A’))/4 10g M(2)' /2,
Their sum with kernel w satisfies
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ol < O a7 || & 3

for some ¢ > 0. Here d is the scaled distance from A to
A,

Pyoposition Al. 3: Let w be the kernel of a W vertex
with each momentum leg restricted to an interval
[M,,M,, ). Lete<1/4 and let v of (3.2) be sufficiently
small. Then

llw ] < O( ’Al‘) O Bb30e/2
legs
Proposition Al.4: The two-vertex diagram P=W for

contraction between a P vertex in A and a W vertex in
A’ is bounded by

O(l)(IA! IA")‘);G [ b3ew)/2
legs

for small €> 0 provided € and v are sufficiently small.
Proposition Al. 5:

(a) Let u be the smallest upper cutoff of any of the
three contraction lines. Then

23

3 (E%) 3

23

< O(u®),

when IAF:]A'I:I.

(b) Let w be a ¢* P vertex and let |A|=1. Then

-ol

=

We note that propositions Al.1—4 and Proposition
Al.5 are the results corresponding, respectively, to
Ref. 2 Propositions 5. 3.3—6, and Ref. 3, Theorem 6.
It will be clear that the other estimates of small graphs
corresponding to those used in the proof of Ref. 3,
Theorem 3, follow from the method used in proving
Propositions Al.1--5 and its slight modification. The
method of proof for our results is essentially the same
as that of Ref. 2, Secs. 6.1—6.3 (and Ref. 3, Appendix).
We will skip any detailed discussions given in Ref. 2,
and exhibit only the necessary modifications.

< O(1)\ ",

3.1

2. Convolution estimates

We start with convolution estimates for F, ,(k) as
defined in (2. 8). Since |p, (k")) = 0(1)5™ for
" = [n/5, 31/25], it follows that
p(RY < O(Dugk) and F, (k) <O(1)F (k)  (A2.1)

for (2’| <31/25, by Lemma 2.1 (b). Since 2 - 2 cos(y)
<2y? for all y= R, we have

ig(k) < O(1)u(k) and Fo(k) < O(1)F, (),  (A2.2)
for all k= R®*. From now on, we assume |k‘"’| <47/5,
1=0,1,2.
Lemma A2.1:

(a) For y +x>1, v=min{y, X,y +1 =1}, v =max(y, \),
€>0,
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Fy,a if v#1

|AIF6TA*F6).LASO(1) _

Fo "¢ it v=1.
(b) Let A = 0; then part (a) still holds, if we replace
Fy,\} by F M
Covollary A2.2:

(a) For 0sy#1, O0sxzl, y+r>1,
V:min(')/ax’y_FX— 1);

la] < ar|,
a7 |aT |2V Fy X Fo WP < O()F, % iy <1,
|A|Fg J* Fg 0t < O(1)Fy o2 ifA<1<y,

|al |arfey Ry % Fg o2 <O(1) Fy v if 1<, 1<y,
(b) Let 0<e<1/2, O0<a,<1/4, a=a,+ a,,
fa] sja’l < A" | <1, Then
f Fﬁ,A(k'*'p)Fs,A"(p)aFn,A' (k'—P)dP

is bounded by O(1) times any of the following:
|A‘-3/4-e/2 IA,|-1/4+e/2

Fy y(k+ k)T 2F (L (B)*1 Fy oo (R))%2,
|afs/terz |A7|-9/ 4 Fy(k+ k)22 F L (R)*1 Fy ou(k))e,
’A"3/4'5/2 |AI|-3/4| A’ ‘-a Fa(k— k/)(ue)/z Fb(k)al Fu(k')az,

where F,=F,; , for |A| =1,

Lemma A2.3: (Ref.2, Proposition 6.1.5 and
Corollary 6. 1. 6). If we replace every F,, , by F,, then
Lemma A 2.1 and Corollary A2. 2 still hold.

Pyoof of Corollary A2.2:

(a) This follows by a direct application of Lemma
A2.1 (a).

(b) This follows from Lemma A2.1 (a) and from the
Schwartz inequality. L

Proof of Lemma A2.1: Since part (b) follows from
part (a) and (A2.2), we only need to show part (a). We
note that

o Fo,alk= k'Y Fy o(R P dl/
s(4)3f6 Fy a(k=Fk'Y Fg (k"M dR’

2 Y
:(4)3f Fya (ki: —5"1 - k’) Fy a(RT dR',
6
(A2.3)
since, by the periodic property of the cosine function,
Fo (R)=F (k+ 2nr/5), ne IN®, (A2.4)

Consequently, it is sufficient to prove the lemma for
1) <7/5 and 1k'P<7/5. For simplicity we write
that, for k<R and |k| s7/5,

Iy, a(R)= [ Fy ok = k'Y Fy (k') dE".
We split the region of integration into

I: 0k’ <u/, I: —7/5 sk’ <0,
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In region I: If —7/25 <k <n/56, |k—Fk’'| <37/256. We use
(A2.1), (A2.2) and Lemma A2. 3 to obtain

|15, 4k)| <OQ1) [ Fy(k~ k'Y Fy(k") dk

F (k)
so(1)|A|1ls{ :Ek!;“
Fo kY ifD#1

< A 1/3
O(l)l | {FE'A(k)V-F if v=1.

(A2.5)
If -7/6 <k <~-w/20, we subdivide region I into I,

={k'10 <k’ <7/26} and L,={%' |7/25 <k’ <7/5}. In region
1, we have |k~ %’| <37/26 and hence the bound in (A2. 6)
still holds. In region I, we also have

/6
L

= [TTI20 Ry A= k7Y Fy (R7V dR”

J-n /b

FB.A(k - k/)v FG.A(kl)X dr”

by (A2.4). Since |k’ ~k| <7/5, the argument used in
(A2. 6) gives the bound in (A2. 5).

In Region II: The argument used in region I gives the
bound in (A2.4). Collecting the above results we have
proved the lemma. "

3. Estimates for small graphs

In this section we prove Proposition A1.1 and
Propositions Al. 3—5 by using the results in Sec. 2, Sec.
A2, and Ref. 2, Propositions 6.1.1—4. We will show
the mass-renormalization cancellation (Proposition
Al.2) in the following section. We adopt the main pro-
cess and the results given in Ref, 2, Secs. 6.2, 6.3,
and Ref. 3, Appendix. Roughly speaking, if we use
Lemma A2.1 and Corollary A2.2 in the places where
Lemma A2. 3 has been used in Ref. 2, then the method
used in Ref. 2, Secs. 6.2, 6.3 gives us Proposition
Al.1, Propositions Al. 3,4, and Proposition A1.5 (b).
To show the remainders we need to split the region of
integration into several parts and use Lemma A2.3 in
each region. We note that the kernel of an individual
vertex has the form (from Step 3 in the proof of Theorem
3.2)

w(ky, oo k) =1y, oo, ) gk, .

on the range of integration, where v, denotes the various
momentum cutoffs and localization factors. We keep in
mind that the ranges of integration are restricted to
[-n/5, w/5]*. We first show Proposition Al. 3.

k) (A3.1)

Proof of Proposition Al.3: The proof is similar fo
that of Ref. 2, Sec. 6.2. Replacing F, by F; , in Ref. 2
(6.2.186), it is easy to check that

|‘U5(k)i = E" 0( |A| (1/4)+(|f1|/3))
J1
1
(igli “i) L d)\l .“fol xdxan,M

where F; , is defined through replacing F, by F; , in
Ref. 2 (6.2.15). For the details we cite Ref. 2, Sec.
6.2. The bound corresponding to the last expression in
Ref. 2, p. 370, follows from (A2.1), (A2.2). Hence, by
the same reasoning as that in Ref. 2, p. 371, the fol-
lowing estimate is sufficient to prove Proposition Al. 3:

(A3.2)
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Fy A8+ P)

5 O(IAI(1-|12|-|JIIII)-E)/2)'
Wiz, M

slexp./’6 dk
Ji’Ulz

We now show (A3. 3) and complete the proof.

(A3. 3)

For |J''| + |I,| =1, by using the lower cutoff |A|™/2
on the I, leg and also Corollary A2.2 (a), we have that

Fa,A(£+P)2 <

dP LG <o(jal.

sup
:

191> 1a172/2

(A3. 4)
If |J1+ |1 =2, Corollary A2.2 and the method above
yield O(1A1"1/2-¢), If |J/'|+ |I,] =3, then Proposition
6.1.4 of Ref. 2 yields

s?p a8 AP Fi A(E + P)?

[ dky dRy[ (P = Ry = by (k)i (k)]

< 0(1) logM,,(4) sup Sy 4P Fy a6+ PY

<0(1) |A]e,

Here we have used Lemma A2.1 and the fact that

M, (8) < O(1) (loglA|™). By the method above (also

Ref. 2, p. 371]), one may also prove (A 3. 3) for

IJ?{+ |I,] =4. This completes the proof. "

Proof of Proposition Al.1: We again follow the method
in Ref. 2, Sec. 6.3. We only need to check the final
estimates, which differ from our results (i.e., esti-
mates for F, , instead of F,).

1/4 -¢
(a) We set A= We use Lemma A2.1 (a)

and (b), and the method in Ref. 2, p. 372, to bound
[lA*All by

(B, + k)2

0(1)(1og2M(2))|A|2/ —(—fiw— dk, dk,

Bokg) e

< O(1) (log?M(2)) |4 [ 172 Fy ok

< 0(1) (log?M(2)) |a].

This proves the proposition.

1)(3+e )6 dkl

(b) Let v be the kernel corresponding to » 22 Y
A+v<1/8. By using Corollary A2.2 (b) and by following
the method in Ref. 2, p. 342, we bound {v(k,, k)| by

o( IA| ) (Bybhoght ) VY Fy W (K +K,) /2

X Fy(K,) /8 F UK, [(1- ) /6],

where K, =k, + k,, K,=k,+k,. We again use Lemma
A2.1 (a) and (b), and the method of Ref. 2, p. 373, to
bound |22 by O(14A1). By obtaining A~¢ from u™ or u=*
from the kernel of the diagram in Proposition (b), we
have proved our proposition. ]

Proof of Proposition Al.4: The follows by the argu-
ment used in the proof of Ref. 2, Proposition 5. 3. 6, and
by the method in the proof of Proposition Al. 3 (for
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Py oaa ¥

Aa’] < ]A]). We do not exhibit the detailed proof, and
refer instead to Ref. 2. .

Proof of Proposition Al.5. (a): Let w(k,, k) be the
kernel by the corresponding diagram. We note that by
Lemma 2.1 (b)
w(ky, k) < 0(1) dk,dk, dk,

6
Folky +ky+ k) Fo(=ky=ky—ky— k)

‘2T g 2 (A3.5)
[T T 7(“2“3#4) 4

We assume that #,”’ has the upper momentum cutoff u.
If we use k,, k, and P=#k,+k,+ &, as integration
variables, then

iy, k) [ = OC0) (a7 | iy b [ ko™
Xp{p— k)W X Fi(=p+Ek)F(p+k). (A3.6)
We split the P integration into the regions
L={P® p® P |PP _onn/5| <u/5, 1=0,1,2}.
(A3.7)

In the region 1,, n=(0,0,0): If both |k, <m/25 and
Iky®’| <m/26 for all 1=0,1, 2, then [p"' =&, ‘?| <37/25
and 1p?’1 <3r/25 for all I=0, 1,2. Then the proposition
follows from (A2.2) and the method used in Ref. 3, Ap-
pendix. Otherwise, there exists an i(=1, 5) and an

(=0, 1,2) such that 1%, >7/25, for example, i=1
and I=0. We multiply (u'1, ®’)"® in the integrand of
(A3. 6) and integrate with respect to k, to obtain

|k k) SO [ dp Fifley + PFy(= p = )+ (ypes) ™"

SO(IWBFy(ky + b )" (U i)™ if ¥y <1/4,
where we have used Lemma A2.1, Hence
llwll, <O(1)u(5)*/>2
< O(1 u® if y<1/4.
Here we have used the fact that u <O(1)5™*,

In region I, n+#(0,0,0): There exists (=0, 1 or 2)
such that n'*’2 0, for example, 1=1. We split the &,*’
integration into two parts:

|k, | <m/26,

In region A: Then |p") - k" | = 7/25. We multiply
(61,) 27 (Bu(p ~ B, V)1 [ O(1) on the support of the
integrand] and integrate to obtain

ow(ky, k)| < O(1) 8387 [ 1,2 dk, Fylky + kgl (uypg) ™

|k, | = 7m/26.

< 0(1)61-61(77/6)2/3u1/3 Fb(kl + ks)l-e(ulus)-hy
SO(1) uS Fylly + B )™ (o)™ if y<1/6

Here we have used Lemma A2.1. The proposition
follows from the above result.

In region B: Since 1p'"| = 7/26, the method used in
the region A gives the corresponding assertion. Sum-
marizing these results, we have proved the proposition.

(b) This follows as a corollary of Proposition Al1.1 (a).
| ]

Remark A3: We have used estimates on one- or two-
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vertex graphs in the proof of Theorem 3.4. These are
essentially propositions Al.1—5 and simple modifica-
tions of those results.

We conclude this section with the following result:

Lemma A3.1: The changes, 5E,(4A) and §E,, of the
second- and third-order vacuum counterterms arising
in the Wick construction in 5V are bounded by
O(1 A1""M(1) log M (2)) =

Proof: This follows by the method in the proof of Ref.

1, Proposition 6.3.1 and Lemma A 2.1, and its
corollary. .

4. Mass renormalization cancellations

Finally, we consider the cancellation between the un-
cancelled mass renormalization diagram and the mass
counterterm. The kernels of their sum

N\ + 1/28mg
U/

has the form

Wy, ar(ky, k)= const(u (k) ok

5))'IQ apyTdk,dk,dk,

- n;~3 flp(msm anﬁnin?ndk2dk3dk4)
n(”‘=0,¢1
"ZBA,A' Wy, (A4.1)
where
d
a= Z{S_Ks (klvkz’ks’k4)’<s(kz’k3’k4»ks)~ (A4.2)
B:En:(ng)E(P+kl)(gXA')B(_P_k5)7
4 4 k.
y=11 M(,(k;)-za T= 11 X(E"‘"') y
i=2 i=2 5
- 1 4d 2nm 2nm 2nm\2
O A AR i ) i

- 4 2nmy  — 4 i 2nm
= o+ 220 T = Ilp,+ =Z}).
R )
Here x(k) is the characteristic function of [~ 1,1F, P
=k, +ky+k, P,=k,—3P. For A4,
=0 by the fact that g2y ,x,. =0.

To compare lZJA,A, with w, ,, we rewrite w, ,.. We
split the P integration into the regions I, defined in
(A3.7). We translate the center of I, to the origin by
redefining %, by %,72™/3® and use the fact that
(g% 2 )s(R) = (gx )ik £ 2n7 /) to obtain

o (n)
w ’

(l)_o £1

Waa Ry ) = (A4.3)

(n)

w,, = const(iy(ky)pglks))? [ @B,y ,T, dky dk;dk,,

P i<r/6

where «, .7, are defined through replacing &; by
k,+ 2n1r/36 in the definitions of «, , 7. We also define
w‘" in a similar manner. We rewr1te (A4.1) as
()
Wy p = n;)ﬁ (wA " +wA"A,).

20,51

(A4.4)

We now complete the proof by estimating each
n)
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we note that w, ,..

Proof of Proposition Al.2: We consider the first part
of the proposition. We use Lemma 2.1 (b) and Lemma
2.3 (b) to estimate

}wm) kvks)i (’A’ ‘AI|)(“1“’5)-1.

x foznliF:]z ulk,+ 2nm/35)

Fo s(P+1R) Fy (=P = k) dkydlydk,.

We assume that the upper cutoff M(2) for k, is the
smallest upper cutoff among %,, k,, k,. We then have
Ref. 2, (6.3.1).

[ kgl (2 p2 (P = ky = k)] < O (logM(2)).
(A4. 5)

We let k, + 2nn/35, k,+ 27n/35, and P be independent
variables and use (A4.5) and Corollary A2.2 (b) (y = 3/4)
to obtain

< 0(1)(

o, n)
IwA,A'

log M(2) (1,1

X Fo ok + kg% (A4.6)

Here we have assumed that [A| < |A’|. The first part

of the proposition for wy",. follows from (A4.6) and
Lemma A2.1(a). A method similar to that used above

gives us the bound for w "),. This proves the first part
of Proposition Al. 2,

We now prove the renormalization cancellation. Since
we use only the comparison function F; ,, the distance
factor d" can be obtained by Lemma 2. 3(b) and the
method used in Step 3 of the proof for Theorem 3.2. If
1k,'")| = /25 for some i (=1, or 5) and [, then one may
obtain the convergence factor 1~¢ < 0(1)5¢ from the k o

~{n)

mtegratlon by using the bound in (A4.6) for |w,",,

and Iw a.a |, respectively. Hence we only need to con-
sider the following region:
[k, | <m/26, |k"| <7/26 andall . (A4.7)

On the support of the integration we estimate

RGN 3] -1 v
|wzn.A, +w<An.A,‘ <O(1)(H ug) fw(”mr/a \(anynT"— ay,T,)

X B|dhky dk, dk,. (A4.8)
We expand
XY Ty = QB T =TT {0y~ @B )8
+ 741 =T,y B+7T(1,- DayB).
(A4.9)

We consider the first term in (A4.9). Lemma 2. 3(c)
yields

_ 2 -2+¢ 2 ~2+€
(A oumww{[ w(ra 5E) (e ) ]
<k +%—%7—T) u(k4+ %%ﬂ)z +}

on the support of the integrand. By the method used in

Ref. 2, p. 374, we also have
O(1)| A’ |=¢/2F (PYa=</201(2) /2,

(A4.10)

|a,—a,l< (A4.11)
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We again assume that [A] < [a’], We write
Tn?n(an'}’n - an;n) B= Tn?n(an - an)Ynﬁ + Tn?n(‘)’n - ;n) Enﬁ
(A4.12)

We estimate the first term in (A4.12). If we use (Ad. 11),

Lemma 2.1(b), Lemma 2. 3(b), (A2.2), and (A4, 7), we
bound the kernel corresponding to the first term of
(A4.12) by

o)(|al |ar|x¢2M(@) /4 (uypg)™

x/ AP dp,dpy| T,
1) <076

Fo(ky + PYFa{P)c|A |3 Fy (- P=
M., u(P,+ 2mn/35)

We first use (A4. 5) for integrations with respect to

P,+2nm/356 and P, + 2n7/36, and we next use Lemma

A2.3 for the P integration to bound the above expres-

sion by

O( l A‘ 1/4-~¢ /3) 7('61 /2
X F(ly +Pg) 1 /2 Flg)™ (uyus)™ A4.14)

The L, norm of (A4, 13) is dominated by O(1){(/al}aA’l)*
XA~ for some ¢> 0. This proves the proposition for the
first term in (A4.12). Using (A4.10), the second term
in (A4. 12) yields a similar bound.

x k) (a4.13)

We next consider the second term in (A4.9). For
convenience we denote k; + 2n7/36 by k; for =2,3, 4,
We note that P.’s are not changed. The kernel corre-
sponding to the second term in (A4. 9) is bounded by

o1)(| a| IA'|)(u1us)"f

1P 0tg s51<e 78 | QBYT]
X(1=T7,) F, év_ % +k,) Fur (—k- P+%)
Xdkydkydky, {Ad4. 15}
We split the region of P integration into two parts:

I [PV =2un/5|< (1/86)!72

I [P onn/s| = (n/6)'%;

In region I, on the support of the integrations,
7(671 = 671/ < |B{P| <n6t

for some ¢ and [, for example, ¢=3 and /=0, Also,

fx(s‘i-o'“%snam et | 7] g 3 dRy® < 0(1) 51/5,
(Ad. 186)

We use ky, k;, and P as the variables of integration and
use (A4.16) and Lemma A2, 3 to bound (A4.15) by
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o)(|A] [ &7 [17464 8 4(uyug)H | &7 [3/4F yr (ky +Rg)* 4

for any €> 0 and ¢’ > 0, Hence the Ly,-norm for the kernel
corresponding to the second term in (A4, 9) yields the
desired bound.

In region II, we multiply [6F(p - 2n1/6)]"(= 0(1)) to
the integrand of (A4. 14) and apply the method used in
bounding the L, norm of (A4.14). We then dominate the
L, norm of (A4.15) by O(1)(1 Al | A7),

Collecting these results yields the proposition in the
case of Al <|A’|. Since our estimates are symmetric,
this proves the proposition. »
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Correction to the manuscvipt: The ultraviolet cutoff
function « (k) should be replaced by x(k,), where k,*’
=26 sin(6k*’/2), i=0,1,2. It then follows that for
[k <1/6, we have:

(a) lk(”/kbu)'*ig 0(1)'

{b) Let u# and I be the upper and lower momentum cut-
offs of x(k) and let u; and I, be the corresponding mo-
mentum cutoffs of k(ks). Then there exists a positive
constant ¢ (1 s¢<2)suchthat u<us;<cuandcl=cl =1
uniformly in 8.

() D" x)k=+7/86)=0 for odd m.

Then the relation (3. 14) follows by (¢). It is also easy
to check that the replacement causes no harm as a con-
sequence of (b).
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Linked cluster expansions in the density fluctuation formulation

of the many-body problem*
C. E. Campbell

School of Physics and Astronomy, University of Minnesota, Minneapolis, Minnesota 55455
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A perturbation theory is developed for the logarithm of the normalization integral (or partition
function) of an N-body system which is either a Bose liquid in its ground state or a classical fluid

in the canonical ensemble. The perturbation in the former is an #n-body factor in the ground state
wavefunction and in the latter is an n-body potential. The normalization function serves as a
generating function for the cumulants (or static correlation functions) of the density fluctuation
operator p,. The expansions of the perturbed partition function and correlation functions are

shown to be linked cluster expansions involving the correlation functions in the unperturbed system;
each term in these expansions is manifestly of the porper order in N. Several approximations
involving truncations of the cumulants and/or resummation of part of the terms in the linked cluster

expansions are discussed.

1. INTRODUCTION

The analogy between the Boltzmann factor for a
classical fluid and the square of the ground state wave-
function for a quantum mechanical system of bosons
has been exploited extensively to obtain approximations
for n-body distribution functions for the quantum sys-
tem.!® For example, the ground state properties of
liquid He*, most notably the binding energy and the
liquid structure factor, can be obtained approximately
from a trial Jastrow function

1 N
df.r:exp 9 ,Z]) uz(r“) (1)

where u, is a real function chosen to minimize the ex-
pectation value of the Hamiltonian of N He* atoms. %"
For a given u,(7) it is only necessary to know the radial
distribution function g(») to obtain the energy E and
liquid structure function S(%)2:

EJ :<§b1 |H| "DJ>/<J),} ‘ lb_,)
= iNp f dr g, (v) (V('r)— Zﬁmi V2u2(7)>,

S (kY= Ny ;| pep_ |00 /(s [0y =1+p [ dr(g,(r)-1)
Xexp(ik - r)

where V{(7) is the potential energy between two helium
atoms, p is the number density (p=N/Q where Q is the
volume), m is the mass of the helium atom, and p, is
the density fluctuation function

pPr= ZN exp(ik - r;). (2)

The radial distribution function is defined in terms of
u, by
N(N=1) [dr,---dryd3(r,---ry)

0 [dr, - dr,?(r, 1) . (3)

gJ(’r1“r2|):

(The subscript J is attached to the energy, liquid
structure function, and radial distribution function in
order to emphasize that these are obtained from a trial
Jastrow function.)
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The evaluation of Eq. (3) is equivalent to the deter-
mination of the radial distribution function of a classical
fluid in the canonical ensemble at temperature T in-
teracting via the two body potential ¢,(¥) defined by !~2

- ¢2(7)/kBT =u2('r). (4)

Then it is possible to use the various approximations
developed in the theory of classical fluids (BBGKY—
KSA, PY, HNC) to replace Eq. (3) by an approximate
relation between g,(7) and u,(7). Generally, these ap-
proximations relate the classical radial distribution
function g_,(#) to the two-body potential ¢,(r) through
some functional equation of the form

gc,('}’) :F[(pz/kBT; Eers 7’]

which is then solved for g,,.® Then the analogous ap-
proximation for Jastrow functions is

g, =Fl=u,, g ;7]

While Jastrow functions give reasonably good ac-
count of some of the properties of liquid He?, recent
interest has been focused upon enlarging the class of
trial functions to obtain improved agreement with ex-
periment. *~™ This is accomplished by defining an ex-
tended Jastrow function as

Wryry)=expz x(r; e ry) (5a)
where y is a real function given by
LA |
x(ryorr,)= nZi T 112 . UNC IS r,.n) (5b)

[
where u, is symmetric under interchange of its argu-
ments. Indeed, the exact ground state wavefunction of a
system of bosons can be chosen in the form of Eq. (5).
For this equation to be unique, the u, functions must be
short-ranged under separation of subsets of the n parti-
cles. ' This cluster property is shared by an n~body
potential energy ¢,(r, --- r,). Thus the analogy of the
square of the wavefunction ) with the Boltzmann factor
for a classical system of particles interacting with
many-body potentials is retained through the generaliza-
tion of Eq. (4):
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- ¢"(r1"' r")/kBT:un(rl r")_

Consequently, an approximation which relates the dis-
tribution functions to the logarithm of the N-body dis-
tribution function will be useful for both the classical
and the quantum fluid.

In this paper we develop a perturbation theory for the
distribution functions defined in terms of the N-body
probability density under the assumption that some
zeroth order problem has been solved; i.e., the zeroth
order problem is given by the N-body probability

W@(r, 1) =lexpxy(r, - /@ (6)

where
Q© = [ expy,(r, - ry)dr, -+ dr,. )

We assume that the necessary n-body distribution func-
tions g’ are known. For a general N-body probability
W, the distribution functions are defined by

NU L
r)= 7 P [ Wydr,, - dr,.

(N =n)! (8)

g,(r, -

Then supposing that In W, is given by

X(rpo 1) = InQy =xo(ry -+ Ty) = In@y + x,(1y - 1),
(9)
we wish to find an expression for @, in terms of gf,‘”
and x;.

The problem is formulated in Sec. II in terms of den-
sity fluctuation functions p,, where it is shown that the
perturbation y, has a simple series expansion in terms
of these functions. It is convenient to replace the dis-
tribution functions g, by the cumulants Uk, ‘--k,) of the
Py, which are defined in Sec. II following Wu's develop-
ment. % In Sec. III it is shown that the partition function
for the perturbed classical system is a generating func-
tion for the cumulants U,, and that there are linked
cluster expansions for the perturbed partition function
and cumulant functions in terms of the unperturbed
cumulants U,*’. The main result of this paper is Eq.
(39) of this section. A reasonably simple diagrammatic
notation is developed to express these results. Finally,
in Sec. IV we discuss several approximations which in-
volve truncations and resummations of these linked
cluster series, and review the previous usage of some of
these approximations. New applications of these results
to specific physical models will be given elsewhere.

11. DENSITY FLUCTUATION FORMULATION

In this paper, attention is restricted to functions
Xi(ry -+ ry) which are Fourier transformable. As in Eq.
(5b), x, is decomposed into a sum of n-body short-
ranged functions, n < N:

y¥1
Xa(Tyry) =25 — (10)
n=l 10 g

2o ud(r, eor ).
L

i) n
1 n
is¢ iy

The Fourier transforms of «, are defined by

1 _ -
u vy ) =N 5
kysk

( 1T exp(ik, - r,.)> Colk; k).
n i=1
k#0

! (11)
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The restriction to nonzero % values in the sum in (11) is
required by the cluster condition. The terms with one
or more k equal to zero are included in »’ with m <n.
With this definition, Eq. (10) becomes

N Na-n
Xl(r1"'r,v):2_—, > Cn(kx”'k,,)l)("’ (kl“'kn)
n=1 ni kyec+ky,
ki# 0 (12)
where p‘™ is the symmetrized plane wave '°:
N n .
p (koK)= 2 1 exp(ik,-r;). (13)
iy rig p=1 £

igt iy

The usefulness of this expansion of x, in plane waves
lies in the connection of these plane waves to products
of density fluctuation functions p, [defined in Eq. (2)]
which have simple cluster properties. Thus we note that

pklzp(l)(k1)’ (14)
Puypr, =P Dy, k) 4 p il ), (15)
Pr PPy, :pfs)(ku k,. k,) + pm(kl +k,, k;)

+p Bk, + ks, k) +p Dk, + kg, ky)

+p Mk, +k, +k), (16)

etc., and

n n
I1p,. =2, p" (all distinct partitions of the k’s). (17)
=1 P =1

The inverse expression gives p ™ (k,...,k,} as an nth
order polynomial in p, (see Appendix A), which can be
used in (12) to obtain

N n
Xlleyr)= 22 200 vk k)T p, (18)
n=l (kg --k,) i=1 i
ki#0

where the functions y  are linear combinations of

C,k, --k,). The prime on the second summation re-
stricts the sum to distinct sets (k, :--k,). The procedure
for generating the y 's from a given x, is described in
-Appendix A.

With this expression for X,, the normalization integral
(partition function) for W, is [using Eq. (9)]

QN:fexpx(rl"'rN)drl'"drN:Q;?)']N[Xl], (19)
where
N n
Jw[xl]:<EXP<E T valkyeeek) T p,.)> (20)
n=l (xgeeeky) i=1 i 0

where (---), means the average taken with respect to the
normalized N-body probability WXy, --- 7,), defined
in Eq. (8).

To evaluate J  in terms of the y, , it is convenient to
introduce the cumulants of the p, functions. The average
value of a product of n p,’s is defined as

n n
In(k1"'kn):< _nl pki>: f Hx Py, W{r, 1) dr, -+ dr,
= i= :
(21)
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where

WN(I‘I‘"r~):exp[x(r1"'rN)]/QN. (22)

A subscript or superscript “0” will be afixed to indicate
averaging with respect to W N(‘”. Then the nth cumulant
Uk, ---k,) is defined by the first » equations of the
following sequence !3:

1,(k,) =U,(k,)

L(k,, k) = U, (k,)U,(k,) + U, (k,, k,)

Ik, &y, Ky) = U, (K, U, (k,)U, (K,) + Uy (k UKy, k)
+ Uy (k,)U, (k k) + U, (&)U, (K, k)
+ U,k kk,).

n

In(kl "kn): E Z H Un.(kR 1 ° kP- )
Osnl...s"n (Pl.l"'Pﬂ,nu) i=1 i 1, i.ng
Eny=n (23)

where { } means the sum over all permutations of
(1-++n) which produce a distinct term in the sum when
k; are treated as independent variables. Wu'?® has shown
that if the cumulants f,(7,---#,) of the n-body distribu-
tion functions g,(v, --- 7,) satisfy the cluster condition,
then the U, are of order N. This result allows us to ex-
plicitly keep track of the order of magnitude in N of the
expressions of interest. It was also shown in Ref. 13
that the Fourier transforms of g, are linear combina-
tions of the I, (k, ---k,) with m <u; thus g, can be ex-
pressed in terms of U, with m <n. With that in mind,
approximations for U,, are developed in Sec. IV, which
in turn amount to approximations for g,. Some of these
approximations take the form of integral equations for
the U (k, ---k,) in terms of U(h, -+ h,) and v (1, -+~ 1 ).

From a physical point of view these cumulants U, are
probably better described as static correlation functions.
For example, in a uniform liquid, U,(k, -Kk) is essential-
ly the liquid structure function S(k) measured by x-ray
scattering and integrated neutron scattering:

U,(k, -K) =NS(k).

Both U, and U, are related to the dynamic correlation
function which is detected in second-order Raman
scattering:

J(w, €)= 2, HKKL)S,(k, ~k—¢, 1, =1+¢, w),
X1
where
[ dwS,k, -k—¢, 1, —l+¢, w)

LdUsk, —R)Uy,(k+e, —k—¢)
+ Uk, —k-¢, 1, —1+¢)

=8y, + Oy

where ¢(w,€) is the light intensity measured at frequency
shift w and momentum shift €, and (k) is related to the
coupling between the light and the liquid. 2

1il. LINKED CLUSTER THEOREMS

The functional J ,[x,] is a generator for the functions
[,. The simplest expression for /, in terms of JN[xl] is

n
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Ik, k) 0

Ky n :m anN[xl]. (24)

A more useful result, however, is that J N[Xl] is a gen-
erating function for the cumulants U,. To show this, it
is convenient to introduce a new notation for the cumu-
lant expansion; Eq. (23) becomes

NS

i=1

I(k, -

n

(25)
where the notation

refers to the sum of all functionally distinct terms ob-
tained by distributing the vectors k; in the arguments of
u, [denoted by (—)]. This can be rewritten as

n-1 .

U,y - k) =1,(k, - K,) - Zl: [Un-p(ku M=)k, K, .
(26)

(The choice of k, in U, is arbitrary.) Another equation

for U, is obtained by differentiating (26) with respect

v,(k). Then the right-hand side involves aI,/dy,, which

can be obtained by differentiating (21), using (22), (18),

and (19):

ad

.0 I(h, -+ h) =1, (h, -+ h,, k) = U,(K)(h, -+ h,)
(27)

where the second term comes from the derivative of
the denominator in (22). The expression obtained by
using (27) for BI‘,/a"y1 in the derivative of (26) can be
simplified by using (26) for /,,, to obtain

0

m Un(kl o kn) =Up (ke kml)

n1 a9
+ ; [I‘,(—) (Un-pd(kpkml, —) - m Un-p(ku —)>]

x {k, - Kk,}. (28)

It is readily verified by induction that Eq. (28) gives

d
— U (K, -
ay],(km»l) n( !
from which it follows by using (24) and (25) for n=1 and
then using (29) n - 1 times that InJ , is a generating func-
tion for U :

k)=U_ &k -k ,k, )

n

(29)

<r"1 —a—~> Ind ,=U (K, k). (30)

-1 9y,(k))
The first of a set of linked cluster theorems may be
obtained immediately from this result. We set

v,=0, n>1, (31)

so that J, is a function of only v,(k). Equation (30) is a
set of differential equations for J,, with the boundary
condition

Ind y=v, if yl(k):(), all k.

The most straightforward way of solving (30) is to note
that it gives all of the coefficients of a Taylor series in
v, for InJ , when y,(k) is set equal to zero. That is,
ignoring questions of convergence,
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© 1 »
ny=v0+ 55 7, D (f1900) k)
K (32)
where U{®’ is defined by (21) and (23), with W’ in (21).

The sense in which (32) is a linked cluster series will
be clear when the generalization of (32) [lifting the
restriction (31)] is exhibited below. It is easy to see
that (32) shares an important property with linked cluster
expansions, which is that corrections to the thermody-
namic potentials are manifestly extensive. For example,
InJ , is the correction to the thermodynamic potential
for a classical system (when J, is the partition function)
due to the addition of an external single body potential
¢,(r) with Fourier transform - k,Ty,(k). To see that
Ind ,= O(N) consider a uniform zeroth order system;
then U°’ vanishes unless its momenta sum to zero, in
which case it is of order N. Thus each nonzero term
in (32) has a factor N implicit in U, Furthermore,
since ¢,(r) is of order unity the sums over k in (32) do
not increase the order in N of InJ [see Eq. (11) and
Appendix A], nor does the sum over p. The easiest ex-
ample to consider is an external periodic potential for
which y, (k) will only be nonzero at reciprocal lattice
vectors, and generally goes to zero rapidly with in-
creasing reciprocal lattice vector. Then clearly In/,
is proportional to N,

An application of this result to a quantum mechanical
problem is the determination of the effect of a periodic
substrate on absorbed liquid He?. Details of that ap-
plication are given elsewhere. 4

To obtain a general linked cluster expansion, we re-
move restriction (31) so that J,, is a function of all the
variables v,. Using (24) in the left-hand side of (27),
interchanging the order of differentiation and using
(30) gives

0

3y (k, - K, ) Uyh)=I,,,(h

k, - k) - Uy(h)I (k --- k).

(33)

We use (26) to eliminate /,, from this expression. The
second term on the right-hand side of (33) cancels the
last term in the sum on the right-hand side of (26)
giving
a n-1

n) [ n+l- j h —)I( )]{

j=0

By, -k, (34)
Then using (25) for {;, the right-hand side of (34) is
simply the sum over all products of U,’s containing
distinct partitions of the set of variables h,k,, ...,k
and connected by the set of variables (k, ---k ) It is
convenient to introduce a new notation to represent a
conneected product of U’s:

[ [;[ Unj]c {(hl * hpl) (k1 * kPa) tee (11 o 1g")} (35)

means the sum over all distinct partitions of the momen-
ta in braces in the arguments of the U,, factors in such

a way that the product over j is connected by the subsets
of momenta in parentheses. To illustrate:

[U,0.U,]{(h), (k,,k,), (1,,1,)}
=2 2 U(1) U1,k )U,(h,K)

a#B i# ]

n
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+ 55 Uik UK, 1,)U,(h, 1)
a#f it
where™ Taid the eye in observing that all terms are
connected. A term which is disconnected and therefore
does not appear in the sum is

U1(h) Uz a’ k{) Uz(lﬂy j)’

since the first factor is not connected to the last two by
any momentum set. Note that a single momentum in
parenthesis within the braces in (35) does not provide
any connections between the U factors. Thus (34) may be
rewritten as

oU

(h) = LX)
B o e LB J. 0. Gl

(36)

Using (29), differentiating (36) p — 1 times with respect
to y, and exchanging the orders of differentiation gives

a 1+
—_— U ves _ U
v,k - k) /By oo By) distinctz?nrtitlons [4=1 "i]c
of mp
X {(h,) -+« (h,) (&, -k} (37

The right-hand side of (37) is the sum over all func-
tionally distinct partitions of n+ p and momenta h,; and
k, which are connected by the set (k, ---k,). Thus dif-
ferentiation of a cumulant by y (k, --+k,) introduces all
combinations of cumulants which are connected only by

the new momentum set. It follows by using (24), (25),
and (37) ¢ times that
P InJ
,.Ul Bym_(kl‘“"'k,(n"i’) N
- nlinzz;s ny [I} U"!]c {(k{“ o k(;'ll;) h (k;t) " k’("tt))}'
1.7nj=72mi (38)

Note that Eq. (30) is a special case of (38) since in (30)
m;=1 for all i, and thus the connecting momentum sets
each contain but one momentum, (k,), and cannot provide
any connection. In that case the product of U’s in (38)
can contain but one factor, as seen on the right-hand
side of (30).

As in the development of (32), we can use (38) to ob-
tain all the Taylor series coefficients for the InJ, in
terms of all the variables y, by setting y,=0 for all » in
(38). The only consequence is that all U becomes U}
on the right-hand side of (38). Then the series for
Ind, is

-2

1
J + -
Ind,=7v, 1—11[‘?}’”;!1

t
2 k()
a o YikG ru))]
1 <‘*u3> -efiln '

@ 2 [nove],
mSmy S s m,S 1 !
Emy=Cny
X{eD,), kD), e (kD) (kid, - kigd) -k
(39)

The prime on the summation sign means that the sum
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[ ] = yo
-— = yl
N = Y,

A =y, ! ! e
T A
' ¢

A A
SR + S oS o
\‘/ i
Z;S = U(lo) ,)‘“'O
+ Q + see
© <
{.‘} L -

(a) {(b)

FIG. 1. (a) The elements of a diagrammatic expansion. y, is
an n-pronged vertex and U, is an n-sided polygon. (b) A
schematic expansion of the logarithm of the normalization
integral. Momentum must be assigned to the dashed lines,
----, and summed over. Appropriate combinatorial factors
must be assigned to each term. (See the discussion in the
text.)

is to be restricted to run over distinct sets of momenta
(k&) ook G)),

(ij) (if)

This complicated expression is simplified by intro-
ducing a diagrammatic representation, which is defined
in Fig. 1: A dashed line represents a momentum, a
vertex composed of #n prongs connected at a dot rep-
resents ¥, and an m-sided polygon represents U2°’,
The momentum lines connect dots to polygons by con-
necting a prong to a side of the polygon. Then a con-
nected term is a diagram which is topologically con-
nected. Then InJ , is a sum over all connected diagrams
with no free momentum lines. The counting factor for
each diagram is chosen so that any distribution of the
momentum variables which is not equivalent to the first
by the permutation of the U°”s or the arguments of the
U9 or a combination of both must be considered a new
term. Furthermore, there is a factor of 1/x,! as-
sociated with every diagram containing »n; vertices y,.
It might seem that the n,! permutations of the y, would
cancel these factors, but some of these permutations
are equivalent to permutations of the U’ and/or their
arguments. This counting argument is sufficiently te-
dious that it is best to consider special cases, as is
done in the next section.

The diagrammatic expansion for U, (h,---h,) is ob-
tained by differentiating InJ, with respect to y,(h,),
i=1--n (Eq. 30). This is equivalent to removing =
single prong vertices in each term of InJ, in Fig. 1 in
all possible ways, and labelling the dashed lines from
which these have been removed by h,; ---h,. The diagram
rules for U, are identical to those for InJ, as can be
seen by noting that (37) can be used to generate the
Taylor series for U, (h,---h,), which has the same form
as (39) but with (h,), (h,), ..., (k) included in the braces.

The sense in which these expressions for InJ, and U,
are linked cluster expansions is clear from the diagrams
as well as the notation in Eq. (39). It is not quite so
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obvious that each of the linked diagrams produces a
term of order N. Nevertheless, InJ, must be of order
N since it is the shift in thermodynamic potential in the
classical system; the U, are also proportional to N. '3

It is one of the main advantages of linked cluster theo-
rems that the contribution of each diagram is the cor-
rect order of magnitude in N, so that further approxi-
mations do not need to be concerned with keeping track
of powers of N. To see that each diagram contributes
O(N) to the expansion for InJ,, consider a particular
linked diagram and the corresponding momentum sums
in Eq. (39). If we focus on a single v (k, ---k ) and the
associated sums over k, ---k,, we can use the fact that
u,(r,---r,) is of order un1ty (Wthh is to say that it does
not change as N increases) to conclude that v, and the =
k sums contribute order unity to the diagram if all
other constraints on the momentum sums (which come
from the U,‘,f” factors) are ignored. Now, if we con-
sider the case where the zeroth order problem is trans-
lationally invariant, so that Uﬁj',’ is zero unless the sum
of the momenta in its arguments vanish, then each U®’
introduces a single constraint on the momentum sums,
reducing the overall N dependence by one order of mag-
nitude. But U’ is of order N, cancelling out the effect
of this constraint. For a linked factor, however, one
(and only one) of these momentum constraints is equiva-
lent to overall momentum conservation, which is already
guaranteed by the v 's within this linked cluster (sup-
posing that the perturbation is also translationally in-
variant), thereby leaving one uncancelled factor of N.
Thus each linked factor contributes O(N), and it is the
fact that there is just one linked factor in each term in
the above expansion which shows that each diagram is
O(N). A similar argument can be made for nontransla-
tionally invariant systems, except that the role of mo-
mentum conservation must be replaced by restrictions
on the possible values of the total momentum in U"n‘”

or v,. For example, in a periodic system these totals
must always be reciprocal lattice vectors. The fact that
these possibilities do not increase with increasing N
plays the same role as the momentum conservation
argument above.

1V. APPROXIMATIONS

There are numerous possible approximation schemes
involving truncations and/or resummations of (39). In
this section we discuss several of the approximations in
differing detail, deferring the application of these ap-
proximations to physical problems of interest until
later.

A. Finite series truncation

The simplest approximation is to truncate (39) after
a finite number of terms in each of the variables y, . For
example, if only single-body terms are retained (i.e.,
y":O, n+1) and the series is truncated beyond second
order, then

Indy=v,+ 23U (K)y, (k) + 3 25 ULk, 1)y, (k) p,(1). (40)
k k,t

This is the approximation used elsewhere to obtain the

effects of a periodic substrate potential on adsorbed

helium, 4
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FIG. 2, The diagrams for InJy which are linear and bilinear
in y, and y;. Expressions for eacb term are given in Eqs.
(B4a)~(B4k), Appendix B.

As another example of finite series truncation, con-
sider the inclusion of a p-body potential in the classical
problem or a p-body term in an extended Jastrow wave-
function, so that

r, ). (41)

Introducing the Fourier transform of «, gives Eq. (12)
with only the n=p term in the first summation. To ob-
tain the expression of x; in terms of density fluctuation
operators, p®'(k, ---k,) must be expressed as a pth
order polynomial in p, (the general result for p/’ is
given in Appendix A). Then Eq. (18) will have y #0,

n <p. Expressions for y, for the cases p=2 and p=3
are also given in Appendix A. Consider the case p=3
and suppose u, is translationally invariant. Then the
expression for X, in (A4)—(A8) involves only terms with
total momentum zero:

Xi=Yo+ 2 ¥k =Ko+ 2 vk K k)0, 0y 0y
k.20 (&, EyKy)
k‘#o
(42)

Yo» ¥, and y, are all linear in C;. Thus truncation of the
expansion for InJ, at second order in C, requires reten-
tion of terms which are second order or lower in y, and
y,. Diagrams for the linear and second order terms in
C, are shown in Fig. 2. Expressions for each diagram
are given in Appendix B. Note that a complete evalua-
tion of these terms requires U*’, U», U®, U

and U{®’ since each of the terms are O(N). Nothing is
known about UL, U2, or UL’ for any interacting
system.

B. Truncation of higher correlations

Since U®? is unknown beyond some value of n (usually
two), it is necessary to approximate the U°’ in terms
of other known functions. There are several approxi-
mations which have been used for this truncation. The
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simplest is to set U’ equal to zero beyond some value
of n. For example,

U2=0, n>2. (43)
If only y, is nonzero, this approximation is equivalent
to Eq. (40) for InJ,. The two procedures give different

expressions for U , however.

A more interesting example is the case when x, con-
tains both one- and two-body potentials or Jastrow fac-
tors, so that both v,(k) and v,(k, 1) are nonzero. In that
case (39) still has an infinite number of terms even when
approximation (43) is used. With only U , U® , v,,
and y, present, the topology of the diagrams and the
rules for the diagrams simplify considerably. The four
types of diagrams, shown in Fig. 3, are those which
contain all U,’s and y,’s, those which contain one y, and
one U,, those which contain two y,’s and those which
contain two U,’s. The corresponding equation for IndJ, is

ma= 3 o (2 sa) (2P - ba)
+2 0% (E va(h,q, ))[ Owe)),
X p=0 P!t \nan

X {(k) (hlql) ot (hpqp)}

L= 1 ¢ '
+3 éﬁe yl(kl)yl(kz)gﬁ_ n <{E yz(hiqi)>

il \(h;q)
x[(U, @) ], {(k,)(k,)(h,q,) -+ (h,q,)}
1 ¢
+§ F‘l]l ((hzi:qn yz(h‘q")>

h,a,)}- (44)

Succeeding lines correspond to diagrams {(a), (b), (e),
and (d), respectively, in Fig. 3. To simplify the ex-
pressions, assign the momenta to specific dashed lines
in the figure. The prime on the sums can be removed in
the first line by noting that each pair (h;, q,) gives rise
to two equivalent terms except the first, which must
have a factor ; to remove the prime. Similarly, the 1/
p! becomes 1/p from permutations of the y,’s which

X [(U{o))z (Uz(m)p-l]c {(hxch) (

O+o—--0 O

P R
//, ] \\\
VARV
A R R
+ ‘O’ \O’\ e ®

" X by LY
+ N S SAS N ()
o0 0 0 o

FIG. 3. The diagrams for InJ, containing y,, y,, U;, and
U,. The four basic types of diagrams are given in (a)—(d).
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reproduce the term only after a change of variables.
The 1/p comes from cyclic permutations which leaves
the original term invariant. Then

< 1
(ndy), =33 = T (b, @)U (es0)y,(00,)
p=1 [) hlql."hpqp
XULNg,h,) -+ v,(h,a,)U5° (a,h,). (45a)
Similar arguments eliminate the p! in (b), (¢) and (d)

as well as all of the primes on the sums in (b) and (c)
and all but one in (d); removing the last prime in (d) re-
quires an additional factor of 3. Then

(anN)b—Ey‘ 2 Uy (h,) 3,(0q,) US(ay By) -+ v,5(h,a,)

X #=0hyqp-- hygy

X ULqk) v, (K), (45b)
(Indy), =3 21 2 2 y(k,) U2 (kh,) y,(hyq,)
kikz 50 byg; o hya,
X UL (ayh,) -+ v,(h,0,) V(g K,) 9,(K,), (45¢)
(anN)d:% Z E U(O) h )yz( 1Q1)U 0)(q1h2) PqP)
S KT WX
xUq,). (454d)

The cumulant U,(k,) is obtained by differentiating
Ind , with respect to y,(k,) and U,(k, k,) is obtained from
U,(k,) by differentiating with y,(k;) [Eq. (29)]. Note then
that U, comes entirely from (45b) and (45¢), and U,
comes entirely from (45c). Diagrammatic expansions
are given in Fig. 4. The expressions are

Uy(ky) = U0 (k) + 22 2

p=1 hlql hpqp

U{®(h,) y,(h,q,)

XU (aghy) o v,(h,9,)U5(qpk,)
+ Z E 2 U§®(k,h,)y,(hya,)
=0 Mg rByap

XU (gyhy) =+ v,(h,q,) U5 (qKk,) ¥,(K,) (46)
and
Uz(kly kz) - E E Uz(o)(klh]_) yz(hlql)

p=0 hlql ”'hpqp
XU (a;h,) -+ ¥,(h,q,) U5 k). (47

Note that U, is independent of y, in this approximation.
These two expressions can be summed formally to
produce Dyson-like equations

Uy(k,)) =U (k) + th U(h) y,(hq) U,(gk,)
+ 2, vi(k) Uy(k, Ky), (48)
k
Uylky, k,) = UR (I8, kp) + 22 UL (kyh) y,(h) Uy(gy)- (49)

The consistency of these results can be checked by
noting that /,(k,, k,) can be obtained from In Jy by dif-
ferentiation with respect to y,(k,, k,) [Eq. (24)], while
from Eq. (23)

L(K,, k,) = Uy (k,) U, (k,) + Uy(kyk,). (50)
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It is shown in Appendix C that (50) is indeed obtained
from differentiation of (45) when (46) and (47) are used
for U, and U, in (50).

Special cases of the results (45) and (49) have been
obtained for classical systems by using for the zeroth
order system the noninteracting gas'® and the hard
sphere gas. !® These results have also been used to in-
clude phonon zero point motion in the ground state wave-
function of liquid He * (Ref. 17) and to optimize the
Jastrow trial function for He?."*!® In each of these cases
the zeroth order system is translationally invariant so
that

U(k) = NS, ,.
U (s, k,) =5

(51)

kg kg0 VSo(Ry), (52)

where S,(k) is the liquid structure function for the
zeroth-order system. Furthermore, the “perturbation”
X, is a sum of translationally invariant two-body func-
tions

N
xl(r1~--rN):%§ uM (|-, ), (53)
1
so that
v,(k}=0, (54)

1

yz(knkz):éklsz,o N Cy(ky) (55)
where C, is of order unity. Then (49) can be solved
algebraically for U,, giving the new liquid structure
function

S(k)= U o(k, —K) =S,(k)/[1 = Cy(k)S(R)]. (56)
Furthermore, since y, is zero, InJ, is given entirely
by (45a), which, because of the Kronecker delta func-
tions in (52) and (55), becomes

(Indy), —Z — 3 [Cy (RS (R
1D xi o
== 2 In[1-Cu(R)S,(R)]. (57)
k,kY>0

The result (56) first appears in the theory of classical

ui- £ - O+-t-(}-—4
- - A
BT
+ oo

=
=
=
w
$'
1
IN

'
t
'
'

lll III
&d
W
+ o+
:_’ri :_’
< X
»
S 2@
al f’

(b)

FIG. 4. Diagrams for (a) U; and (b) U, containing only yy, s,
U, and Us.
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fluids where the zeroth order system is composed of
noninteracting particles and the perturbation is a
Fourier transformable potential. '® Then

Sy(R)=1,
Cz(k):— ¢2(k)/kBT1 (58)
and thus
1
S(k) = TEYTYON (59)

More recently, Eq. (56) has been used to include the
long range correlations in the ground state wavefunction
of liquid He* which come about because of the zero point
motion of the long wavelength phonons.!” In that case
X, is the logarithm of the square of a wavefunction
chosen to give a good description of the short-range
correlations of liquid He*. The long range correlations
are found by quantizing the phonon field. The phonon
operator (the collective coordinate) is p,, and the ground
state of the phonon field is a Gaussian in this collective
coordinate. Then

o4}

where c is the sound velocity in He* and m is the He*
mass. The prime on the product restricts the 2 values
in the product to long wavelengths. Then S (%) is the
liquid structure function calculated from the short-
ranged wavefunction

d/o = eXp(Xo/2)

and is very nearly the experimental liquid structure
function except for small k2, where it approaches a
positive constant as 2 — 0. Sum rule arguments show
that the proper long wavelength limit in the ground
state is®

L 2me

d)zrc:exp(xl/z):l;l' exp (-Em (60)

(61)

nik

S(k) % e (62)

This behavior is obtained by multiplying (60) by (61):
V=¥,
In that case

Vy(R) == 2mc/Nhk

and

S o(k)
1+ (2me /RS (k)

Note that (62) is indeed the limit of (63) as # goes to
Zero.

S(k) = (63)

The approximation given in (56) has also been used to
obtain the Jastrow function », [Eq. (1)] which minimizes
the energy for liquid He* from the class of all Jastrow
functions with u,(7) real.” The procedure, known as the
pairved phonon analysis since only second order cumu-
lants are retained, *® begins with a zeroth order Jastrow
function which is obtained from some previous mini-
mization procedure involving a small number of
parameters*®;

N
Xo= 25 u(7 ).
i<j
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X, is chosen in the same form:

N
X1= Z uz(l)(yij)v

i<y
so that minimizing the energy with respect to the func-
tion #*" is equivalent to minimizing the energy with
respect to u, in Eq. (1). The liquid structure function
for ¢, is given by (56), where C,(k) is now the Fourier
transform of u,(v).

The error introduced by the neglect of U’ for »
larger than two is reduced by iterating the paired
phonon analysis, #,=u’+u*’ becoming the new u°’,”
With an appropriate choice for the initial «.°’ these
iterations converge rapidly to the optimum u,.

The results (45) and (49) for uniform systems have
also been obtained previously by Coopersmith and
Brout to include the effects of a weak attractive potential
when added to a hard core repulsion in a classical gas,®
Then S (k) is the hard core liquid structure function
which is obtained approximately from an independent
calculation.

In problems where the error introduced by setting
U‘,‘,”: 0 for n > 2 cannot be reduced by some procedure
such as the iterations of the paired phonon analysis, a
better truncation approximation may be necessary. The
approximation (43) is not even valid for the nonin-
teracting system. One approximation which may be an
improvement but hasn’t to our knowledge been used is
to use the noninteracting evaluation of U’ for n> 2.
The noninteracting value of U’ is obtained from Ref.
13 where may be found the expression for U, in terms
of the Fourier transforms F,(k,---k,) of the cumulants
fo(xy -+ v,) Of the p-body distribution g,(r, - r,) [see Eq.
(8)], which vanish for the noninteracting system.?° The
result is that U?’=N except for those sets of (k; ---k,)
for which the sum of a subset of the k’s vanishes. That
is also the limiting behavior of U®) in the interacting
system as k; —, all i.

Neither of the above approximations give the long
wavelength properties of U’ even qualitatively cor-
rectly. An approximation which gives some long wave-
length properties correctly is the convolution approxi-
mation, *! which approximates U, in terms of U,(k, ~k)
=NS(k). For example, the convolution approximation
for U, and U, are, respectively,?

Ug(k, k, k,) =N S(k,) S(k,) S(k,),
Ug(k kK k,) =N S(k,) S(k;) S(ky) S(k,) [- 2
+S(k, +k,) +S(k, +k,) + S(k, +k,)].

The general expression for U is given in Ref. 13. The
long range properties are expected to be reasonable
because the convolution approximation is chosen as the
simplest form which satisfies the sequential relation re-
quired by Eq. (8):

p [ ge(r, ) dr,,, = (N ~n)gs(r, - 1), (64)

where g7 is the approximation for g, deduced from U¢,

U¢ also has the proper high momentum limit. It should
be pointed out, however, that there is an infinitude of

other such approximations which satisfy (64).22
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Still another truncation is the generalized Kirkwood
superposition approximation, '* which truncates the U » By
approximating the g, in terms of g,. For a translational-
ly invariant system this is

AL i[i[jg(r”) (65)
where
gr)=gyr, 1)
is the radial distribution function. Furthermore,
Uz(k1k2)2N5k1+k2,o S(k).
where
S(k)=1+p [ (g(r) - 1)exp(ik - r). (66)

The general relationship between the set of functions

U, and the set g, is given in Ref. 13. The consequence
of (65) and (66) is that the resultant approximation for
U, is a sum of integrals involving only U,. As in the
convolution approximation, U ,{‘ is a functional of U,, but
the emphasis of the Kirkwood approximation is designed
primarily to treat the short range behavior correctly.
Specifically, when the particles under consideration
have a strong, short range inter-particle repulsion,
then (65) gives the correct qualitative result that g,
vanishes as any two of its arguments approach one an-
other.

We have not applied the generalized convolution ap-
proximation or the generalized Kirkwood superposition
approximation to the linked cluster expansion nor can
we comment on whether the infinite series can be
summed in a simple manner. It would be an interesting
exercise to combine Wu's diagrammatic formulation of
the convolution approximation in terms of Cayley trees'®
with the diagrammatic expansions derived here to see
if there are any useful resummations for InJ, or U .
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APPENDIX A

A procedure for obtaining the expression of x, in
terms of powers of p, [Eq. (18)] from the expression
for x, in terms of symmetrized plane waves [Eq. (12)]
is given in this section. We first consider the specific
cases for a single u, in x, with =2 and n=3. The gen-
eral procedure is outlined thereafter.

The first step is to obtain the expression for
p™(k, -+ k,) as an nth order polynomial in p,. For n=2
and n=3, this means inverting equations (15) and (16),
respectively, giving

(A1)
(A2)

p k) =py s
PR K,) =Py Py = Pr i
Pk, K k) =P, P, Px, = Py Pr, = Py Pry ™ Pigyeiy Py

+2p, (A3)

1*kp Ky

The general expression has alternating sign according
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to the order of the terms, and the coefficient is gen-
erally different than 1 [note the last term in (A3)].

Then, for n=2,

N1
X1= 97 HZ“:e Cy(k;k,) [pkl Py, ~ pk1+k2]
K;#0

can be written as
Xi=Yo+ 2 (et T vakk,) oy oy
1#0 (ky,kp) 1

where

yo:‘% Z Cz(k)—k)’

k#0

yl(l):%N-l h#EI Cz(]-—h,h)’
¥ally ) =N Oyl /(14 04y ).

The y, comes from the term k, +k, =0, where Pyox, =N+
In a similar fashion, for n=3,

N2
o= — kl%kg Cy(k k,k,) [p'1pkzpk3 - 3pk1*"2 pks + prf kz»ks_l.

'

i #0

Then x, becomes

!

X1:yo+z yl(l)p1+ 2 yz(hlhz)phlphz
170 (B hg)

b;#0
2 wa(RKoK)Dy Py Py (A4)
(k; kpkg ) 1 3
;%0
where
ya(k1k1k1) :N'2C3(k1klk1)/3! )
ys(klklkz):Mzcg(klklkz)/z, k, #k,, (AbB)
vylkkk,) :N'ZCS(klkzka), k;#k;
v,(h ):_N-z( 5 Cy(h, -k k. by)
2 1h2 kaeF./hl 3\ h2
+k§fhz C3(h2—k,k,h1)>/(1+5h1,h2), (AB)
.\)1(1):th £ C3(k1)k2’1_k1—kz)/3
(k;#0, kllszél)
~N1% C.(-k, L,k)/2, (A7)
K70
Vo =N"? kZi C,(k,, Ky, —k, — k). (A8)
& i#ol, A )

Although these results are adequate for most purposes,
a general prescription may be of some use. The gen-
eral expression for p™ as an nth order polynomial in
p, is obtained by first noting that p' satisfies a recur-
sion relation which may be deduced by multiplying
Pr,., [Eq. (2)] into Eq. (13) for p‘"’. Then

Py p(")(kl kn):p(ml)(kl e

n+l

.km»l)
n

+E p(n)(kl..., ki+kn+1’ vee, kn)_
i=1

(A9)

The second term in (A9) comes from honoring the
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J")e (ki ky) '.‘s(.lg Is hN |’V/
N

FIG. 5. Fig. 2(e) properly labelled and summed.

restriction i, #i,,, in (13). Then (A9) may be solved for
p™1, giving an expression in terms of p, and p*?’,
p<n+1. Changing n +1 to n, this is

p(n)(kl ee kn) — pknp(n—l )(kl kn-l)

n-1
- izzip‘"'”(kl o, ky+k, e k). (A10)
The expression for p™ which this generates has a gen-

eral term of the form

q
(- 1>"-°y[g11R,,.<—>] i,k )
where the notation is that of Eq. (25), the function R, is
defined by

R,k -k

0 = Prjrige oevok,y

and 7 is a combinatoric factor which may be deduced in
the following manner. Consider a term in p‘’ which
includes as a factor R,(k,, k,, ..., k,,). Since k,_ ap-
pears as an argument, this term can only be obtained
from the second term (the sum) in (A10), and there are
p — 1 such members of this second term. Then consider
a particular one of these, say p" 'k, +k,,k,,...,k,,).
Then the only terms which give an R, are those obtained
from the second term of (A10) with n—» -1 and

k,— Kk, +k,;, and there will be (p — 2) of these terms.
Continuing this procedure we find that the factor

Rk, Kk, ... k,,) must have an associated factor {p ~ 1)!
Because of the symmetry of the problem this is inde-
pendent of the choice of arguments of R,. Then we may
define a new function

Rp(k], '“kl,):_ (p - 1)! pkl""*kp

in which case the expansion for p ™ in terms of p, can be
written

p(n)(kl...kn):(_ 1)7: Z) [n;e
1sp1...<pq i

Ep;=n

_)] {k, -k}

(Al11)

Now this expression must be put back into Eq. (12) and
the overall sum rearranged according to the number of
p, factors. Each R factor contributes a p, factor unless
its total momentum is zero, in which case it contributes
N. The remainder of the development of the expression
for y, involves relabelling the momentum sums, but is
too tedious to include here.

APPENDIX B

As an example of the calculation of the contribution of
a diagram to InJ,, consider diagram e of Fig. 2. From
Eq. (39), its contribution is
1 ’ ’
(Indy), = a1 . 2. > ValkkoKg) y4(4 1)
Tokykky) (11519
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X (U200 Ak kks) (L1} (B1)
The unlabelled diagram refers to
(052 U] Alkykeoks) (L L L), (B2)

which in the most general case is nine terms, coming
from the three different ways of assigning the momenta
(k,, k,, k,) to dashed lines connected to one vertex and

the three different ways of assigning (1,,1,,1,) to the
other vertex. There are only three ways in each case
since the two lines from a vertex to the same triangle
are equivalent. Similarly, interchanging the two vertices
produces an equivalent term. These nine diagrams can
be collapsed to one by letting the odd momentum range
independently over all momenta. Thus

(nd),=% % T 0 X valkk,) ULk kL) vyl LL,)

(k) k3 C(lylp) 1

X UL LK) (B3)

which is shown as a labelled diagram in Fig. 5. Note
that sums over equivalent bonds from a particular ver-
tex must still be restricted to distinct [whence the
primes in (B3)].

Momentum conservation in U®? and y, simplifies this
sum, giving

(Indy).=% 2 5 vk, K, —k, ~k,)

(f1ky) (1315
X U(ao ! (k,, k,, - k, - k,)
® yg(llv 12; - 11 - ]-2) Ug(o )(11, 12» - 11 - 12)-

The remaining diagrams in the second order expansion
for InJ, shown in Fig. 2 are calculated similarly. Then

(Indy),= E (Indy),

(B4e)

where, in the translatwnally invariant case,

(].nJN)a:yo, (B4a)
(Indy), = 2o y,(k, ~KUL(k, - k), (B4b)
x, k 0
(Ind),.= 2 vylkkk,) ULk kk,) (B4c)
(kyEpkg )
{Ind,),
=3 X Yalkkk) ULk, ~ k) ULk, —k,)
Kyl )
X U;O)(kg"k:;)yz(_ kl - k2 _k3)’ (B4d)
(Indy),
:% Zzz 12 ys(kp kzy—kl—kz) UiO)(kbkm 11; 12)
xys(ll’ ]'2’ _11_ l'2)
UL =k, -k, =1, - 1,) 6542,,11_12, (B4f)
(Ind,) =% ULk, - k) y,(k, —k)?, (B4g)
k,kl)o
(Ind),=3% 2 ULAKR, =K, 1, =) v,k —k)y,(1, - 1),
k,k>0 1,150
(B4h)
(Ind )= 2 ULk, ky, -k, —k)UO(~k, -k, k, +K,)
(k)
C.E. Campbell 1085



(O__?._ + O’i‘o_r-. + ...)(_an_-...,_ _Eo«"‘vo-,. teoe )

+( L= k:) (b)
305 4 o0 R )04 F ) e )
+(k = ) (c)
ok 4 g ok T &
+3( + 0 Vel O+ () O+ )
+i = &) (d)

=( LI O"A‘@.E_ + .___6__7._)(?_,_0+E_6/*~O+_T_!@_‘)

- -

= Ul(kl) Ul(kt)

FIG. 6. The disconnected terms in I,(k;, k;) as they arise from
the derivative of InJ, with respect to y,(k;, k,). Contributions
(b), (c), and (d) come from Fig. 3(b), 3(c), and 3(d),
respectively.

®y2(k1 +k2’ "'kl _kz)y3(_ k], "kz’ kukz);

(Indy,= 2 T ULkKLLL)y,(kk,) v;(LL1,),
(klkz) (111213)
(B4j)

(B4i)

(Ind),

! ?

U0k Kkl L1,) v, (k,kk,) v,(1,L1,).

(B4k)

The three-body modification «, to the Jastrow wave-
function has been calculated for liquid He* using terms
(a), (b), (¢), and (d) above. ® It can be argued that terms
f—7 do not contribute by considering instead the trial
wavefunction for which y, #0 but y,=0 in the modifica-
tion y,. Since f- j are proportional to y,, they will not
contribute. We have omitted term (e), however, which
may be an important term, particularly at high density.
We hope to examine the contribution of e to the ground
state properties of He? in the future. Term k requires
U, which is difficult to approximate.

1 S
=3 )
1

(k) (131,10

APPENDIX C

We wish to show that (50) is obtained from differentia-
tion of (45) by y, when (46) and (47) are used for U, and
U, in (50). To see this we note that differentiation with
respect to y,(k,, k,) is the same as removing one two-
prong vertex from each diagram in all possible ways,
then assigning the momenta k, and k, to the remaining
two external dashed lines in all possible ways. When
this is done to the pth ring diagram from Fig. 3(a) it
produces 2p equivalent diagrams of the form of the pth
diagram for U,, Fig. 4(b). Thus

Ind,), = U,(k,, k,). (C1)

2
3y,(k,k,)
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Removing a two-prong vertex from any of the diagrams
(b), (c), or (d) in Fig. 3 gives the product of two con-
nected diagrams, one containing k, and the other con-
taining k,. This is shown in Fig. 6 with properly labelled
diagrams. These products of pairs of connected graphs
add to give U,(k,)U,(k,):

ayz(i‘_lkz)' [(Ind ), + (Indy) + (Ind ), = U, (kU (k,).

(C2)

Thus (50) is obtained by adding (C1) and (C2), which is
the desired result.
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The analyticity properties of coherent states for a semisimple Lie group are discussed. It is shown
that they lead naturally to a classical “phase space realization” of the group.

In a recent article Peremolov® introduced the concept
of “coherent states” for unitary irreducible representa-
tions (UIR) of any Lie group G. The idea to consider the
translates 7,10) of a fixed cyclic vector [0) under the
group action is as old as the celebrated Gel’ fand—
Raikov theorem on locally bicompact groups.? The con-
tribution of Ref, 1 was then to show how the concept of
coherent state, first introduced in the case of
Heisenberg—Weyl group, fitted in the general theory
of group representations. Let us note that no mention
to analyticity question is made in the very general ap-
proach given in Ref. 1. Yet all the examples
[Heisenberg—Weyl group, SU(2), SU(1,1)] have in com-
mon the following properties: (a) the homogeneous space
G/H has a complex homogeneous structure, i.e., G acts
on G/H by means of holomorphic transformations [in the
above examples G/H is given by the complex plane, by
S% » complex projective space P,(C) and by the unit disc
D, C €, respectively]; (b) the Hilbert space of the UIR
is identified, in the coherent state basis, with a space
of holomorphic functions on G/H [namely, exp(31z|2)-
bounded entire functions, polynomials of degree 2/ in z
and (1 - [z!?)?-bounded analytic functions in D,,
respectively),

Purpose of the present note is to show that

(1) @ homogeneous complex stvucture is actually present
quite genevally, and

(2) that on the basis of the homogeneous complex struc-
ture the manifolds G/H ave just the classical phase
spaces on which G acts through canonical
transformations.

From this point of view, coherent states appear just as
probability wave packets over the classical phase space,
a well-known result for the harmonic oscillator coherent
states. The converse problem, i.e., the construction of
a UIR of G starting from a phase space realization of G.
(quantization of a dynamical group®) was considered in
Ref. 4 and found a definite mathematical setting in Refs.
5, 6; here, however, we shall adhere to Ref. 1 scheme
and deduce the phase space structure from the UIR,

First of all we restrict our attention to compact semi-
simple Lie groups. Let us fix the notation: g is the real
Lie algebra of the group G, g.=g®ig its complexifica-
tion, H a Cartan subgroup of G, g.=h,®F . 8, the
corresponding Cartan decomposition, A, the set of posi-
tive roots (chosen once for all), p=37,c, a. Let g G
—~ U(g) be a UIR of G in a (finite-dimensional) Hilbert
space #/. Let A be the highest weight and let us suppose
that it is nonsingular. Then there exists a vector 10)
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€# such that
UR)|0y=e*()|0), heH
{eexp)=expr (X)), Xcg, rcig, ‘Y
X|0y=0, .Xem:(%}hga,
or, alternatively,
©lumy=e*m)0|, neH, @)
©0|Xx=0, Xen = eEA,g-a'

a

Given U(g) there is no problem in extending it to a
holomorphic representation T'(g) of G, in #H (it is suf-
ficient to exponentiate the finite~-dimensional matrices
which represent the elements of g_; for noncompact
groups the situation is different). Equation (2) shows that
the stability subgroup of (0| under T(g) is just the Borel
subgroup B, which is the complex Lie subgroup of G,
with Lie algebra b=h_®n_. Let us call (b) the holomor-
phic character of B defined by

O] T®)=r(®)0|. 3)

It is wellknown that the quotient manifolds G/H and G,/
B coincide’; then G/H inherits a complex homogeneous
structure from G,, being B a complex subgroup, Let us
now consider the family of coherent states 7'(g~!)'10);
the representatives

Wg)=©|T(g™)|¥) )
are holomorphic on G,; moreover,
¥(gb)= (0| T®™) T(g™) |¥)
=n(b")¥(g), g€G,, beB. (5)

This means that ¥(g) defines a holomorphic section of
the homogeneous line bundle E_(G/H, C) associated fo
the principal fibve bundle B~ G,— G /B by the holomor-
phic character m (see Ref. 8 for the definition of “asso-
ciated” fibre bundle). The local trivializations of the
line bundle E, associates to every such ¥ a holomorphic
function on an open domain in G/H. For instance, let {/
={ge G, {01 T(g™)|0)+0}; then the function

_Q1T(g)¥)
&= 61T(s 10y ©

is actually a function only of the projection g 2 g{H}e G/
H and is holomorphic in the domain p (/) G/H. Let z

= (24, « « .,2,) be alocal chart p(/)— € such that 0
=0, ...,0) correspond to {H}. We can, therefore, in-
troduce a new set of states in a one-to-one correspon-
dence with the points in p({/):
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T(g™)'0)

|g'0>=m, g€ G, (1)
or, restricting to G,
ooy (210

Owing to the orthogonality relations

[ @ [0 e) @ U(e) [0, dg= a7 (W, [ 1), | ¥,)

(bemg d,=T,c,, (W+p, @)/ (p, @)= dimension of V),
the scalar product (¥, 1¥,) can be written as follows
(completeness relation for the coherent states | z)=

=1g-0)):

<‘1’1 | V)= d, [

[, |U(2)]0) (¥, |U(g)|0)dg

=d, [ ©|U(g)'|¥) 0| U(g)|¥,)dg
=d, fG (g-00¥) (g 0[¥,) | O|U()|0)[dg

3,2, (2) expl - £z, 2)]7, (9)

YGIH
(1) Z=g- 0,
(1) f(z,2)=1og|(0|U(g)

(iii) z=invariant volume density on G/H induced
by dg.

0)|220 (f=0=>2=0),

Thus // is isomorphic to a Hilbert space of holomorphic
functions bounded by exp[3f(z,z)]. In this derivation we
tacitly assumed that {ge G| (0] U(g)!0)=0} is of mea-
sure zero in G so that integrals over G/H can be re-
stricted to integrals over p({/).

The representation of G in the basis of the coherent
states takes the form of a “multiplier” representation:

OIU(e'u(g)y)
01U(g)10)

(Ul W]=)=

_Olu(g™e) i0>
- ©1U(g)'o)

= LL(:?’ ) Z)Zp(g' “z).

Let us now construct the symplectic (Kaehler) struc-
ture on G/H, Let

w= 135f(z,§),

$(g =)

(10)

zepll), 1)

with @ and 3 the exterior differentiation operators with
respect to z and z, respectlvely (99 +38 =0%2= 62—0)

explicitly, w=1i E :a‘k dzindzt,
It can be shown that w(X, Y) coincides at z=0 with the
bilinear functional ~ix((X,Y]), with X,Y < g and x iden-
tified with its image in ig*. Then w is nonsingular at
z=0. Moreover, since w is G-invariant, it is non-
singular everywhere. Let us prove the G-invariance of
w:

¢ w=id0f(¢' 2,8 "12)
=33 log| (0| U(g "'g)|0)]-2
=i33f(z,7) — i3 log | u(g’, 2)|?

(12)
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and the invariance follows, being (g’, z) holomorphic
in 2,

Up to now we have made only local considerations.
Actually, it can be easily shown that a Kaehler form w,
can be given in a whole covering (, of G/H and w,=w,
on the overlapping 0 N 05, Then we have a homogeneous
Kaehler manifold G/H associated to the UIR, i.e., a
G-homogeneous Hamiltonian dynamical system. Given
Xcg, let X be its self-adjoint representation in /, X
the holomorphic vectorfield on G/H, H(z,Zz) the “classi-

cal generating function,” defined by iy, yw =dH(z,2).
For every ¥ in the domain of X it holds that
[X9](2) =[H(z, )+ iX(Hd(2) - i (X0) (2). (13)
From this it follows that

H(z,2)= (2| X|2)/ (2] 2); (14)

i.e., the value of the classical genevating function at a
point z coincides with the expectation value of the cov-
responding self-adjoint opevator on the cohevent state
|2). In general, for a normalized |¥) it holds that

| X|w)y= yf exp -z, )| 9(2)|?H(z,2)z (15)

=[ plz,DHz,7)2,
G/H

with ¥ a factor depending on the UIR (but not on X!);
i.e., the expectation values in the UIR coincide with a
phase space average of the classical genevating function
with a probability distribulion

plz,2)=v|9(z)|2expl - f(2,2)]=
ZIplzy . _
G Pe [ E)(¥ . (16)

p(z,Z) is then proportional to the diagonal matrix ele-
ment of the density matrix in the coherent states repre-
sentation, Equations (15), (16) hold for a generic density
matrix p. Let us note that p(z,7) is positive definite,
unlike other correspondential statistical distributions,
such as Wigner’s function.

A simple relation exists between u(g,2) and the
classical generating function of the (finite) canonical
transformations in G, Let us define 9= - 3f, then

and
S(g,2)=[" (9-g,9)+S(g,0)
]

is the (holomorphic) generating function, analogous to
the usual S= [ (pdg ~p’ dg’). Then we have

ulg,z)=expliS(g, 2)] (1

and we recover an expression first introduced by Van
Hove® for a Euclidean phase space:

[U(g)](2)=expliS(g, 2)d(g 2).

Let us now consider the case of a singular ). In this
case the stability subgroup of the highest weight vector
(0| is bigger than H; by complexifying the parameters,
one finds a complex subgroup P ¢ G, (called a parabolic
subgroup) which includes B. Yet the same statements
hold as in the nonsingular case; we simply get Kaehler
manifolds with dimension smaller than dim(G/H), i.e.,

(18)
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the so-called singular realizations.!® It is actually
known that every G-homogeneous symplectic manifold
is Kaehler,!! a result which does not generalize to
noncompact groups.,

We give now some hints about the question of the ex-
tension of the above results to (a) noncompact semi-
simple Lie groups and (b) to a wider class of Lie groups.
In Ref. 6 we have reviewed the relevant results for the
noncompact semisimple case, Obviously we must re-
strict ourselves to discrete series, in order to main-
tain orthogonality relations; yet the simple results of the
compact case hold only in the “Hermitian symmetric”
case, while in general we must consider Hilbert spaces
of harmonic diffevential forms rather than holomorphic
functions, Details can be found in Ref, 6.

As for point (b), a similar treatment as presented
here can be given for nilpotent and, more generally,
solvable Lie groups, on the basis of the UIR theory
developed by Kostant, Auslander, Moore and others, !?
For Lie groups having an intermediate structure (be-
tween solvable and semisimple) results are yet incom-
plete, Let us conclude by remarking that the theory as
it stands can already deal with groups such as SU(n,m),
S$0(2n,1), and SO(r,2), which have attracted physicists’
attention as good candidates for a fundamental dynamical
group.
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By means of immersion techniques a set of “adapted coordinates” are introduced as preferred
coordinates for class 1 space-time. It is proved that the necessary and sufficient condition for the
adapted coordinates to be harmonic coordinates is that class 1 space-time be a minimal variety.
Some interesting features of the embedding approach to curved space-time are also shown in terms

of these adapted coordinates.

1. INTRODUCTION

Some reasons on behalf of the embedding approach to
general relativity have been presented by the author in
a previous paper.' In the present note we prove that if
class 1 space—time? is a minimal variety * there exist
harmonic coordinates, which represent a kind of pre-
ferred coordinates according {o a well defined geometric
feature. This property will be proved and briefly dis-
cussed by means of immersion techniques.

Einstein’s theory of gravitation is commited to an
enormous gauge freedom, notwithstanding the fact that
the principle of general covariance, by itself, is devoid
of physical content, for, indeed, every physical theory
may be written in a general covariant manner. *® On
the other hand, it is clear that the geometry of some
generic space—times may admit a class of preferred co-
ordinates and that the group of general covariance be-
comes, thereby, unnecessarily broad for handling the
dynamics of such particular geometries. This point of
view has been stressed by Fock® in connection with the
existence of harmonic coordinates as the preferred ones
for some kind of gravitational problems.

The most favored approach to the issue of preferred
coordinates in general relativity consists in fixing the
gauge to some extent by imposing a set of ad hoc co-
ordinate conditions directly upon the metric tensor. ’
The question thus arises, quite naturally, whether there
exist some variational principle leading us to the de-
sired coordinate conditions, ® i.e., allowing us to obtain
a set of “optimal” coordinates defined by a stationary
integral property. The study of some extremal behavior
of the coordinates, however, is barren as far as we
lack the geometric meaning of the variational principle
involved. ® In this paper we show that such a principle
exists for fitting harmonic coordinates in curved space—
time, at least when space—time belongs to the simplest
embedding class. As is well known, the concept of
minimal variety is arrived at by generalizing the de-
finition of minimal surface. Thus (according to the re-
sult to be shown in this note), for curved space—time
embeddable in five dimensions, the variational principle
leading to the harmonic coordinate condition? states
that the four-dimensional volume integral must be
stationary; i. e.,

6 | d*xV=gx)=0. (1.1)
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It is interesting to observe that if we handle this problem
directly, the corresponding Euler—Lagrange equation
collapses to a useless identity; namely, we get

w-1/2)[(-2)*] , =0, (1.2)

for w=1/2 in this case. !° Therefore, a different ap-
proach must be followed in order to relate (1. 1) with
the de Donder coordinate condition.

The present note dwells only on space—~time geometry.
The dynamical content of class 1 space—time will be
discussed elsewhere. In Sec. 2 we prepare the five-di-
mensional immersion scaffolding. Covariant derivatives
afforded by the embedding formalism are briefly
presented in Sec. 3, while in Sec. 4 we analyze the
second fundamental form of the embedded space—time.
Finally, in Sec. 5 the connection between minimal class
1 space—time and the existance of harmonic coordinates
is proved.

2. THE EMBEDDING SCAFFOLDING AND THE
ADAPTED COORDINATES

Let us consider the class 1 relativistic embeddings
from a synthetic point of view; namely, we consider the
curved space—time manifold as a given four-dimen-
sional (normal hyperbolic) hypersurface E ,,, already
embedded in a five-dimensional flat space M ;5,. In E 4,
we adopt signature (- 2); therefore, according to the
local isometric embedding theorem, ! the pseudo-
Euclidean metric tensor belonging to the host space is
given by 7, 5 =diag(+ - ~ — £), in terms of a system
{X4} of Cartesian rectangular coordinates. '* We ex-
plicitly decompose the fundamental form of M , in the
following way:

ds?=n, , dX* dX® =n,,dX* dX* + n(dX*), (2.1)

where, clearly, 7, =diag(+- - - ) denotes the usual
four-dimensional Minkowski metric, and n=n,==%1.
We now assume that the embedded E ,, is defined by
introducing a coordinate relation in M , of the form

E(XA)=EX XY =e¢, (2.2)

say, where ¢ is a constant. Since we want E,, to be a
space—time-like hypersurface, somehow leaning
smoothly on the (X° X!, X® X®) hyperplane (i.e.,

Minkowski space—~time M ,,), we require
MA2E L(XE 5(X)|xzz ,,> O- (2.3)
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Hence the unit 5-vector N, normal to E,,, at points on
E ., interms of the {X#} coordinates, obtains

N, (X)=(m®°E £ )*?E ,(X)|yzp - (2.4)

Next we introduce new curvilinear coordinates {x4}
in the embedding space. These we choose as the fol-
lowing adapted coordinates*?

o u
X:X,

¥ =E(X* X%,

(2.5)

so that in terms of these coordinates E,, is simply
given by the equation x*=¢ (hence the name). The
Jacobian of this transformation is equal to 9E/8X*=E ,,
which we obviously assume to be different from zero.
Then, for the inverse transformation of (2. 5) we write,
say,

Xu':xu,

X*=F(x ,x%. (2. 6)

If we now define the function ¢(x)=F(x", e), we observe,
from (2. 6), that the following parametric equations
hold as a definition of E ,:

Xu = x“’

’

X4 = (). (2.7)

Hence, for a local isometric embedding we have, as
usual,

G (X)=X4 X8 M43, (2.8)
and thus we get
g, ()=1,,+10 () (x). (2.9)

Henceforth we use {x*}, i.e., the first four adapted co-
ordinates, as a set of internal curvilinear coordinates
for E ,,, while retaining the old Cartesian coordinates
{XAVin M ,.

The decomposition (2. 9) of the metric g, , holds
locally, at least, over that coordinate patch on which
representation (2. 6), with x*=e, is valid. Furthermore,
the stated decomposition of the curved metric has gen-
eral tensorial character.!® The adapted coordinates
{x“}, however, are preferred coordinates, as are the
Galilean coordinates in sperial relativity, for they bring
the flat part of the curved metric g,, to the canonical
Minkowskian form 7,,. In paper I we have shown, for
the general local embedding scheme, that the introduc-
tion of this special kind of preferred coordinates re-
duces the general covariance of the theory, investing
Einstein's theory of gravitation with a new restricted
covariance under a group of transformations which rep-
resents an enlargement of the Poincaré group.'® For
class 1 space—time this group corresponds to five-di-

mensional rotations and translations in M .

3. COVARIANT DERIVATIVES IN THE EMBEDDING
FORMALISM

In this section we present some useful formulas which
will be needed in the forthcoming discussion. First we
observe that (2. 3) means that the determinant g(x) of the
space—time metric tensor g, (x) has the property
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—-gx)=1+m*""¢ ,(¥)$ (x)>0, (3.1)

everywhere on the embedded patch. The expression for
the contravariant metric tensor in E ,,, in terms of the
adapted coordinates, immediately obtains as

ne* e

v ey —tr 3.2
gv(x)=n T+n6.,0" (3.2)
where
PO < 1 .3
¢ =n ¢),V—1_n¢n¢;h (3.3)
and also
P e
q’) =g ¢""~1+T]¢)’xd)'l. (34)

These relations hold indeed, for the “fundamental po-
tential” ¢(x) behaves as a scalar field on both (curved
and flat) space—times. '® Furthermore, it is interesting
to observe that the fields g,,,n,,, ¢ ,, ¢*. have ten-
sorial character in both space—times. !’

Finally, for the Christoffel symbols, in terms of the
adapted set {x*}, we get the expressions

K}: NPuv O _ Nouad™ 4
pwrf 1+n¢ @0 1-1¢,0°

@

II‘X

By

(3.5)

These expressions manifestly define a tensor field

[T (x), say] belonging both in E ,, and M ,,. Indeed,
they represent a space—time tensor whose components,
once a set of adapted coordinates is introduced, become
identical with the components of the affine connection.
Of course, this result is a “virtue” of the adapted co-
ordinates only, for, clearly, we have to transform these
quantities differently (as a tensor and as the affine con-
nection) while going to a general set of space—time co-
ordinates. In effect, (3.5) shows that I}, is that par! of
{2} which always transforms as a tensor while using
general coordinates; i. e., this decomposition of the af-
fine connection preserves its geometric character under
general transformation of coordinates, since the trans-
formation law obeyed by the Christoffel symbols will not
mix up the two parts of the affine connection. This re-
sult strongly suggests, as does the concommitant de-
composition of the metric, the very special character of
the adapted coordinates.

4. THE SECOND FUNDAMENTAL FORM OF CLASS
1 SPACE-TIME

The components of the unit normal to E ,,, at points
on E 4, in terms of the {X4} coordinates, can be
written explicitly as functions of the internal (adapted)
coordinates {x*}. One finds that

Td.u
Ny = TR
§ VT Tme,0m T

N, (X)= " (4.1)
.= T+, 07’
where we define
0=E (x, p(x))/|E ,x, p(x))| =£1. (4.2)

It is well known from the Riemannian geometry of sub-
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spaces that the X4  [cf. Eq. (2.7)] are the components
of the unit vectors tangent to the x*-parametric lines,
in terms of the {X#} coordinates. These are vectors in
M ) tangent to E ,,. As vectors in E ), their covariant
derivatives respect to g-differentiation are

b
Xl,u;u:" 19.0v0 o
1+n¢ ¢
XA,u:v = (4.3)
a ¢ ,uv

.H;V: l+n(b’o(b.0

We now calculate the expression for the components
of the tensor which gives us the second fundamental’
form of the embedded space—time (we call it the
Gauss lensor), namely,

b=, dx* dx’, (4.4)

It is well known that, since the {X4} is a Cartesian set,
the Gauss tensor is given by **

Q,,=NX4 .. (4.5)
Therefore, using (4. 1) and (4. 3), we get
g Ly C{:bi HZ
- ¢ © N (4 6)

T VT nbaer  Vi-nonen

The trace of the space—time Gauss tensor is, thus,

o-(pv'ﬂ;u

Q:guVQuV: —_—
V1 _nd);)\(wb;l

4.7

5. CONCLUSION: THE ADAPTED COORDINATES
AS HARMONIC COORDINATES

We are now in position to prove the connection, stated
in the Introduction, between our adapted coordinates
and the harmonic coordinates. Indeed, the de Donder
condition for harmonic coordinates is

(=% g2 = /=g g™ {5}=0.

R4

(5.1)

Therefore, according to our previous results, cf. Eq.
(3.2). (3.3), (3.5), and (4.7), we get

(V=g &%), = - o+ Q. (5.2)

Let us recall that the necessary and sufficient condition
for a curved space—time {immersed in a five-dimen-
sional space) to be a minimal variety is that the Gauss
tensor be traceless. Thus we conclude: For class 1
space—time, the necessary and sufficient condition for
the adapted coordinates to be harmonic coordinates is
that space—time be a minimal variety. (Clearly so,
since ¢ , =0 corresponds to Minkowski space—time and
affords a trivial model. ) Incidentally, this fact tells us
that for a minimal class 1 space—time the “fundamental
potential” has to satisfy the equation ¢*,, =0; namely,
the general covariant homogeneous wave equation in the
curved space—time manifold generated by the potential
itself! We wish to remark this fact here, although this
paper does not explicitly touch on dynamical questions.

Since the de Donder coordinate condition forms a con-
venient mathematical tool for treating some problems
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of general relativity, it is certainly interesting to have
a variational principle, with a clear geometric meaning,
related with the existance of harmonic coordinates. We
have shown, for those space—time metrics which admit
a five~dimensional embedding, that the de Donder con-
dition is essentially equivalent with the requirement that
curved space—time be a minimal variety. In other
words, this means that the underlying variational
principle related with harmonic coordinates is that
(class 1) space—time must be a solution of the corre-
sponding four-dimensional Plateau’s problem. '° How
far can we push this principle into physics, we do not
know. Let us remark, however, that a hopeful analogy
between the soap film minimal surface and the geometry
involved in Einstein’s field equations was suggested by
Wheeler some years ago. '°

To end up, we wish to mention here that the detailed

study of class 1 space—time deserves some interest by
itself for, as is well known, many cosmological solutions
to the Einstein field equations belong to this class. #°
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An empty spacetime containing a bifurcate nondiverging null hypersurface is investigated, and
conditions are given that are necessary and sufficient for the existence of trapped surfaces near this
hypersurface to its future. These conditions involve a topological requirement that the two-surface of
bifurcation be compact and an inequality that must be satisfied by the characteristic data for this
spacetime—the metric of the two-surface of bifurcation and an arbitrary function given on this
surface that is shown to be related to angular momentum. The existence of a bifurcate Killing
horizon in this spacetime is established. Finally, a Kerr spacetime containing bifurcate Killing
horizons is examined, and results pertaining to the existence of trapped surfaces near these horizons
to their futures are obtained. These results involve the parameters representing mass and angular

momentum per unit mass.

1. INTRODUCTION

In the gravitational collapse of an object to sufficiently
small dimensions in an asymptotically flat spacetime, it
is conjectured that a domain of frapped surfaces is
formed and bounded by a null hypersurface that eventual-
ly becomes the absolute event horizon.?!

A trapped surface is a compact, spacelike two-sur-
face having the property that all null geodesics meeting
it orthogonally converge locally to the future.? This
concept provides for a precise characterization of
gravitational collapse that has proceeded beyond the
point of no return. Physically, its existence indicates
that the gravitational field is so strong that even light
rays emitted outward from it cannot escape. In addition,
under rather general conditions, its existence implies
that the spacetime containing it is singular.?

In an asymptotically flat spacetime with a well-de-
fined future null infinity, the absolute event horizon is
the boundary of the union of all timelike and null curves
that terminate at this future null infinity.® This bound-
ary, being a null hypersurface, acts as a one way
membrane, permitting light, matter, and radiation to
enter the region not extending to infinity but forbidding
them to escape. Under rather general conditions, the
absolute event horizon must have a normal whose
divergence is positive or zero.*

A bifuricate nondiverging null hypersurface is the
union of two intersecting null hypersurfaces each having
a normal whose divergence is zero. The spacelike two-
surface on which these nondiverging null hypersurfaces
intersect is called the two-surface of bifurcation. It
follows from the nature of such a hypersurface that it
represents one possible model for an absolute event
horizon. Therefore, with the role conjectured for
trapped surfaces and the absolute event horizon in gra-
vitational collapse and with the possibility that this
horizon is a bifurcate nondiverging null hypersurface,
an important problem in the theory of gravitational col-
lapse is the determination of the conditions under which
trapped surfaces exist near a bifurcate nondiverging
null hypersurface to its future.

Important steps toward solving this problem in the
case of an empty spacetime containing a nondiverging
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null hypersurface were taken by Pajerski and Newman®
and Demmie and Janis (DJ). ® Exploiting the property of
the Schwarzschild spacetime 7 that the boundary of the
region containing trapped surfaces is a nondiverging
null hypersurface, ® they generalized this spacetime to
a class of spacetimes each containing a nondiverging
null hypersurface. Restrictions on the characteristic
data for these spacetimes that are sufficient for the
development of trapped surfaces were then determined.
In the present work, the case of an empty spacetime
containing a bifurcate nondiverging null hypersurface is
investigated.

In Sec. 2 a formalism appropriate for the investiga-
tion will be presented. This formalism is particularly
useful, since it is well suited for problems involving
null hypersurfaces and provides for a convenient charac-
terization of trapped surfaces. In Sec. 3 it will be used
to determine all empty spacetimes containing a bifurcate
nondiverging null hypersurface and their characteristic
data. The restrictions on these data and spacetimes
that constitute necessary and sufficient conditions for
the existence of trapped surfaces near the bifurcate
nondiverging null hypersurface to its future will be
given in Sec. 4. Also in this section the characteristic
data will be discussed. In particular, evidence will be
presented there suggesting that a certain piece of these
data is related to angular momentum. A bifurcate
Killing horizon is the union of two intersecting null hy-
persurfaces each having a normal that can be nor-
malized to coincide with a Killing vector field. ° In Sec.
5 the existence of such a horizon in an empty spacetime
containing a bifurcate nondiverging null hypersurface
will be established. This result implies that a Kerr
spacetime ' whose angular momentum per unit mass
does not exceed its mass in magnitude is an example of
the type of spacetime considered here. Therefore, in
Sec. 6 the Kerr spacetime will be examined. Finally,
in Sec. 7 the results of this investigation will be
summarized and discussed.

2. THE FORMALISM

The spin-coefficient formalism of Newman and
Penrose (NP)" is particularly useful for the investiga-
tion of an empty spacetime containing a bifurcate non-
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diverging null hypersurface. This formalism requires
introducing into the tangent space at each point of the
spacetime a null tetrad system, ?

{D=13/3x*, A=n"3/3x*, »=m"3/dx", §=m"3/0x"},

(2.1)

that consists of two real null vectors, D and A, and a
pair of complex null vectors,

b=(s, +is,)/¥2 and &=(s,—1is,)/V2,

where s, and s, are real, orthonormal, spacelike vec-
tors, and that satisfies the orthonormality conditions

B T
l“n =-mm* =1,

Li¥=n,n* =m m*=m,m"=0, (2.2)

G o TR uo__ M=
lym =l m*=n,m"=n,m"=0.

The components g"? of the contravariant metric are
found from (2.2) to be!?

g4 =21 Y _ 2m Bm), (2.3)

The formalism then provides for a set of partial dif-
ferential equations equivalent to the Einstein field equa-
tions for the determination of the g**. For an empty
spacetime these equations are given in terms of the five
independent physical components ' of the Weyl tensor

C

wyogr

Po== cuvnclumvlpmu’
h== Cuvpolunulpinc’
Yy ==C, peM* 0’ lPm®, (2.4)
g == C, p,M" 0°1°n°,
by == C, oy MEN"MN°,
and the twelve spin coefficients, **
k=1, . ml" V——nuwﬁa“n”,
p=1,, mtm¥, p=-n, m"m"
o=1,. m*m", r=-n, m'm’,
T=1,, m"n, n——-nu;v;ﬁ“l”,
a=3(l,, nm¥—m,, mtm®)
B=3(, p*m* —m, m"m”),
y =3l i = my, mt ),
e=3(l, J1=m, ml). (2.5)

Before exhibiting the NP equations, a class of null
tetrad systems appropriate for this investigation will be
given. This class of null tetrad systems, which con-
sists of those systems associated in a particular way
with a class of null coordinate systems, simplifies
these equations somewhat. In DJ it was shown that:

In a spacetime there exists a class of null coordinate
systems such that any one of these coordinate systems, ¢

{u, 7, x™}, (2. 6a)
satisfies the coordinate conditions!’

gom g, (2. 6b)
1094 J. Math. Phys., Vol. 16, No. 5, May 1975

and has associated with it a particular null tetrad
system

{D, A, 5, 8}, (2. 6¢)
where

D=29/37r,

A=93/du+Uad/ar+ X™3/ax™,

S=Etm9/0x™,

which satisfies the orthonormality conditions (2. 2), is
unique up to spatial rotations

D=D, A=a, §=exp(iC) (2. 6d)
with C =C(u, x™) =C , and has spin coefficients satisfying
K=€e=0, p:;_), T:a+ﬁ. (2.68)

The coordinate « in (2. 6a) labels null hypersurfaces,
u=const, while the coordinate r is an affine param-
eter along null geodesics in u =const, each having the
null vector D as their tangent and each labeled by the
x™ coordinates.

From (2.1), (2,2), and (2. 6c) the components g*" of
the contravariant metric are

zqou-:élu.y gn:ZU, glm:Xm’
g == B,

(2.7)

With the null tetrad system (2. 6c) chosen, the NP
equations for an empty spacetime will now be exhibited
in three classes!®: the commutator equations applied to
the coordinates, the spin-coefficient equations, and the
spin-coefficient form of the Bianchi identities. The
commutator equations applied to the coordinates imply
that the spin coefficients 7, n, and u satisfy

T=T, p=u, (2.8)
and the metric variables U, X", and £™ satisfy
DE™ =pE™ + gE™, (2.9a)
DX™=2(TE™ + TE™), (2. 9b)
DU =—(y +7), (2.9c¢)
BE™—FEm=(a - BYE" + (B~ a)E™, (2.9d)
BE™ - BX™ = — (i +y —y)E™ - XE, (2. 9e)
85U =—v. (2. 9f)

With (2. 6e) and (2. 8) satisfied, the spin-coefficient
equations for an empty spacetime are

Dp =p? + g0, (2.10a)
Do =2p0 + 3, (2. 10b)
D71 =2pT+ 20T+ ¥, (2. 10¢)
Da =(a+ T)p + Bo, (2.10d)
DB=pB+ (a+ T+, (2.10e)
Dy =27aq + 278+ 7T + i, (2. 101)
DX =FT=pA+Tp + 7+ (a - B)T, (2.10g)
Dy —67=pp+0ox+ 77— (a = B)T+ iy, (2. 10h)
61)—80:;)7—(301—5)0—4)1, (2. 101)
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S =bB=pi~ O+ aa—PBB - 2aB - b, (2. 10§)

BA =Bl =T+ (@ - 3B — U, (2. 10k)
AT=DV—— 20T 2TA+(y =7)T =Ty, (2. 101)
AN =Br=(y - 3y = 2uM +(3a + B)v -y, (2.10m)
A =8y == [E =X = (y +y)u + 28V + VT, (2.10n)
Ap—-by==uT+ov+(y =y —p)B—an, (2. 100)
AG— 6T =— o —px — 287+ (3y —¥)o, (2. 10p)
Ap=FT == pup=0ox=2a7+(y+y)p = i, (2. 10q)
Aa =By =pv—(T+ P+ (¥ -y — 1 — i, (2.10r)

and the spin-coefficient form of the Bianchi identities
for an empty spacetime are

Dipy = 5y = 4pyy —~ (4o = Ty, (2.11a)
Ay = By = {4y — W)y — 2(27 + B)Yy + 30y, (2.11b)
Dify = 51y = 3p, + 2By — iy, (2.11c)
Athy = iy = Vi + 2(y = W), — 3TY, + 209, (2.114)
Difyy — 5y = 2005 + 3Tihy = 201y, (2.11¢)
Ay = §ihy =20, — 3ty — 20, + Oty, (2. 11f)
Dy = 59y =pip, + 2(a + 279y — 3Ny, (2.11g)
Aty ~ 8y = 3viy = 20y + 20), + (48 = 7)Y, (2.11h)

The formalism presented here provides not only for
the determination of the metric variables, spin coef-
ficients, and physical Weyl tensor components of an
empty spacetime, but also for a convenient charac-
terization of trapped surfaces. This characterization
was discovered by considering the spacelike two-surface

S(u, vy={(u, 7, x™) :u and » are constant}.

In order for S(u, ») to be a trapped surface, it must be
compact and have the property that all null geodesics

meeting it orthogonally converge locally to the future.
In DJ it was shown that:

The spacelike two-surface
S{u, 7)={(u, ¥, x™ :u and ¥ are constant}

is a trapped surface if and only if it is compact and
everywhere on it the spin coefficients p and p satisfy

p>0 and u<O. (2.12)

The divergence referred to in the definition of a
trapped surface and a nondiverging null hypersurface is
the optical scalar'® } k*,,, where the k* are the com-
ponents of the vector 2=£k*" 3/9x*. The spin-coefficient
form of this quantity and the remaining optical scalars
for k, the rotation and shear, are?®

d(k)= ¥k, =¥ 1or %), (2.13a)

r(R)=[3(R1y p1 = V15 o151 BO) (RP2 = 28R )[/2 (2, 13b)

SUY =[5k ¢ 4y =7 () 1) R°) (B2 =120k ) = dP(R) /2,
(2.13c)

respectively, where &, and k, , are the physical com-
ponents of &, and (k,),,, respectively,

1
2
1
2
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01 0 O
10 0 O
00 0 -1
00 -1 0

(Tlab) = (nab) =

is the null form of the Minkowski meitric, and the y,,,
=z,,.%, 2, with (z,*)= (¢, n*, m*,m") are the Ricci
rotation coefficients.

The spin-coefficient form of Killing’s equations is
also particularly useful for this investigation. A Killing
vector field is a vector field along whose trajectories
the metric does not change. ' The components of a
Killing vector K =K"2/0x" satisfy Killing’ s equations

K T 0.

These equations are equivalent to

— ¢
K(a,b) =Y Glkly )K ’

where
K=K,D+K,A+K,b +K,5,

the K, are the physical components of (K,),,, and the
¥,5c are the Ricci rotation coefficients. The independent
equations obtained from these are in any null tetrad
system (2,1)%:

DK, = (¢ + DK, - KK, - KK, (2. 14a)
AK, = - (Y +¥)K, — VK, - TK,, (2. 14b)
0K, =K, - 0K, — (& — B)K,, (2. 14¢)
AK,+ DK, =(y +7)Ky~ (e + DK, + (1 - DK, + (T - T)K,

(2.14d)
DK, +6Ky=(a + B + MKy~ KK, + (¢ ~ € = D)K, — 0K,

(2. 14e)
AK, + 5K, = vKy— (@ + B+ T)K, + (L +y =¥)K, + XK, »

(2. 14f)

6K2+61?2:(“ +E)Ko" (p+E)K1+ ((1 —E)K2+ ((1 _B)I—{g-

(2. 14g)

Equations (2. 14) are the spin-coefficient form of
Killing’s equations. If K is also hypersurface orthogonal,
then it must satisfy

K[u ;val =0.
These equations are equivalent to
KoKy =7 qas Ko K°.

The only equation obtained from this that cannot be
derived from (2. 14) is in any null tetrad system (2.1):

K,AK,+ K, DK, + K K,
=[-(a+B)K, + 2K, + pK, K, + [7K, - (¢ + OK,

+ (e - KK, + (v +¥)K, - TK, ~ TR, IK,. (2.15)
Considerable simplifications result in subsequent
expressions by utilization of the differential operators
edth, %, and edth conjugate, %.2* To define these
operators, the notion of a spin-weighted function on a
two-surface must first be introduced. Consider a space-
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like two-surface S, which has in the region {(x*)} the
metric

ds2=-P?z, 2)dze dz,

where P(z,2) is real and z =(x%~ ix3)/v2 . The tangent
space at each point of S, has a basis

5, =(1/V2)Pd/dz, 5,=(1/VZ)P3/0Z.

A function 1(z, 2) is said to have spin weight s if and only
if under the rotation of this basis,

gn = (expi)d,,
where % is real, 5 becomes
N = (expisdm.

The differential operators 5 and ¥ are then defined as

2 — ?
BN =P — (P'n) and gn=P"° == (P~n), (2.16)

where 7 is a function with spin weight s.

3. EMPTY SPACETIMES CONTAINING A
BIFURCATE NONDIVERGING NULL HYPERSURFACE

The problem of determining all empty spacetimes
containing a bifurcate nondiverging null hypersurface
can be solved using the formalism presented in Sec. 2.
For any one of these spacetimes with a particular null
coordinate system (2. 6a) and associated null tetrad
system (2. 6¢) introduced in if, the main conditions
adopted are that in the region {(u, », x™)} the bifurcate
nondiverging null hypersurface is given by ur =0, and
the metric variables, spin coefficients, and physical
Weyl tensor components are analytic functions of
(e, 7. XY,

Since the implications of these quantities being analy-
tic functions of {u, v. x™) and the ¥ =0 null hypersurface
being nondiverging were determined in DJ, the results
given there that are pertinent to the present investiga-
tion will now be summarized. *® Subject to these con-
ditions. the NP equations involving D yielded the metric
variables, spin coefficients, and physical Weyl tensor
components in terms of a set of functions given on the
spacelike two-surface

S =1t 7,2 tu=0=7}.

Some of these functions had conditions placed on them
in order that the coordinate and tetrad systems chosen
initially be specified up to scale transformations,
—'v_ N,_ -1 Y m _ .m
7~4_A74, ’V—NA ¥, xN_x , (3.1)
D=A"D, A=AA, 5=5,

where A is constant, whereas others were determined
by the remaining NP equations. The remaining functions
constitute the characteristic data for this spacetime.

It was shown that®7:

The null coordinate system (2. 6a) and associated null
tetrad system (2.6c) can be specified up to scale trans-
formations (3. 1) by imposing the conditions

(£m(0,0,xm]=(1/¥2) (P, iP), (3.2a)

where P is real, is an analytic function of (z, z) with
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z=(x%-1ix*)/V2 , and has spin weight zero,

#(0,0,x™M=0 and p(0,r,x™+0 for ++0, (3.2b)
X™u, 0, x" =0, (3.2¢)
To(x™=7(0,0,x™) =15g, (3.2d)

where g is real, is an analytic function of (z, z), and has
spin weight zero,

Uu,0,x™y=0, (3. 2e)
(3. 2f)

These conditions will be adopted for subsequent con-
siderations. In DJ it was shown that

)/(u, O.X"I):O_

In the region {(u, »,x™)} of an empty spacetime con-
taining a nondiverging null hypersurface u =0, the
metric variables, spin coefficients, and physical Weyl
tensor components for this spacetime are determined
from Eqgs. (2.9), (2.10), and (2.11) by specifying the
arbitrary functions

P(x™), T1,x™)=1(0,0,x™),
(™M =2(0,0,x™), w0, x™). (3.3)

The arbitrary functions (3. 3) constitute the charac-
teristic data for an empty spacetime containing a non-
diverging null hypersurface.

The implications of the v =0 null hypersurface also
being nondiverging can be determined by considering its
normal. The general 7 =const hypersurface has a nor-
mal k2, where

k=k*3/0x*=g""r, 3/0x* =3/0u.

From this, the » = const hypersurface is spacelike, null,
or timelike according to the sign of

g, kiR ==-2U
being positive, zero, or negative, respectively, on v

=const. That the »=0 hypersurface is null follows from
(3. 2e). Furthermore, from (3. 2¢) and (3. 2e)

A=0/0u

on ¥ =0. Therefore, the »=0 hypersurface is a null
hypersurface whose normal is A. From (2. 12) it follows
that the normal to this hypersurface has divergence

u(u, 0, x™), zero rotation, and shear x(u, 0, x™). Equa-~
tions (2. 10m) and (2. 10n) and conditions (2. 8) and (3. 2)
imply that

1w, 0, x™) = — p2(u, 0, x™) — A (n, 0, x™)X(u, 0, x™), (3.4a)
L(0,0,x™ =0, (3. 4b)
Mau, 0, ™) = = 20(u, 0, x™M{x, 0, x™) = ,(u, 0, x™), (3. 4¢)
M0, 0, x™) = x (x™). (3. 4d)

Therefore, through these, the characteristic data
Xo(x™) and Y,(u, 0, x™) determine p(x, 0, x™) and (i, 0, x™)
and hence the divergence and shear of the normal to the
7 =0 null hypersurface. Since this hypersurface is
nondiverging,

w(u, 0, x™=0.
This and Eq. (3.4a) imply that
A, 0.x™) =0,
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Therefore,
A,(x™)=21(0, 0, x™)=0.

The result A(u,0,x™)=0 and Eq. (3.4c¢) imply that
Pabt, 0, ™) =0,

With x(x™) and ¥,(u, 0, x™) zero as a result of (3.4) and
r=0 being nondiverging, it has been established that:

In the region {(x, r, ™)} of an empty spacetime con-

taining a bifurcate nondiverging null hypersurface ur =0,

the metric variables, spin coefficients, and physical
Weyl tensor components for this spacetime are deter-
mined from Eqgs. (2.9), (2.10), and (2. 11) by specifying
the arbitrary functions
P(x™) and T, (x™) (3.5)
on the two-surface of bifurcation
So={(u, 7, 2™ :u=0=7}
The arbitrary functions (3. 5) constitute the charac-

teristic data for an erhpty spacetime containing a bi-
furcate nondiverging null hypersurface.

The metric variables, spin coefficients, and physical
Weyl tensor components of this spacetime can be found
by solving Egs. (2.9), (2.10), and (2.11) subject to
(3.2). By doing this it can be established that:

In the region {(x, 7, x™)} of an empty spacetime con-
taining a bifurcate nondiverging null hypersurface
ur =0, this spacetime has:

metric variables:
U=(3K - 37,772 + [ 55K + (3/4V2 ) (1,6 K + T,5 K)
+ 3K~ BT, TK+ 3 570)2+5(-r 52 Ty = Ty B8T,)
= (/N2 ) (1257, + T257,) + 8(T T 2] ¥ + -

FU (™ Byt 4 e (3. 6a)

X" =2(T 80" + ToE™)r + {[= (1/2V8 ) 5K + 37K = 67,72
~ 480, + BNVT)TET, + (3T )1 r e,
+ (= 1/2V2Z) 5K + 37K ~ 6777, +
+ (3/\/3)?0570]—{0"‘}7% 4oeee

%Bg‘ro - (3/\/2_ );0'87'0
XMy Fut 4o

(3. 6b)

=&+ {(%K - To?o)gom"‘

+ oeve + gim(

[(1/\/2_)57-0 - Toz]

P AR

£ ru
(3.6¢)
spin coefficients:
p=(3K = T,Tohu + [ K = 7, T K + 2(7,T,)?
+ 3BTIET) = (1/V2 )7, 257, = (1/VZ )T, %57, Iy + -
+p,(x™)r

igisl 4 ons (3.17a)

o=[(1/V2)57, = T2 Ju+ [~ § 82K + (2/V2 )7 ,5K - 472K

+(1/4V2 Y5257, - 2705570 +(6/V2) 18T = (2/V2 )T, To5T
+ 47587, + (1/V2 KT Jru? + o

0
+ o (x™riutt + ..

(3. o)

b==(3K = 7,7+ [~ 188K - 2K* +(1/2V2 ) (78K
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+ THK) + 6T T K = 5(7,T,f° - 3 757'0)2 2(?0‘5570

= T Te) + BTIETIr 2+ oo+ (x™r i+

T (3. 7c)
=[A/N2 Y67+ Tlr+ [~ 352K + (1/v2 )T 5K + 372K
+(3/20T JKET, - (1/4VF 807, + $75°7, ~ (3/VT ) 7,757,

- 57,73+ %7'0821_'; +(BT)BT) I u + e

A (xmr iyt 4. (3.7d)
T=T,+ [ (1/2V2 )5K + 37K + $557, — (3/V2 Y157,
(22T BT, = 4T T ru + o+ T (i + oo, (3. Te)
i (3.71)
a=(a,+ 37) + {3T,K - 27,72 + (1/2V2 )1 57,
+(3K = TTo)a, + [ (1/V2 )87, + ?02]510} L
+a (it (3.7g)
p=(= Qo+ 37o) + {~ (1/2V2 V8K + 7 ,K
+(3/2V2 )7 57, + ¥557,
- (3/\/7)7081'0— 27,27, + [(1/\/7)570 - Toz]ao +(~3K
+ ToTo)aoh s + oo+ B (™t + oo, (3.7h)
y=[= 3K + 37,7+ (1/V2 Y7, + 20,7, — 20,7, 17
+{= 385K + (1/4V2 )7 5K - (5/2V2 )T 5K - 3K*
+(3/2v2 )K5T,
+ 91‘0;0}( + (1/4‘/—2_)55270 - %(%To)z + %;05570 - %Togz"'o

- (6/V2)T, 78T, + (5/2V2 )T 257, + (1/2V2 )7, %57,
-12(7,7, P

+[(= 1/2V2 5K + 37K + L 557,

= (32157, + (3/V2 )T 57,

[(1/2V2 5K - 37K + 5827, — (3/V2 )7,57,
- (3/V2)757, + 67,27, +y,(xm
e (3.7)

- 6T02;0]a0

lagJr2u+ - Yritiyd

physical Weyl tensor components:
Yo=[— 387K + (2/V2 )T 5K — 37,2K + (1/4V2 Y5257, — 27,557,

6/‘/—)70 6To]u '"+wo (™) u'+2+'“7 (3.8a)

by = (= 1/2VE YK + 37K + 1887, - (3/V2 ) 7,57, Ju +

+ ( m)ri LA I e (3. 8b)
by =[= 3K+ (1/V2 BT ]+ - + G (x™)riut + -, (3. 8¢c)
Yy =[(=1/2V2)8K = §T K + 38271, + (3 /V2 VT 57, Jr +

+ P ™)yt + o (3.8d)

b= [~ $8°K — (2/V2 V7 8K — 3KT,2 + (1/4V2 )1, + 27,57,
+(B/VZ)TBT 2 + oo 4 9, (™ 2uf + ooy (3. 8e)

where K =%51nP, a,=(1/2V2 )% InP, andi=0,1, 2,
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The general form of these expressions in powers of «
and » can be established by mathematical induction 2®
and is an important consequence of the existence of a
bifurcate nondiverging null hypersurface.

4. NECESSARY AND SUFFICIENT CONDITIONS FOR
THE EXISTENCE OF TRAPPED SURFACES

An empty spacetime containing a bifurcate nondi-
verging null hypersurface will be considered, and
necessary and sufficient conditions will be given for the
existence of trapped surfaces near this hypersurface to
its future.

Consider a region {(u, 7, x™)} in this spacetime con-
taining a bifurcate nondiverging null hypersurface ur
=0. The future or ur =0 is the set

{, »,x™) :u>0 and >0},
The two-surface of bifurcation, S,, separates ur =0 into

four components: the >0, <0, u>0, and u<0
branches given by

{u, 7, x™;u=0and r>0}, {(u,7,x"):u=0and r<0},

fu, 7, x™ :u>0and r=0}, {(u,r,x™):u<0 and =0},

respectively.

Since both the # =0 and v =0 null hypersurfaces are
nondiverging, it follows from the sufficient conditions
for the existence of {rapped surfaces given in DJ that:

In the region {(u, 7, x™)} of an empty spacetime con-
taining a bifurcate nondiverging null hypersurface ur
=0, trapped surfaces exist to the future of this hyper-
surface if

S, is compact (4.1a)
and the characteristic data P and 7, satisfy
3K ~ TO;O >0 everywhere on S, (4. 1b)

where K =%5InP is the Gaussian curvature of S .?®

It is possible to extend this result to one for which
(4. 1a) and (4. 1b) are both necessary and sufficient con~
ditions for the existence of trapped surfaces by
specifying more precisely their location.

Consider the two-surface S(u,, v,) in the region
{(u, 7, x™1. An e-neighborhood of S(u,, #,) is the set

N (o, 7o) =, 7, 2™t [u—up| <6, |7 =7,| <e}
A neighborhood of S(x,, 7,) is a set N such that
(1) S(u,, 7,) is contained in N

(2) For every point (u’,»’,x™') in N there exists an
€>0 such that N (u’, ') is contained in N,

Clearly an e-neighborhood of S(u,, 7,) is a neighborhood
of S(ug, 7).

With these definitions given, it will now be shown that

In the region {(u, 7, x™)} of an empty spacetime con-
taining a bifurcate nondiverging null hypersurface ur
=0, trapped surfaces exist to the future of u» =0 in
every neighborhood of S, and all two-surfaces S(u, r)
contained in the » >0 and # > 0 branches of this hyper-
surface if and only if
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S, is compact (4.2)

and the characteristic data P and 7, satisfy

) —
K - 7,7,>0 everywhere on S,,

where K =85 InP is the Gaussian curvature of S,,.

Pyoof: Consider a region {(u, ¥,x™)} of an empty space-
time containing a bifurcate nondiverging null hypersur-
face ur=0.

Suppose that there exist trapped surfaces to the future
of ur=0 in every neighborhood of S, and all two-sur-
faces S(u, 7) contained in the ¥ >0 and u > 0 branches of
ur=0. Let N be some neighborhood of S,. Then there
exists a trapped surface S(u,7) in N. Since S(u, 7) is
compact and for fixed « and * the function

Sty 1So—S(u, ), where Fewin(0,0,X™) = (u, 7, x™),

is a homeomorphism of S, onto S(u, r), S, is also com-
pact. Now, consider any two-surface S(0,7,) in the
¥>0 branch of ur=0. Let {N,, (0,7.)}, n=1,2, -, be
a sequence of € neighborhoods of S(0, %,). Then for each
% there exists a trapped surface S(u,, 7} in N, 1.0, 750
Since the spin coefficients p and u are continuous func-
tions of (u,7.x™) and are given by (3. 7a) and (3. 7c¢),
respectively, it follows that

lim p(u,, 7, x™)=p(0, 7, x™) =0

ne

and

lim p(u,, 7, x™) = 1(0, vy, ™) = = (3K — T,T,)7,.

e
From these, since the S(u,, 7,) are trapped surfaces
and hence by (2.12) p>0 and 4 <0 everywhere on
S(u,, 7,), it follows that 3K ~ 7,7, > 0 everywhere on S,.
The possibility that 3K - 7,7, =0 everywhere on §,
is inconsistent with (3. 2b). Therefore, 3K - 7,7, 0
everywhere on S,

Conversely, suppose that S, is compact and every-
where on it 3K - 7,7,> 0. Let S(0, v,) be any two-surface
contained in the » >0 branch of ur =0 and let N be any
neighborhood of S(0, 7,). Then there exists an ¢>0 such
that N (0, r,) is contained in N. From (3. 7a) and (3. 7c),
¢ can be chosen sufficiently small that p>0 and ¢ <0 in
the intersection of N, (0, ,) and the future of ur =0,
since 3K — 7,7, >0 everywhere on S,. Let S(, 7) be any
two-surface in the intersection of N, (0, 7;) and the future
of ur=0, Then p> 0 and p <0 everywhere on S(u, 7).
Furthermore, since $; is compact and is homeomorphic
to S{u, ») as previously shown, S(u, ¥) is also compact.
Hence by (2.12), S(u, ) is a trapped surface. Therefore,
trapped surfaces exist to the future of ur =0 in every
neighborhood of all two-surfaces contained in the » >0
branch of ur =0. Similarly, it can be shown that trapped
surfaces exist to the future of u» =0 in every neighbor-
hood of §, and all two-surfaces contained in the « >0
branch of ur=0. QED

Consider the characteristic data (3.5). The function
P is the most important of (3. 5) for the existence of
trapped surfaces, since unless the spacelike two-surface
S, with induced covariant metric, ds;’=- P*dzndz,
has strictly positive Gaussian curvature, K =35 InP,
there is no possibility of satisfying (4. 1b). In the case
of a spherically symmetric spacetime it is known that
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S, is a two-sphere with K >0.% Although in the case of
an arbitrary spacetime S, may be chosen to be a two-
sphere, there do exist other compact two-surfaces with
strictly positive Gaussian curvature, * and hence this
choice is not imperative.

Although a compact S, with K >0 is essential for the
existence of trapped surfaces according to (4. 2), this is
not the only consequence of these conditions. It follows
from these conditions and the Gauss—Bonnet theorem
that S, is topologically a two-sphere.® Furthermore,
under these conditions, the =0 and » =0 nondiverging
null hypersurfaces must each be topologically the pro-
duct of a two-sphere and the real line.

The function 7, in (3. 5) is also very important for the
existence of trapped surfaces, since even if K> 0, the
magnitude of 7, could be sufficiently large that (4.1b) is
violated. This possibility suggests that there may exist
a relationship between 7, and angular momentum. That
such a relationship exists was shown in DJ for the
linearized Kerr spacetime and will later be shown for
the Kerr spacetime.

Additional evidence that 7, is related to angular mo-
mentum can be given by considering the propagation of
the null tetrad system (2. 6¢) along the generators of
ur=0. A tetrad system is normally said to be propa-
gated without rotation along a timelike curve if and only
if it is Fermi propagated along this curve, which in
the case of a timelike geodesic is equivalent to being
parallelly propagated. 3 If this notion is extended to null
geodesics, then it can be said that the null tetrad sys-
tem (2. 6¢) is propagated without rotation along the gen-
erators of u» =0 if and only if it is parallelly propagated
along them. From (2.5), subject to the conditions
(2. 6e), (2.8), and (3.2), it follows that

» r=0, m* lV=r1l",
and

n* wl":;m“ + m*
on u=0 and

nt ont=0, m*  n¥=-Tn*,
and

I, n'=-7m" - tm*
on ¥=0. Therefore, since (2. 7e) implies that 7=7,
everywhere on ur¥ =0, the null tetrad system (2. 5¢) is
parallelly propagated along the generators of ur =0 if
and only if 7,=0.

5. EXISTENCE OF A BIFURCATE KILLING HORIZON

The existence of a bifurcate Killing horizon in an
empty spacetime containing a bifurcate nondiverging
null hypersurface will now be established. More
precisely, it will be shown that:

A pair of intersecting null hypersurfaces in an empty
spacetime is a bifurcate Killing horizon if and only if it
is a bifurcate nondiverging null hypersurface.

{5.1)

Proof: Suppose M is a spacetime containing a bifurcate
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Killing horizon H =H,U H, for the Killing vector field
K. In M introduce a null coordinate system (2. 6a) and
associated null tetrad system (2. 6¢) such that the con-
ditions (2. 6b), (2. 6e), and (3. 2) are satisfied for (2. 6a)
and (2. 6¢c), H, is given by #=0, and H, is given r=0.
Since H, and H, are Killing horizons for X,

K=K D+KA+KJ3+EK,5
must satisfy

K,=K,=0 and K,+#0 everywhere on H, (5. 2a)

and

(5.2b)

From (2. 13a) and (2. 6e) the divergence of D is - p and
from (2.13a), (2. 8), and (3. 2f) the divergence of A on
H, is u evaluated on H,. Equation (2. 14g) and (5. 2a) im-
ply that p=0 on H,. Similarly, Eq. (2.14g) and (5. 2b)
imply that 4 =0 on H,. Therefore, H, and H, are both
nondiverging null hypersurfaces, and hence H is a
bifurcate nondiverging null hypersurface.

K, =K,=0 and K,#0 everywhere on H,,

Conversely, suppose that M is an empty spacetime
containing a bifurcate nondiverging null hypersurface H.
In M introduce a null coordinate system (2. 6a) and as-
sociated null tetrad system (2. 6¢) such that the con-
ditions (2. 6b), (2.6e), and (3. 2) are satisfied for (2. 6a)
and (2. 6c) and H is given by ur=0. Consider the vector

field
K=K.D+K,A+K,5+K,5, (5.3)

where
K,=au, K,=-al{r+Uu),
and
K, = (£°X° ~ £X%)au/(£7€° ~ E2£),

with a being a nonzero real number. Also, consider the
spin-coefficient form of Killing’s equations, Eqs. (2. 14),
expressed in the null coordinate and tetrad system
introduced into M. Since

DK, =0,
K satisfies Eq. (2.14a). By Eq. (2. 9¢),
AK,+ DK, =a~a(1+uDU)=auly +v)=(y + V)K,.

Therefore, K satisfies Eq. (2.14d). Similarly after a
slightly more tedious calculation using Egs. (2.9a) and
(2. 9b), it can be shown that K satisfies Eq. (2. 14e).
Thus far the bifurcate nondiverging null hypersurface
property of H was not needed to establish that K satisfies
Egs. (2.14a), (2.14d), and (2. 14e). This property,
however, is essential for K to satisfy the remaining
equations of (2. 14). After some very tedious calculations
employing Egs. (2.9), it can be shown that K satisfies
Egs. (2.14b), (2. 14c), (2.14f), and (2. 14g) if and only

if K satisfies the equations

(¥3/0v —ud /ou — 22U =0,

E®(ud /u — 73 /7)) ES = £3 (ud /ou — vD /37)E2,

E2(ud /ou — v8 /v + 1)X% = £3(ud /ou — 3 /v + 1)X?
E2(ud /0u - va /07 E® — B¥(ud/du — v3 /37)E2

= E(ud/du— vd/37)e% = B (ud/du— va /3¥)E2,
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respectively. From the form of U, X™, and £™ in powers
of u and 7 that is given by (2. 6) and that, as indicated
previously, is a consequence of u» =0 being a bifurcate
nondiverging null hypersurface, it follows immediately
that these equations are satisfied by U, X™, and &™.
Thus K satisfies Egs. (2.14) and is therefore a Killing
vector field. Furthermore, from these expressions for
K,, K,, and K, and from (3. 6)

K=—arD onu=0
and

K =auA on v=0.

Therefore, u=0 and =0 are Killing horizons for K and
hence ur =0 is a bifurcate Killing horizon for K. QED

From the proof of (5. 1) it follows that:

For an empty spacetime containing a bifurcate non-
diverging null hypersurface H there exists a Killing
vector field K given in the region {(u, 7, x™)} by

K =alud /ou - v3/3v + 2uX™38 /3x™), (5. 4)

where a is a real constant, having H, which in {(x, », x™)}
is given by ur=0, for a bifurcate Killing horizon.

The condition (3. 2¢) and the expression for K given in
(5. 4) imply that K vanishes on S; and therefore S, is a
fixed point surface for K. On u=0 or ¥=0, S, separates
each nondiverging, nonrotating, and shear-free null
geodesic generator of one branch from its continuation
on the other branch.

Near S, the branches of ur =0, divide the spacetime
into four disjoint open parts such that the trajectories
of K are timelike in two of these regions and spacelike
in the others. An examination of the square of the norm
of K, g(K.K)=(K,K,~K,K,), reveals that

K K)==2aur+ -+ ( Yurid e, i=1,2, .

Therefore, at least for small |u| or |7!, K is timelike
in the regions where u¥ <0 and spacelike in the regions
where u#rv> 0. Hence an empty spacetime containing a
bifurcate nondiverging null hypersurface is locally
stationary.

If K is a hypersurface orthogonal Killing vector field,
then K,, K,, and K, must satisfy Eq. (2. 15) in addition
to Egs. (2. 14). By substituting these quantities in Eq.
(2. 15) and examining this equation in powers of , it
can be shown that 7, must satisfy

557, =0. (5. 5)

The tedious nature of the calculations required to find
possible further conditions resulting from K satisfying
Eq. (2.15) inhibits the search for them. Thus conditions
other than (5. 5) have not been determined.

6. BIFURCATE NONDIVERGING NULL
HYPERSURFACES AND THE KERR SPACETIME

The Kerr spacetime!® will now be examined as an
example of an empty spacetime that contains a bifurcate
nondiverging null hypersurface. This spacetime has a
metric that depends on two parameters, m and a, rep-
resenting mass and angular momentum per unit mass,
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respectively, That it is an appropriate example follows
from its containing, when a® <m?, the bifurcate Killing
horizons H, for the Killing vector fields K,, ** respec-
tively, where in the region {(#, #, 4, $)}

H ={(#, 778, Eb):?:r*:mi(;'nz-az)l/z}
and

K,=3/0i+[a/(¥*+a)]o/03.

The characteristic data that determine the Kerr
spacetime in the regions containing H, will now be ob-
tained. To accomplish this, the contravariant metric
tensor, whose components in {(z, 7, 6, ¢)} are*

1
(7P + a® cos?)

- a® sin%9 r2+a? 0

—a
7i+a® (@ -2mr+d®) O a
X
0 0 -1 0 !
-a a 0 -—csc?s

must first be expressed in a null coordinate system

{u, 7, x™} such that the conditions (2. 6) and (3. 2) are
satisfied by {u, 7, x™} and its associated null tetrad
system and H, is given by u»=0. Once this is done, the
characteristic data (£,") and 7, can be determined from
(2.7}, (2.9b), and (3. 6). By considering coordinate
transformations of the form

u:A0+Al(;_ Tt) +A2(;—’V*)2 + Tty
Y=B(F=7)+ByF =7, + o,
xk: Y0k+ Ylk(;— Tg) + sz(';:_ rt)z + T

where the A, B, ,, and Y} i=0,1, ---, are functions

of (ﬁ, 9, ¢~>), and requiring as implied by the conditions
(2. 6) and (3. 2) that the resulting (g**) satisfy
g =of,
gll(uv 05 xm) :Ov

2¥u,0,x™) =0,
9g *(u, 0,x™) /37 =0,

it can be shown after some tedious calculations that, by
taking

A== (r,-7)

2(72 + a? cos?0) (— (o= 75) 17)
218+ a4 )

Al = (a2 Sinngg,u +A02"§)/(7f + az)AO,u i

B,=(#*+ a® cos?0)/? exp(———zxg — Z;g ﬁ) ,

Y 2= 5, Y 2= ¢ - a;/(rf + %),

0
Y2 =24 siné cosg/(r* - 7.) (2 + a® cos®h),

and
Y =a(r?+a® cos?0) /(2 + @),
enough terms in these coordinate transformations are

obtained to enable (£,™) and 7, to be calculated. After
calculating g™” and g'™, it then follows from
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gm0, 7, x7) = = (£"E," + g™ §") =£™"(u, 0, %)
and
DX™O0, 7, ) =(Tok ™ + T,E,™) = g*™(0, 7, ') /7
T =lim g'™(u, 7. x") /7
=0
that the characteristic data (£,”) and 7, are

1 [ 1 i(r§+a2c0520)“2]
E =75 | BT @ o202 '~ (2+ ) sinb

and (6. 1a)
;- ~ iasind

22 (72 + a2)(72 + a® cos?6)3/2

x (27 (P +d*) + (v, - 7,) (V2 + & cos®0)]. (6. 1b)

With the characteristic data (6.1) determined it is
possible to address the question of the existence of
trapped surfaces in the Kexr spacetime near the bi-
furcate Killing horizons H:. Since S, is compact, trapped
surfaces exist as described in (4. 2) if and only if

3K - 7,7,>0 everywhere on S, {6.2)
where K is the Gaussian curvature of 5.

To examine this inequality, K must first be calculated.
The metric of S,

(2 + a®)? sin®f

- dsg’= (71 + @ cos0)dF" + " e ey d¢?,
can be expressed as
—ds?=6,® 6, + 6, 6,

where

6, = (73 + a® cos?)/%ds
and

0, = (2 + a®) sin8/(»* + @® cos?6)'/2]do.
The first structural equations?®

df,=w, A 8, and dé,=w, A 6,

where d is the exterior derivative and A indicates ex-
terior multiplication, yield the connection form

wy, = [(72+ &) cosb/(7? + a® cos?Of]do
The second structural equation?®
dw,=-K68 A6,
then yields the Gaussian curvature
K=(¥+a®) (¥ - 3a® cos?8)/(r2 + &* cos?8)?,

in agreement with the work of Smarr. %°

(6.3)

In order that there is any possibility of satisfying
(6.2), K must be strictly positive on S,. From (6. 3),
K>0onS, if and only if

72 -3a%>0,

where the “+” or “-” sign is used when S, is the fixed
point two-surface of the bifurcate Killing borizon H, or
H_, respectively. In terms of £ = |a|/m these conditions
become
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[1£(1-£)/2P-382>0.
An examination of the functions
FE) =[1£(1~&)/2] - 3¢?

shows that f,(£)>0 for 0 <£< V3 /2 and £.(£)< 0 for all .
Therefore, K> 0 for S, on H, if and only if 0 <£< V3 /2
and K <0 for S, on H_. With these results and (4. 2) it
has been established that:

In the region {(u, 7, 6, ¢)} of the Kerr spacetime con-
taining either the bifurcate nondiverging null hypersur-
face H or H_,

(1) if a®*/m?= 3/4, then for S, or any two-surface
S(u, ) contained in the » > 0 or u > 0 branches of H, there
exists a neighborhood of S, or S(u, ), respectively, that
contains no trapped surfaces in the region common to it
and the future of H,, and
(6.4)

(2) for S, or any two-surface S(u, 7) contained in the
¥>0 or u >0 branches of H_ there exists a neighborhood
of S, or S(u, ), respectively, that contains no trapped
surfaces in the region common to it and the future of H_.

To obtain a positive result concerning the existence
of trapped surfaces to the future of H_, the entire in-
equality (6. 2) must be considered. From (6. 1b) and
(6. 3), this inequality becomes

1
8(v2 + d®)* (72 + a® cos?6) 4,

2+ a®)3(r .2 - 34% cos?0)

- @27, (r2+ )+ (v, - 7)) (7,2 + a® cos?0) P sin?6} > 0.

Clearly, this holds if and only if the quantity in braces
is strictly positive. In terms of £ and after some
simplification this quantity can be rewritten as

16m?F (&, 6),

where

F(g, 0)=2[1+(1~ )2 {2[1 + (1 = £2)1/2] - £%(1 + 3 cos?6)}
- E°[(3 - 28%)+ (1 - £%)"/2(3 = }£? sin0) [* sin®6.

Thus the problem of determining the criterion for the

existence of trapped surfaces to the future of H, as

described by (4. 2) becomes a problem of determining

the value of &, £, such that F(&, 6)>0 for all &,

0<£<g,, and for all 6, 0 <0 <n. That £, falls between

0 and V3 /2 follows from F(0, 6)>0 for all 6, 0 <0 <7,
and F(v3/2,0)=0.

Even though F(%, 6) is rather cumbersome, it is
possible to make an exact determination of £,. A calcu-
lation of 8F (¢, 6)/06 shows that 0F(%, 6)/26 is zero when
6 is 0, 7/2, n. When 9%F(%, )/26* is evaluated at 6 =0,
/2, 7, it is found that

3%F(£,0)/36% = 32F(,m) /862> 0
and
%F(t,m/2)/836%<0

for all £, 0<£<1. Therefore, for fixed £, 0<£<1,
the minimum value of F(£, ) on the interval 0 <8 s7
occurs at =0, since F(%, 8) is continuous on 0 <@ <7
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and F(£,0)=F(&,7). This result implies that F(t, 6)>0
for all 6, 0 <6 <=, if and only if F(£,0)>0. The ex-
pression for F(t, 8) implies that F(£,0)>0 if an only if
f.(£)>0. Therefore, since f,(£)>0 for all &,

0 <t<V3/2, £, must be V3 /2.

With £, determined, it follows from (4. 2) and (6. 4)
that:

In the region {u, 7, 6, ¢, } of the Kerr spacetime con-
taining the bifurcate nondiverging null hypersurface H ,
trapped surfaces exist to the future of H, in every
neighborhood of S, and all two-surfaces S(u, ») contained
in the >0 and # > 0 branches of H, if and only if
0 <a®/m?< 3/4.

(6.5)

7. SUMMARY AND DISCUSSION

In this work an investigation of an empty spacetime
containing a bifurcate nondiverging null hypersurface
was undertaken. Its principle objective was to deter-
mine conditions that are necessary and sufficient for the
existence of trapped surfaces near this hypersurface to
its future.

A formalism appropriate for this investigation was
presented in Sec. 2.

This formalism was then used in Sec. 3 to determine
all empty spacetimes containing a bifurcate nondiverging
null hypersurface and their characteristic data. There
it was shown that the metric variables, spin coefficients,
and physical Weyl tensor components of one such space-
time are determined in the region {(x, 7, ™)} containing
the bifurcate nondiverging null hypersurface ur =0 by
specifying the arbitrary functions (3. 5)—P{x™), which
determines the induced metric ds > = - P?dz® dz of the
two-surface of bifurcation S,={(u,r,x™) :u=0=7r}, and
T,(x™). Furthermore, the first few terms in the power
series expansion of these quantities as well as the gen-
eral form of these series in powers of # and v are dis-
played there in (3. 6), (3.7), and (3. 8).

In Sec. 4 conditions that are necessary and sufficient
for the existence of trapped surfaces in this spacetime
near the bifurcate nondiverging null hypersurface to its
future were given. The main result of this section is
(4.2), which states that, in the region {(%, 7, x™)} of an
empty spacetime containing a bifurcate nondiverging null
hypersurface ur =0, trapped surfaces exist to the
future of u¥ =0 in every neighborhood of S, and all two-
surfaces S(u, ¥) contained in the v >0 and « > 0 branches
of ur =0 if and only if S; is compact and the characteris-
tic data P and 7, satisfy (4. 1b), 3K —7,7,> 0 everywhere
on S,, where K=3%%InP is the Gaussian curvature of S.
Also in this section the characteristic data (3.5) were
discussed. Of particular importance in this discussion
is the evidence presented in support of the interpreta-
tion of 7, in terms of angular momentum.

The role of K in the criteria (4. 1) for the existence of
trapped surfaces suggests that the collapse of an object
maintaining a cylindrical or torroidal shape during col-
lapse will not result in the formation of trapped sur-
faces, since a cylinder has zero Gaussian curvature 3°
and a torus has regions of negative Gaussian curva-
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ture. 3¢ Indeed, it has been shown that at least one cyl-
indrical collapse model results in complete collapse
to a singularity without the formation of trapped sur-
faces. ** Furthermore, the role of 7, in these criteria
and its relationship to angular momentum emphasizes
the importance of angular momentum for determining
whether or not trapped surfaces are formed during
gravitational collapse.

In Sec. 5 it was shown that a pair of intersecting nuil
hypersurfaces in an empty spacetime is a bifurcate non-
diverging null hypersurface if and only if it is a bifurcate
Killing horizon. This result establishes the existence of
a bifurcate Killing horizon in an empty spacetime con-
taining a bifurcate nondiverging null hypersurface.
Moreover, it was shown in this section that, in the re-
gion {(u, 7, x™} of such a spacetime with this hypersur-
face given by ur =0, the Killing vector field having ur
=0 as its bifurcate Killing horizon is
K=a(ud/du—7r9/0r+ 2uX™3 /0x™), where a is a real
constant.

The previously known result that a Killing horizon is
a nondiverging null hypersurface®” formed the basis for
the widely held belief that trapped surfaces can always
be found in the region interior to a Killing horizon. %
However, it follows from (4. 2) that if (4. 1b) is not
satisfied, then trapped surfaces do not exist near a
bifurcate Killing horizon to its future. Thus, this belief
is not supported by the results of this investigation.

Since the Kerr spacetime, when a® <m?, contains the
bifurcate Killing horizons #,, which by (5.1) are bi-
furcate nondiverging null hypersurfaces, this space-
time was examined in Sec. 6. After determining the
characteristic data (6.1), two results pertaining to the
existence of trapped surfaces were obtained. An ex-
amination of the Gaussian curvature (6. 3) of the two-
surfaces of bifurcation for #, yielded the first of these
(6. 4) which asserts that trapped surfaces do not exist
near A _ to its future and trapped surfaces do not exist
near H, to its future if ¢®/m? = 3/4. A positive result
pertaining to the existence of trapped surfaces was ob-
tained by considering the inequality (4. 1b). This result
is (6. 5) which asserts that trapped surfaces exist near
H, to its future if and only if 0 <a®/m*< 3/4.
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We develop variational principles and variational identities for bound state and continuum
wavefunctions in a general context, paying particular attention to the proper choice of defining
equations and boundary conditions which will lead to unique and unambiguous wavefunctions even
when these functions are complex. Any functional, such as a matrix element, calculated with such a
variationally determined wavefunction, will also be accurate to second order in the error of the
starting choice. This provides, therefore, an alternative procedure for getting variational estimates of
matrix elements to the one that already exists in the literature and we establish the equivalence of
the two. Of even more interest is the possibility which now seems open of going beyond the
variational principle and generating “supervariational” estimates of wavefunctions and matrix elements
which are good to better than second order. We also give a simple prescription for the construction
of variational identities for wavefunctions, that is, identities which lead readily to variational
principles and, more significantly, might well serve as a starting point for the development of

variational bounds.

1. INTRODUCTION

In a series of papers, '™ we have addressed our-
selves to the general construction of variational esti-
mates of functionals F(¢), where the ¢ are unknown
functions whose defining equations are too complicated
to be solved for exactly. Typically, in the quantum-
mechanical problem,® F(¢) may be a matrix element of
some operator between wavefunctions ¢ which are de-
fined through the appropriate Schrodinger equation and
boundary conditions, We showed in Ref, 2 that there is
a simple and direct method for writing down a varia-
tional expression F,=<{F(#,)), in terms of trial solutions
¢,, the expression being guaranteed not to have any
errors of first order in ¢, — ¢(=6¢). The same proce-
dure has been noted in a limited way in many places” in
the literature, but usually with unnecessarily restrictive
conditions and without sufficient regard to possible dif-
ficulties associated with uniquely specifying the functions
involved. In Ref, 1 we gave a general prescription for
formulating the corresponding “variational identities,”
which should be useful since they might well serve as
the starting point for the development of variational
bounds.

These general procedures for constructing variational
principles and identities turn out, however, to be of
practical significance only when a prescription is given
for obtaining trial approximations to the various func-
tions that are involved in the variational expression. A
basic shortcoming, which has held up wider applications
of such general variational principles, has been that no
such procedure was known which would work in general
and would be ambiguity-free and singularity-free. This
has now been overcome, at least formally, for bound
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states in Ref, 3 and for continuum states in Refs. 4 and
5, where extremum principles that provide such a pro-
cedure were given; some preliminary calculations
strongly indicate that the approach is a practical one,
In the light of this development, it seems appropriate
to take a fresh look at certain problems; some formal
developments of quite some time ago seem to have been
aborted without having seen practical application be-
cause of the difficulty of actually using them in any
meaningful way for nontrivial problems. One such prob-
lem, which is the subject of this paper, is the develop-
ment of variational principles for wavefunctions®*° and
the subsequent use of these variationally good wave-
functions in the calculations of various properties of the
system of interest,

In the general formulation of a variational principle
(VP) for a functional F(¢), the feature to be emphasized
is that the variational expression is specific to the func-
tional of interest, depending both on the wavefunctions
involved and on the operators of interest. When, for
example, the desired functional is the ground-state en-
ergy of a discrete spectrum, the variational expression
reduces to the familiar Rayleigh—Ritz principle; if
some other property of the system is of interest, the
expression is correspondingly different (and usually
more complicated). An alternative procedure for getting
a variational estimate of F(¢) would be to develop a
“variationally good” wavefunction ¢, which, as a wave-
Jfunction, would have no first order error 6¢ in the
starting ¢,. Having done this once and for all, it is
evident that any F(¢,) evaluated with such a function will
automatically be a variational estimate of F(¢), regard-
less of the specific nature of the functional. This then
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is the motivation of the present paper. The basic pro-
cedure for the construction of a VP for ¢ is no different
from the general method we have followed for obtaining
a VP for F(¢) and needs only the identification of the
functional with the wavefunction itself, that is, F(¢)=¢,
since there is no restriction in the general formulation?
on the nature of the functional, In fact, in a previous
paper,! we derived a VP for g"¢ with the dagger repre-
senting some appropriate inner product with a known
function g when ¢ is defined by M¢=w, where M is
some known differential operator and w a given function.
One might, therefore, expect that with the identification
g=0(r—1r’) for which g"¢=[dr’'5(r-r")¢(r') = ¢(r) such
a VP would follow immediately,'! This is true, but there
are complications associated with defining uniquely the
functions ¢ when one considers bound state and continu-
um functions which are not real; there are still further
complications when one looks at systems that are not
invariant under both time reversal and rotation. These
complications, which did not arise in our earlier work,!?
and were not considered inthe existing literature®!° on
VP’s for wavefunctions, have never been spelled out
adequately and have, therefore, remained unappreci-
ated.'® A main emphasis of this paper is a thorough
consideration of these problems and a unified presenta-
tion of VP’s for wavefunctions of all kinds, where, fur-
thermore, the possibility of any near singularities in
the Lagrange multipliers that appear in the VP’s is to
be unambigously avoided.

The arrangement of the paper is as follows. In Sec.
2, we first develop a VP for a bound state wavefunction
when it is purely real. This is the simplest case and is
free of troubles arising from the specification of the
phase of complex wave functions, At the end of Sec. 2,
we indicate how, even with complex ¢, hardly any
change is necessary so long as the system is invariant
under rotation and time reversal, In Sec., 3, we ad-
dress ourselves to the general problem at its most
complicated level when we do not assume such invariance
and show how the problem of the phase is to be handled
in setting up the VP, This is not at all an academic con-
sideration since such complications have to be faced for
systems which have external electric and/or magnetic
fields present. In Sec. 4, we briefly record, for the
sake of completeness, a VP for continuum wavefunc-
tions which was essentially contained in a previous
paper.! Section 5 establishes contact between the two
procedures for generating a variational estimate of F(¢),
that is, the direct method of previous papers, where we
construct the variational expression F, = (F(¢,)),, and
the evaluation of F(¢,) with the variational wavefunctions
derived in the earlier sections of the present paper, We
demonstrate that, as expected, they can only differ in
second-order quantities. Throughout, in each section,
we present along with the VP’s the corresponding
“variational identities” which are expressions which
give the exact F(¢) (not merely a variational estimate)
in terms of ¢,, the original unknown functions ¢ them-
selves, and certain Lagrange multipliers, The merit
of such identities as compared to the corresponding VP’s
is that they exhibit explicitly the second order “error”
terms and might serve as an excellent starting point for
establishing variational bounds on the quantities of in-
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terest, *~¥ We had presented earlier' a simple, general
procedure for writing down such identities, and we point
out here an even simpler one which consists essentially
of realizing that the “half-way point” in the general
procedure for constructing VP’s is the identity, In Sec.
6, we indicate briefly the development of “supervaria-
tional principles,” made possible by the results of this
paper for ¢,; use of these variationally good wavefunc-
tions as trial functions in the expression (F(¢,)),, that
is, the use of (F(¢,)),, leads to estimates which are
good not just to second order but to third or fourth
order—as opposed to VP’s, they will contain no second
order errors. [Coupled with an iterative procedure of
starting from a ¢, and deriving an improved estimate

¢, from it the way may be open for generating super-
VP’s for wavefunctions, and, therefore, for any F(¢),
which are good to still higher orders; there is no point
elaborating on this, however, until the practicability of
super-VP’s good to third or fourth order has been
tested, | The entire development of these sections
hinges, as regards its practical utility, on being able

to obtain trial approximations to auxiliary functions that
are introduced during the construction of the VP’s, In
the final section, Sec. 7, we discuss briefly how, using
methods introduced in Refs. 3—5, possible difficulties
associated with near singularities in the defining equa-
tions for these functions can be removed, Subsidiary
minimum principles are then available to aid in the con-
struction of these trial functions.

2. VARIATIONAL PRINCIPLE FOR A REAL BOUND
STATE WAVEFUNCTION

The construction of a VP for ¢, where ¢ is a real
bound state wavefunction of energy eigenvalue E asso-
ciated with a real Hamiltonian H follows immediately
from the general procedure of our earlier papers,!+2
The quantity ¢ is uniquely defined by

(H—E)¢=0, (2-13)
to=1, (2.1p)

In our notation, taken from Ref. 2, the dagger is under-
stood to imply integration over continuum variables and,
where appropriate, summation over discrete variables,
For simplicity only, we assume that the state is non-~
degenerate, We write then, in terms of some real trial
approximation ¢,, with r or r’ the totality of coordinates,

6, (r)=¢,[®)+ A, (r,r ) {[H{') - E,]o,(r' )}
+ L, ()016, - 1), 2.2)

where we have incorporated the defining equations as
constraints through the use of trial Lagrange multipliers
Ay and L, and where E,, a trial estimate of the eigen-
value, would most usually be ¢/H¢,, the natural choice
for it; E, would then be a variational estimate of E. We
use the subscript » on L, since L, arose in connection
with the normalization condition, while the subscript a
on A, facilitates comparison with a more general case
in Sec, 3. The form of the multipliers A and L is im-
mediately evident from the nature of the constraints and
the fact that we are looking for a VP for the function ¢
at any arbitrary point r. Thus Eq. (2.1a) is multiplied
by a two-variable function A, with integration over a
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dummy variable I’ whereas Eq. (2.1b) is multiplied by
a one-variable function L,(r). A , and L, in Eq. (2.2)
are trial approximations to the functions A, and L,
which are defined by demanding that Eq. (2.2) contain
no terms linear in the first-order errors:

6¢=¢,~¢, A=A, A, 6L,=L,-L,. (2.3)

There are no terms linear in 6A, and 5L, because of
Eds. (2.1) and we only have to examine the term in 5¢.
We find

5o @)+ A, ) {[HE®) -Epo (')}
+L,)¢"0¢+0¢T0)=0. (2.4)

Before extracting the defining equations for A, and L,
from this, we point out that Eq. (2.4) is the variational
identity associated with the VP, Eq. (2.2). Thus, using
Egs. (2.1) and (2.3), we can rewrite Eq. (2.4) as

o@)=0,@) + AN, ) {{H) - E], @)}
+L, )@, + oo ~2).  @.5)

[The passage to the VP can be seen as follows. (H - E)¢,
is of first-order and (¢'¢, + ¢ — 2) differs from (¢} ¢,
—1) by a term of second order, (5¢'6¢). Therefore, the
right-hand sides of Eqs. (2.2) and (2,5) differ only in
terms of second order. We will return to this identity
shortly, but we note now that the result that the identity
coincides with the equation obtained by setting the terms
in 6¢ equal to zero is valid not only for the case under
consideration but, generally, working with linear and
nonlinear equations alike, This is a completely general
prescription for obtaining identities and is superior to
the one we gave in an earlier paper.’ That Eq. (2.5) is
indeed an identity follows by construction. Writing ¢,
=¢ +5¢, the ¢ terms vanish and the 5¢ terms are as

in Eq. (2.4) and will vanish because A, and L, will be
chosen to make them vanish. An explicit check that Eq.
(2.5) is an identity will be presented shortly. ]

To extract the defining equations for the Lagrange
multipliers, it is necessary? to rewrite Eq, (2.4) in the
form K(r,r' Y6 {’)=0, where K does not contain dif-
ferential operations in r’, so that K(r,r’)=0 follows.
We begin by writing

A, {[HE) - Eloo 0 )}
={{HE")- E]A, @, oo (), (2.6)
which follows from the hermiticity of H and the decay

property of 6¢, Further, since we are for the moment
restricting ourselves to real functions, we have

5¢Td =080, 2.7

Writing the first term in Eq. (2.4) as [6(r —1)['50 (),
we can set the coefficient of 6¢ (') equal to zero and
obtain (we write down the Hermitian adjoint of the
coefficient)

5@ —r)+[HE)=-E]A, (r,1') +26 ()L} (r)=0. (2.8)

Multiplication from the left by ¢T(r) and use of Egs.
(2.1) determines L, to be

L,[r)=-30(). (2.9

Insertion of Eq. (2.9) in Eq. (2.8) gives the defining
equation for the function A,
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[H@) - EJA,(r,e)=—=0@ -1')+ (') (r)=~Q, (2.10)

where @=1-~ P and where P= ¢¢" is the projection
operator for the eigenstate of interest, A is, therefore,
a “Green’s function in the generalized sense.””!7 Since
¢'@=0, the function A, is perfectly well defined when
appropriate boundary conditions are imposed even
though E is an eigenvalue of H. In the usual bilinear
representation, in terms of the complete set of eigen-
functions |n) of H, this means that A, =7/ {In){|
(E-E_)*, where the prime denotes the omission of the
state with eigenvalue E from the summation, We also
note that the full complexity of the Green’s function is
not involved in the variational expression, Eq. (2.2),
since only its projection on (H - E,)d, is of interest.

Equations (2.9) and (2.10) fully define the Lagrange
functions. Trial solutions of these equations when fed
into Eq. (2.2) give the desired variational estimate of
¢ the procedure for obtaining trial solutions is the
subject of Sec. 7.

We now return to Eq. (25) to show that it really is an
identity . One can readily check that the right-hand side
of Eq. (2.5) is annihilated by (H - E), but this does not
check the normalization. Using Eq. (2.9), we have

() (dT,)= 0, )+ Al (¢, ){[H() - E]p, @)}

This form can be recognized from Eq. (2.10) to be
merely the obvious identity P¢,=(1— @)¢,. Such an
identity has been noted previously,

2.11)

This derivation of the VP and the variational identity
proceeded without a hitch; a crucial step that made this
possible was Eq. (2.7) which used the reality of the
functions involved. Were the functions not real, ¢ and
o' would have to be treated as linearly independent
quantities as would, therefore, 5¢ and 5¢" and it would
not have been possible to consider Eq, (2.4) as the
Hermitian inner product of 5¢ with some K(r,r’), 8¢
and 6¢' would have had to be treated independently, and
it would have been necessary to incorporate not just Eq.
(2.1a) as a constraint but also its Hermitian adjoint as
an independent constraint which would have made the
analysis more complicated, We will face these com-
plexities of the completely general VP in Sec. 3, but
note here that even when ¢ is complex, the above sim-
pler derivation remains essentially valid so long as the
system has invariance under rotation and time reversal,
This is because of a powerful theorem due to Wigner'®
for such a situation which states that ¢(r) can then be
expanded in terms of a known orthonormal basis set
71(%#) of complex functions which contain all the spin
and angular momentum dependence, and whose phases
can be so chosen that the coefficients of the expansion,
R, (r), which contain the radial behavior, can be chosen
to be real. Thus, we have

O (r)=22,R )M (),

as the unique structure of the solutions of Eq. (2.1).
If we make an analogous choice for ¢, in terms of the
same ’s, with real R, (r), we have

b, (0) =T R, (1) (),

and Eq. (2.7) remains valid since

2.12)

(2.13)
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o0 =21, RY(r R ,(r)= 21, 0R,, ("R, (r) =560T¢.  (2.14)

Thus, the fact that the defining equations for ¢ involve,
through the normalization condition; the linearly inde-
pendent ¢’ causes no difficulty since this coupling in an
equation such as (2,4) unravels because of Eq. (2.7).
We need not, therefore, incorporate in the VP the con-
straint given by the adjoint of Eq. (2.1a). [Were we to
incorporate this through a A, as in what follows in Sec.
3, we would find that (4 — E)JA, =0 and, therefore, con-
sistently (to second order terms) we drop the term in
A, in the VP].

The representation (2,12) of ¢, with a specific choice
of the phases of the %, represents a specific and
standard!® choice of the phases of ¢. In the following
section, we introduce a specification of the phase of ¢
which is applicable under any and all circumstances, a
specification which via the introduction of an arbitrary
function x, introduces a constraint in a form which re-
quires an additional Lagrange function, The procedure
above, which is applicable for almost all cases of in-
terest, effectively builds in the constraint in the choice
of ¢,; no additional Lagrange function need be intro-
duced. It may be useful to compare the above constraint
with the normalization constraint. Either we can choose
¢, to be normalized or we can simply choose ¢, to be
close to ¢ and use a Lagrange multiplier to build in the
normalization condition; the latter is often algebraically
advantageous because the variation of parameters in ¢,,
for ¢, chosen to be normalized, can be cumbersome.
With regard to the phase condition, however, we suspect
that the above approach, when applicable, will be sim-
pler to apply, since it merely calls for a standard form
of ¢, in terms of a basis set such as that of spherical
harmonics; the basis set is fixed, and as far as the
phase condition is concerned, any parameters contained
in the real functions R, (») can be freely varied. It will,
of course, be necessary to apply both these approaches
to incorporating the phase condition before any definite
conclusions concerning their relative merits can be
drawn,

3. VARIATIONAL PRINCIPLE FOR A GENERAL
BOUND STATE WAVEFUNCTION

In this section, we will develop a VP for ¢, the wave-
function of a nondegenerate bound state of energy £ of a
Hermitian Hamiltonian, without making any further as-
sumptions about the system; in particular, the system
need not be invariant with respect to rotation or time
reversal or the parity transformation, The Schrddinger
equation and the normalization condition in Eqs, (2.1)
do not then serve to define uniquely the function ¢ but
leave the phase ambiguous. To have a well-defined
problem, therefore, the phase of ¢ must be fixed; one
possible way of doing this is to fix the phase of ¢ with
respect to some known function x, say by demanding
that ¢'y be pure real or pure imaginary (a more general
choice is possible but unnecessary), that is,

dxFxTd =0, 3.1)

X may be an arbitrary function apart from the require-~
ment that ¢'y should not be trivially fixed at some value
because of some symmetry of the system, since we
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could not use such a x to fix the phase, Thus, for in-
stance, choices for x of functions proportional to ¢ or
orthogonal to ¢ in spin or some other quantum number
would not be satisfactory since normalization or orthog-
onality, respectively, will trivially fix the value of ¢’y
in such cases, independent of the phase of ¢, With this
in mind, Eq. (3.1), together with Eq. (2.1) and their
Hermitian adjoints, define completely ¢ and its linearly
independent adjoint ¢!, In seeking a VP for ¢ we start
again by incorporating all these constraints through
Lagrange multipliers and write?

b, (r)
= ¢t (r)+A;e (r,r’ ){[H(r,) - Et]¢t (r’ )}

+{{HE) - E,)o, (" Ay, (r,17)
+Lnf(r)(¢;¢t - 1) +Lpt(r)¢);x ;X1¢¢)'

The constraint (2, 1a) necessitates a two-variable
Lagrange multiplier, while the normalization and phase
constraints require, respectively, L, and L,,, single
variable functions; we use the subscript p on L,, since
L,, arose in connection with the phase condition. r col-
lectively represents continutum and discrete (such as
spin) coordinates, and when the latter are present so
that ¢ is a column vector in the space of these coordi-
nates (with elements that are functions of the space co-
ordinates), ¢' will correspondingly be a row vector and
L, and L, column vectors. A, will be a square matrix
in the same space whereas, as can already be antici-
pated, A, will have the rather unusual structure of two
column vectors side by side (no multiplication involved),
All this will follow quite naturally from the formalism
and we are merely anticipating some of the structure at
this time simply by inspection of Eq. (3.2)., Varying Eq,
(3.2) and using a number of relations of the form of Eq,
(2.3), we obtain

o)
+ AL, e {[H@ ) - Elo ¢ ()}
+H{{HE) - Elop @ )A, r,r)

(3.2)

+L,(r)N¢p0o+00T0)+ L(r)5o'xFx"60)=0.  (3.3)
Using

AM[H-E =[(H-E)A 1"

oL B p]=[( 6o, (3.4)

[((H-EYo¢]'A,=6¢"[(H - E,],

and setting the (adjoint of the) coefficient of 64 (') equal
to zero gives

S(r—r)+[H@)-EJA, @, r)+ o)L ()% x (' )L (r)=0,

(3.5)
whereas the coefficient of 5¢'(x’) gives

[HE) - EIA (6, 7)+ L, ()6 &) + L, ) () =0, (3.6)

L, and L, are determined by multiplying the above
equations by ¢'(r’) from the left and carrying out the
integrations over r’. We have, using Eq. (3.1),

¢(r)+ Ly(r) - (¢™Y)L, (r) =0, (3.72)

L, (r)+(¢"X)L,(@x)=0, (3.7b)
Adding gives

L=-1¢, (3.8a)
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L,=40/(0"). (3. 8b)

With these solutions we return to examine Eqs, (3.5)
and (3,6) for A, and A,. Taking the latter first, we have

[Hx') - E]A (r, 1)

—-30@O )+ (X () (o)) =0. (3.9)
The solution of Eq. (3.9) is clearly given by
A, 1) =30 (@)L, (r), (3.10)
where
(H-E)L,=¢—x/(¢™x). (3.11)

Note that, as anticipated, A, is the product of two
column vectors with elements which are functions.

Equation (3. 5) for A, becomes, by using Eq. (3.1),
[H(r") - E]p, (T, 1)
=—6(r-1)+ 300 @) Hax ) )/ (¢'x).  (3.12)

Contrast this with Eq, (2,10) which defined the similar
Green’s function in the pure real case. [The solution of
Eq. (3.12) can be expressed as the sum of solutions,

Aa :Aal +Aa2,

where
(H-EW,,=-1+0¢0"=-09, (3.13a)
(H-EN\,=~3¢00"+3x¢"/ (0T, (3.13b)

provided both A, and A, can be made to satisfy the
usual boundary conditions, Equation (3.13a) is exactly
similar to Eq, (2,10) while Eq, (3.13b) is of the form
of Eq. (3.9), and allows the factorization of A ,, one of
the factors being ¢'(). |

L, and A, are solutions of inhomogeneous equations,
(3.11) and (3.12), respectively, and are uniquely defined
only to within a multiple of the solution ¢ of the asso-
ciated homogeneous equation. We can choose to make
L, and A, unique by demanding that

Li¢=0, Alp=0.

(In particular, the phases of L, and of A, are now unique-
1y determined by the source terms in their defining
equations.) It is then natural to choose L,, and A, such
that

thT(pt =0, I\atT¢t =0,

So that we can have L,, ~ L, and A, ~ A as ¢, ™ ¢.
Note that for the choice E,= ¢!H¢,, any ¢,(') compo-
nents of L,, or of A, would have made no contribution
in the VP of E4. (3.2), The VP in Eq. (3.2) is now
complete with all the functions properly defined. Trial
solutions to them (see Sec. 7) yield through Eq. (3.2)
the desired ¢,.

The variational identity has also, just as in Sec. 2,
been derived along the way—it is just Eq. (3.3),. arrived
at by setting the first-order terms equal to zero, Re-
writing it in terms of ¢, and ¢ and using Egs, (2.1) and
(3.1), we have

¢o=¢, +Al[(H-E)¢,]+[(H~E)p,]A,

+L (670, + ¢l = 2)+ L, (dIxFx"0,). (3.14)
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The connection to the corresponding VP in Eq. (3.2) is
immediate and exactly analogous to the discussion in
Sec. 2. That Eq. (3.14) is an identity follows, as in
Sec. 2, by construction.

4. VARIATIONAL PRINCIPLE FOR CONTINUUM
WAVEFUNCTIONS

The construction of a VP for continuum wavefunctions
is simpler than for a bound-state function for two rea-
sons. The first is that there is usually no complication
of an ambiguous phase, the phase of the continuum ¢
being specified by the nature of the asymptotic boundary
condition. The second reason is that the defining equa-
tions for ¢ do not contain ¢' (as in the normalization
condition for the bound state case) and, therefore, the
equations obeyed by ¢' need not be incorporated as con-
straints, A VP for continuum ¢ has already been given
by us in a previous paper,! where we derived a VP for
g'¢ with g arbitrary, The choice g=6( ~r’) in Sec. V
of that paper immediately yields ¢ . Merely for the
sake of completeness we record here (in the present
context) the results which were derived in that paper.
For simplicity, we consider the scattering of a spinless
particle by a spherically-symmetric potential V(»).

If we look at the (real) component ¢, () of the Ith
partial wave which is defined by

(H, - E)¢,(r)=0, (4.1a)
_ e & 1{+1)
H1=2_‘J <—(—1—F+——1/_2—>+V(7’)9 (4.1b)

$,(0)=0, ¢,{)~sinley — 4lv)+tany, coslkr — 3in), 7~
4.1c)

where 7, is the phase shift and we pick a trial ¢,, which
satisfies the boundary conditions in (4. 1c¢) with some
trial phase shift 7,,, we have

b= by + AI[(Hz _E)(blt]”

The requirement that 8¢, =0 gives the condition that the
Green’s function A is defined by

(Hl —E)A=- 1,

4.2)

(4.3a)
A,0)=0, AW, ~flr)cos(kyr —3ln), v/ ~=,
(4. 3b)

where the boundary conditions in Eq. (4.3b) are neces-
sary if, now that we are dealing with continuum func-
tions, the surface terms that arise in transferring the
operator H, from right to left are to vanish,

If we look at the full wave function ¢(r) instead of a
specific partial wave, the defining equations are

(H-E)p=0,
@) ~exp@ke r)+f£(0)exp(ikr)/r,

where f(8) is the scattering amplitude. Once again the
VP for ¢ is straightforward, We have

4.4a)
(4.4b)

¢,= 0, +AHH - E)o,], {4.5)
where A now obeys
(H‘E)A:_ls A (r’r')outgoing' “.6)

The identities are also immediate and follow from the
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simple general procedure. In this case, since Eqs.
(4.2) and (4.5) are linear in A, and @,, it is clear that
use of the exact A in place of A, in Egs. (4.2) or (4.5)
yields the corresponding identity. The choices ¢,, =kr
j,(k¥) or ¢,(r)=exp(@ker) in these identities give the
usual integral equations for the wavefunctions.

There would be no difficulty in extending the above
derivation to the development of a VP in the case of
scattering of one system by another, taking into account
the . Pauli principle, elastic and inelastic scattering,
etc, We will not consider the extension to nontime re-
versible systems. There is no matter of principle in-
volved. It is simply that the extension could be very
complicated. Independent of the question of VP’s (and
independent of the question of time reversibility) the
specification of the boundary conditions associated with
scattering in the presence of an external magnetic field
can be rather difficult,

5. CONTACT BETWEEN THE TWO METHODS OF
VARIATIONALLY ESTIMATING MATRIX ELEMENTS

As a remarked upon in the Introduction, when a VP is
desired for F(¢) where F(¢) is a diagonal or off-diagonal
matrix element (we consider bound state wavefunctions
in this section), one can directly construct a VP,
(F(¢,))s by the methods of our earlier papers®? or,
alternatively, one can evaluate F(¢,) with variationally
accurate ¢, from Secs, 2 and 3 of this paper. We will
now establish or show how to establish the equivalence
of these two procedures for a number of cases, There
is no real need to prove the equivalence to second-order
of two different VP’s except as a check on their validity.

A. Bound state diagonal matrix elements

In Sec. III of Ref, 1, we derived a VP for ¢'Wo,
where W is a linear, self-adjoint operator (the extension
to W not self-adjoint is trivial), which coincides with a
VP given originally for this case by Schwartz.?° The
VP takes the form

<W>v: (Z)IWd)t + L:[(H - Et)(bt] + [(H - Et)¢t]TLt

-2, (01, - 1), (5.1)
where the Lagrange function L is defined by

(H-E)L=-W¢+2r0, (5.2a)

r=¢'Wo, L'¢=0, (5.2b)

[In Ref. 1, f was used in place of our (now) standard
use of L for such Lagrange multipliers and the last
term involving X, was not explicitly shown since ¢, was
chosen to be normalized. For a more general choice
such a Lagrange multiplier is present because of the
normalization condition and the value of X is as in Eq.
(5.2b) as can be seen by premultiplying Eq. (5.2a) by
¢, ] In that derivation, we made no reference to the
specification of the phase of ¢, such a specification
being irrelevant for the diagonal element ¢'W¢, We
will now demonstrate that the evaluation of the matrix
element with ¢, from Eq. (3.2) makes complete contact
with Eq. (5.1) and, as expected, the terms specifying
the phase drop out of the picture. Writing Eq. (3.2) as
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b,=0¢,+ 2, (5.3)

with ¢>t‘1’ denoting collectively the four first-order terms
in Eq. (3.2), we have

QYW= I W, + (0 Wo, + $iW(PM), (5.4)

where we have dropped terms of second order. Using
the explicit form of ¢/’ from Eq. (3.2) and using Egs.
(3.8) and (3,10), we get after considerable algebra

¢:W¢v= ¢;W¢t[1 - (¢’I¢: - 1)]

+[(H-E)¢,J L, +LIH-E)},], (5.5)
where we have defined
Lct=%(¢IW¢t)th+AatW¢t’ (5.6)

and dropped a second-order term proportional to (¢]x
Fx'¢,)? that arises from the term in L,, in Eq. (3.2).
That the term in x drops out is in agreement with our
expectation that the specification of the phase should be
irrelevant for this case of a diagonal matrix element.
Introducing L, defined by

L,=3(¢'"Wo)L, + A, Wo, (5.7

so that L, is a trial approximation to L, and using Egs.
(3.11) and (3.12) which define, respectively, L, and A,
we again find that the term (in x) specifying the phase
disappears, and we have

(H-E)L,=-Wo+ (6'W)o. (5.8)

L, is, therefore, the function L in Eq. (5.2a) and the
two variational expressions in Egs. (5.1) and (5.5)
coincide. This demonstrates the formal equivalence to
second order of the two approaches, We emphasize that
the philosophy and mechanics of the application of the
two procedures could be different since the choice of
trial functions in the two methods need not be related at
all through expressions such as Eqs, (5.6) and (5. 8).

In any numerical calculation, different values will nor-
mally be obtained for the two variational estimates be-
cause they do differ in second order; the exact numerical
difference between them will depend on the choice and
accuracy of the trial approximations, What is ensured is
that as the trial functions get more accurate, the two
expressions will rapidly (quadratically) converge to the
same value,

In the application of Eq, (5.4), one may ask how A,
and L,, in ¢{" are to be chosen. This need not neces-
sarily be with a view to the operator W of interest, that
is, guided by Egs. (5.7) and (5.8). (Whereas L, or L,
is tailored to the W of interest, A,, and L,, need not be, )
After all, in writing down ¢,, no specific W need be in
mind and, therefore, one may work once and for all to
get a very good A, and L,, and, thereby, a very good
¢, so that one can get accurate estimates for any (W)
that one wishes, Practically, however, it is clear that
this will be a harder task since getting a good trial
Green’s function, A ,, means getting a good description
of the entire spectrum (not just the state of interest) of
the operator H whereas getting a good L, (or L,) may
require much less information depending on the nature
of W (essentially, only those states of the spectrum that
are strongly connected to ¢ by W need be described
well). It would seem, therefore, that as a practical pro-
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cedure of getting an estimate (W) for some W the direct
method of Eq, (5.1) will be preferable though the more
global approach of getting a good ¢, in Eq. (5.3) once
and for all so that one may evaluate any functional (and
not even necessarily only bilinear diagonal matrix ele-
ments) has its own appeal, such a use for many problems
compensating for the greater initial effort in obtaining
the ¢,.

B. Bound state off-diagonal matrix elements

In Ref. 2, we derived a VP for ¢'W¢, where ¢, and
¢, are two eigenstates of H, As distinct from the diag-
onal case, the specification of the relative phase of the
functions is now important though the absolute phases
are not and in Ref, 2, we chose to consider ¢{Wo, to be
pure real or pure imaginary:

¢§W¢2:F ¢;W¢1:0. (5-9)

This element makes it a little more difficult to estab-
lish the equivalence of (¢IW¢2)U that we derived there
with ¢I,W¢,, as evaluated with the ¢,’s obtained in Sec.
3 of this paper since the phase specifications made now
are different, namely, each of the phases is fixed
absolutely by the conditions

ol Fx1, =0, olx,Fxi,=0, (5.10)

where the x’s are known. To connect Eqs. (5.9) and

(5. 10) would require x,= W¢, and x,= W¢,, but ¢, and
¢, are unknown and this would contradict our assump-
tion that the x’s are known, This slight complication
can be overcome in a number of ways, We could rede-
rive our earlier results for (¢}We,), with Eq. (5.10)
specifying the phase in place of Eq. (5.9). Alternatively,
we could consider the derivation of ¢,, in Sec. 3 of this
paper with the choice x, = W¢,, and of ¢, with x,=W¢,,.
The desired identification follows using either of the two
approaches, and we will not bother with the details.

6. SUPERVARIATIONAL PRINCIPLES

We make a few remarks about going beyond the VP
to what one might call a super-VP which gives an esti-
mate that is accurate to higher than second order. These
comments are suggested by our development of a varia-
tionally accurate ¢, which is itself good to second order,
so that, starting from a ¢, with first-order errors, we
have

¢,-0=35,
where § contains second order errors like (6¢)?, 6L,690,
and 5A,5¢. As elaborated upon in Sec, 5, were we to
use this ¢, and evaluate ¢}W¢,, we would obtain as in
Eq. (5.5) a VP for (W) which would have similar second-
order errors. Direct use of ¢, in (W), in Eq. 5.1)
would give an equivalent VP for (W) with second-order
errors of the form (6¢) and 6L5¢. However, were we
to use ¢, as the trial function in Eq. (5.1), we would get
something better than either of these results, some-
thing better than a VP, namely, a super-VP for F(¢)
with errors of the form (3L)S and 52, These are errors
of third or fourth order.

6.1)

Though the matter should be pursued only after the
utility of the super-VP for F(¢) noted above has been

1110 J. Math. Phys., Vol. 16, No. 5, May 1975

verified, we would at least like to note the possibility

of using our VP for ¢ in an iterative fashion to produce
super-VP’s for ¢ (and, as a result, for any functional
of ¢) of increasingly (arbitrarily) higher order. This
has also been noted in Ref, 9. Starting from an initial
¢, and solving for A, and L,, as in Sec. 7 would give a
¢, good to second order, With this as the trial function,
we could repeat the process, recalculating a new A ,
and L,, and obtain a new ¢,, which we might call ¢®,
which would be good to third or fourth order, and iterate
this process. It is also conceivable that A, and L,, need
not be evaluated anew at each stage of the iteration but
left unchanged from their values in the first step. Since
the errors 6/, and 6L, appear only in the form of a
product with 6¢ %, successive improvements of 6¢ ¢’
alone, with A , and L,, held fixed, may suffice. These
are remarks that have to await for their confirmation
an actual practical calculation,

7. PROCEDURE FOR CHOOSING TRIAL AUXILIARY
FUNCTIONS

The validity of the VP requires, of course, that the
error in each trial function is of first or higher order.
As we have discussed previously,? some care must be
exercised in choosing approximate solutions of equations
of the type Eq. (3.11) and Eq. (3,12), Such solutions in-
volve, essentially, the inverse of the operator (H - E)
modified by the removal of the singularity corresponding
to the solution ¢ of the homogeneous equation. An ap-
proximate solution may introduce a new singularity
which contributes an unacceptable error of zeroth order.
The procedure suggested in Ref, 3 for avoiding this
difficulty may be taken over directly to determine the
trial auxiliary functions encountered here. We shall
briefly summarize this procedure, confining ourselves
for simplicity to the case where ¢ is the ground-state
function,

Consider the equation

(H-E)L=¢q(¢), (7.1a)
where ¢ is a square-integrable function and
¢'q(¢)=0. (7.1p)

We complete the definition of L by requiring that o'L
=0. In place of Eq, (7.1a) we consider

HY, - EJL,=q(9,), (7.2)
with

Hoy =H~HPH/E,; (7.32)
we have defined

P,=¢,¢1, (7. 3b)

and have chosen E, = ¢IH¢,, We note that ¢IH,;‘Jd't =0,
We impose the condition ¢!g(¢,) =0, as suggested by
Eq. (7.1b). We also note that H®), , approaches H
—E¢¢' as ¢, — ¢. By projecting Eq. (7.2) onto ¢} we
easily see that ¢{L, =0. Since the equation and the
boundary condition that define L, approach those that
define L as ¢, — ¢, it follows that L, —~ L as ¢, — o.
Thus, for ¢, a good approximation to ¢, Eq. (7.2) may
be used as a replacement for Eq. (7.1) for the purpose
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of defining a solution L, which is a good approximation
to L. The advantage of this reformulation lies in the fact
that for ¢, sufficiently accurate, a condition that can be
stated precisely,?® H,f}og,t will have its lowest eigenvalue
above E,.® Thus, no singularity difficulties appear in this
this reformulation. A practical procedure for deter-
mining the variational parameters to be used in a trial
function L,,, an approximationto L,, is to minimize

M(Ltt)=Lttt[Hx(nlo)d.t ~-E,L,, - LnT‘I(‘i)t) = qT(‘l’t )Ly, (7.4)

with respect to these parameters,

The above discussion can be applied directly to Eq.
(3.11) with g =¢ — x/(¢'x). In a similar way, Eq. (3.12)
may be replaced by

HD - BN, =—1+1¢,0!+xd!/(®]X). (7.5)

In this case the inhomogeneous term is not square-in-
tegrable so that 2 minimum prineiple of the type de-
scribed in connection with Eq, (7.4) cannot be used
directly to determine A,,. We can, however, consider
the function

L,(r")=[ A, (r,r)F(x)dr= A%, (r',r)F(r),

where in the second step we used Al (', r)=A ,(r,r’)
and the notation A'B implies integration, and

where F is an arbitrary square-integrable function,
Then L, satisfies Eq. (7.2) with

q($,) == F +36,(¢]F)+ $x(o]F)/ ($}x) (7.6)

and the minimum principle can be used to determine the
variational parameters in A,,,, the approximation to the
trial Green’s function A,,. [We note that the choice F
=x in Eq. (7.6) gives ¢{¢,)=—(1/2)¢,x]. This proce-
dure would be acceptable in practice if the optimum
values of the variational parameters change only slightly
as the arbitrary function F is changed. We also note
that a natural choice for F will be (H - E,)¢, because
the projection of A, on this is what appears in the
variational expression and, typically, ¢, will be some
given trial function (say, from a Rayleigh—Ritz calcula-
tion) that we are trying to improve. For any x and for
F=(H-E,)¢p,, we have ¢q(¢,)=— (H ~ E,)¢,. Numerical
tests of the subsidiary minimum principle discussed
above are now in progress,

We note, finally, that the choice of modified
Hamiltonian which appears in the above analysis is not
unique. As an alternative to the choice made in Eq,

(7. 3a) we may consider a modified Hamiltonian that has
been studied previously!®?! in a slightly different
context,

HW

modyt = P HP, + Q@ HQ,, (.7
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where @,=1-P, with P, given by Eq. (7.3b). The lowest
eigenvalue of H(), , may be shown® to lie above E, for
“sufficiently accurate” ¢,.
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We give composition rules for Wronskians which have Wronskians as arguments. These pyramids of
Wronskians are shown to reduce to products of Wronskians of different order. Many symmetric and
antisymmetric regroupings of functions are then possible. The arithmetic of Wronskians can efficiently

be reduced to the application of the 0 of the LSZ formalism.

I. INTRODUCTION

The role played by Wronskians in differential equa-
tions as they relate solutions to each other, and to the
coefficients is well known, 12 as is their convenience in
describing Green’s functions.® What does not appear
known is that the Wronskians on a set of linearly inde-
pendent differentiable functions satisfy a number of in-
teresting relations quite apart from any reference to
differential equations. We shall refer to them as pyra-
midal composition rules as they relate Wronskians taken
upon Wronskians to products of Wronskians taken upon
the original set of functions, but of lower or higher
order. These algorithms where Wronskians are nested
within Wronskians are due to the peculiar combination
of the determinental and differential features of the
Wronskian which is a completely antisymmetric multi-
linear differential form. The simplest realization lies
in the repeated use of the antisymmetric operator @,
used by Lehmann, Symanzyk and Zimmermann, * which
is equivalent to forming a Wronskian of order 2. Con-
sider the differential form

6(01, P2, P3) = (P10 @5)0(@1305)

=Wy Wa(@1, @2), Waloy, 03)]. (1.1)
This form is manifestly antisymmetric under the ex-
change ¢, =~ @,; however, it is a simple matter to veri-
fy that

P11 6(¢1, @2, @3) = W39y, @3, @3). 1.2)

We see that the privileged stance of the repeated func-
tion ¢, in Eq. (1.1) can be removed easily thru appro-
priate “normalization” to obtain W,(¢,, ¢,, ;) which is
completely antisymmetric. This illustrates also the
previous statement that Wronskians of Wronskians are
related to Wronskians on the original set, but of a dif-
ferent order.

In this article we give general composition rules for
Wronskians upon Wronskians that reduce to Wronskians
on the original functions. These yield many combina-
tions where not only antisymmetric regroupings are
possible, but symmetric ones as well. The pyramidal
algorithms can also be used to simplify computations
involving Wronskians. We present the results in Sec.
III as three simple theorems, and in Sec. IV we give
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graphical rules which exhibit the pyramidal structure.

Il. PRELIMINARIES

Given a set of linearly independent functions of one
variable & ={g;(x), @,(x), ...} sufficiently differentiable,
we define the Wronskian on a subset of these functions
$,Cdas

1 Pz o @
P @ e @
R (2.1)

W,,(%, Doy ==, (pn) =

(n-1) 1) (n-1)
@ @)

where ¢{, ¢, ---, ¢{™ indicate the first, second---,
(n — 1)th derivative of a function ¢,(x). It is also conve-
nient to define W =1 where W, is the Wronskian on the
empty subset. (If one is dealing with functions of several
variables, this definition is easily extended to the total
or partial derivatives.)

Wronskians have the following useful features:

(i) The derivative of a Wronskian differs from it by
the last row only:

Pr-ve Pp
R
Ay o o) =] o (2.2)
dx " 1 » ¥'n . . ’ .
(pl(;l-Z).._qp(.n-Z)
Qﬂl(")"'ﬁﬂ(")

(i) Wal@102, 9304l = P10 Wal @2, 04] + 0204Wa[ @1, @5]
= @10, Wl @z, 03] + <ﬂz§0sW"‘[§91, @4);

(2.3)

(iii) from which for a differentiable function f(x), we
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get

WZ [fgpl:f(pZ] zfzwz[(pl; ‘Pz], (20 4)
and by systematic expansion of the Wronskians of ever
higher order by their last row we obtain
* sf¢n] anw/n[(Pl, M) ¢n]-

Wn[f(ply f%, °* (2 5)

It is also useful to recall Laplace’s development of de-
terminants by minors (see, for example, Smirnov’s
book®). From a determinant & of order n, define a minor
of order ! <m:

6#1«1 e 6P1q,

) (2.6)

+5

6P,a1 e T

obtained by deleting (n~ ) rows and columns from 4.
The indices p, - - +p; of the selected rows and ¢ - - -g; of
the selected columns are arranged in increasing order.
With the deleted rows: 7, * - -, 7,.; and deleted columns:
+,S,4 arranged in increasing order we define a
complementary minor to 4 called

sl!"

6'151 5'13,.-1
Apiy"'ypl I . (207)
q1yc o+, q; .
Or s =77 O ]

Laplace’s theorem says that for a fixed set of row in-
dices pq, »-+,p; We can write

A= (= 1)P1% " > (= 1)71* vy
21480 4
XA pl"'pl pl"'pl (2.8)

d1+-+4; g1+

where the sum is over the n!/Il1(n-1)! subsequences
q1<qy--+<gq, of the sequence 1,2,.-+, %, A similar ex-
pansion exists if one starts with a fixed set of columns,
and sums over ordered subsequences of rows.

111, WRONSKIANS UPON WRONSKIANS

Definition 1: Given a Wronskian W, (¢;, «--, ¢,) on the
subset ¢,C &, we define a stepped-up Wronskian
Woi(@1, -+ +, @,5¢,) as the one built on the subset &, en-
larged by the new function ¢, £ &, (the “;” is only for
convenience in bookeeping).

Definition 2: Similarly given a Wronskian W (¢, - -+ @,)
on the subset ¢, ¢, we define a stepped-down
Wronskian W, (@y, - -+, $;, -+ -, @,) as the one built on
the subset ¢, diminished by one of the functions ¢; < ¢,.
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Theovem 1: If the Wronskian W, (¢, - -+, ¢,) is stepped
up alternatively with each of two new functions ¢, and
@2, then the Wronskian of order 2 built on these two
stepped-up Wronskians is equal to the product of the
basic W, with the twice stepped-up Wronskian
Wn+2(¢15 Ty (Pn 3 ‘P,,q, 90,,1,2)- That iS,

Wt (@1, ooy @3 Pnad) ]
Wn*2(¢l, M) (P,, 5 (P,,»l: ‘Pnoa)-

WZ [Wn*l((pl’ ters P qan*l

= Wn((pl., Yy (Pn) " (3' 1)

This result is obtained by imbedding the above W _ and
W,.2 in a determinant & of order 2n +2. Consider

@1 P | ¢ < @, P Pnsz
. | . . .
b
. |
(P(n-l) '¢r(|"-1) : (01("'1) ¢(n-1) (p(n-l) (P,(,?él)
_______ I_______________
A g .. g | 21 Pn P Pne .(3.2)
0... 0 |
0.. 0 I
0. 0 : (Pl(n-l) .. (p(n-l) ¢("-1) (pr(ln-l)
L I SR T R R o G
! .
0 ... 0 | qDl(n'rl)___qp’(ln"l) (n'fl) (p;n 1)

Choosing a Laplace development for A with the first
n columns fixed, it is clear that A is equal to the pro-
duct Wn(¢1; ct 0y (Pn) times Wn+z(¢’1, crey PPty ¢n+2) since
only the diagonal blocks contribute, for any minor (nXn)
formed with the second to the last row has a comple-
mentary minor with a repeated row. We then permute
the second to the last row upstairs » times and get

L B R /IO R
. [ . .
. |
) (nl) ) (-l)l ) (n=1) (n-1) ) (nal) _,(nel
@ @t | 2 ---<p,." o </2" )
(n) (n) (n) {n) (
eI e @ M e @l pin @it
A=(=D)— — — — — — | —————— = — — -
l Pr v (9 qon-bl Gomz
0 , . . .
D ey, ey ey et
I " s ol @fnh
(n+l) (ntl) (ntl) . (n+l)
| @1 @ @ et
(3.3)

Choosing this time a Laplace development with the
top (n +1) rows fixed, the minors and complementary
minors are both of order (z +1). The only minors which
neither have repeated rows, nor have a complementary
minor with zero columns, are the two minors formed
with the first » columns and either of the last two col-
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umns. Thus,

A= (_ 1)"(— 1)1+...+,,+(,.¢1)
(pl e gon ¢n+1

X (_ 1)1+...+"+ (2n+l)

(n-1) (n=1) ,(n-1)
Py e, (pnfl
(n) (n) (n)
2RI M A
@y oo @D P ez
. + (_ 1)1«-“'*# (2n+2)
(ne1) (n=1) ,(n=1)
P17 Py ez
(n+ly . . ,(ntl) _(ntl)
@1 P Pave

@y Py Pz Pree- Py Pnn
X |, . . X1 . . . .
(n-1) (n-l) _,(n~1) (n-1) (n=l) _,(nsl
$1 ey ‘Pnfz @1 e, n+l )
(n) (n) (n) (n+l) (n+l) _, (n+l
o1 e @ 9l P MY @)

(3.4)

Noting that the complementary minors are derivatives
of Wronskians of order (2 +1), we have the desired
result:

A= Wﬂ*"l(¢1, ey P qpyprl) ° Wylwl(qpls rry@hs ¢n+2)

Wt (@1, 5 @3 Ppiz) * Weaa (@1, 22, @03 @) (3.5)

Covollary 1: Since W, (¢, ++ -, ¢,) stepped up once
alternatively with ¢4 and ¢,., is equivalent to
Woa(@1, 22«5 @ Pusts Posa) Stepped down once alternative-
ly with ¢,,, and @,,, putting n—n-2 in (3.1), we write
for future reference

W2 [Wn-l(qal: e ;(pn-l; ¢n)) Wn_l((ply cee ;¢n-1) (pn)]

= Wn(§01, ct ¢n) . Wn-z(§01; tty Qpn-z ; ¢n-1, ¢n); (3- 6)

where W, o(@1, **«, @2 9,4, #,) is the twice stepped-
down Wronskian, and n> 2,

Theovem 2: If the Wronskian W, (¢q, «*+, ¢,) is stepped
up once, alternatively with 2 new functions, say
Ppsts " * Ppupy then the Wronskian of order & built upon
these stepped up Wronskians is equal to the product of
the basic Wronskian W, to the power (k— 1) with the
Wronskian stepped up % times. That is,
Wk{Wnd(qpl: M) q)n H (pml)y Wn¢1(¢1’ ety Py 5 90,,*2), D)
Wn*l(gol, P (pmk)}
= sz-l((ply M) ¢n) ° Wnn;(gol: * ) (0,,+k)-

3.7

*y P Pusts Prszs ®

Pyoof: Since in Theorem 1 we have shown this for-
mula to be valid for =2 and any value of n, a proof by
induction will suffice (k=1 is an identity). Let us there-
fore assume it true for % and show it true for 2 +1.
Taking (3.7) to be true for £ withz=1 on a set ¥
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-+, Y} We have

2{11’1, 1112, ¢

wrl * Wk+1(d)1 5 d’a, R d)kd) = Wk{Wz(dh §¢’z); Wa(llh 3 zba); tt
Wy 5 ¥t (3.8)

We can identify the functions ; with the following %z +1
Wronskians of order {(r +1) such that: $; =W, (¢, - - -,
@i o)y oty Ut SWoat @1y ooy @3 Prag)

Each of the W,(¥y ;9;), for j=2,-..,k+1, onthe rhs
of (3. 8) can be written using Theorem 1:

Wo(ty 5 8;) =W, {me((on e 05 Pra)s
Wt (P1, 7y @45 @i}
= Wn((pl: tey (P,,) ¢ sz((ply ey @ras ¢n+j)-

Substituting on both sides of (3. 8) and noting that each
W (5 ¥;) gives rise to a common function W, (¢, -+, @,)
which can be factored out according to (2.5), one gets

(3.9

Wﬁ:}((ply ey P (pn'bl) * Wk+1{Wn+1((p1: RPN /N ¢n+1)’ MR
Wn+1((p1’ ey Py (pn*kﬂ)}: WZ((pl: ftty (pn)
) Wk{Wn+2(¢1’ ey Pan ;¢n+2)3 Tt

Wn+2(¢1; ey Pras ¢n+k*l)}' (3 10)

Having assumed (3.7) true for # and any value of n, we
can use it, with n~n+1, to write the W, on the rhs of
(3.10) as equal to

ttty ¢77.+k+1)-
(3.11)

WEL( @1, + - 5 o) * Wt anl @1y + =+, Ppat 5 Pz

After simplifying through the factor Wel(ey, - -+, @),

(3.10) with (3.11) gives
Wk+1{Wn*1(‘P1, .
=WE(Q1, s Pn)s Woepa (@1, -+, @3 Pt

s Pns ¢n+1)7 ety W,,+1((P1, cets Pas (Pmkq)}

M) ¢n+k+1)‘
(3.12)
QED

Theorem 3: If the Wronskian W,(¢y, - .-, ¢,) is stepped
down once, alternatively with 2 (<n) of the functions of
the subset ¢,, then the Wronskian of order & built upon
these stepped-down Wronskians is equal to the product
of the basic Wronskian W, to the power (¢ - 1) with the
Wronskian stepped down % times. That is,

Wk{Wn-l(gol: M) ¢n)1 Tty Wn-l(qoh M) ¢n-kd) M) (Pn)}
= va-l(qph R (pn) * Wn-k((ph ey Pop s Baerels * ¢n))
(3.13)

where Wn_k(§91: s Paeps ﬁf’n-km -+, #,) is the original
W, stepped down % times by the removal of the functions

{@ppsts +++» @b For k=n we have Wy=1.

Proof: By Corollary 1 we know (3. 13) to be true for
k=2 (any value of »> 2), and also that (3.13) is identica
ly true for =1, We will again proceed by induction,
this time assuming the formula true for # and #—1 and
showing it true for &2 +1.

Consider (3.1) with its n=k -1 on a set {y, ¢, - - -,
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FIG. 1. The stepping up algorithm for Wronskians on three
core functions enlarged by three new ones.

Ypa}; We have

Wk-l(zwbh ey Zpk-l) * Wk*-l(z'bl, coey Prar s Upy lpkd)
= Wz{Wk(Zpl: ] Z/)Iz-l 5 lpk), Wk(wl: trty Iwbk~1 ;lbm)}-
(3.14)
We identify ¥y =W, 1(@y, =+, 80, *, G =W a(@, -,
¢n-k+2: M (P,,), Y= W,,_1(§01, M) ¢n-k+l’ Tty (ﬂn), and

d)ka—l = Wn-l((pl: trty ¢n-k! DR ¢n)'

This substitution applied to the terms of (3. 14) yields
the following intermediate results when (3.13) is as-
sumed true for -1 and k&

Wea@1, ooy ) = WEH@y, oo o, @) - W (@1, < o oy @pp)s
(3.15)
Wil ooy Ppt 3 D) =Wy, -+ -, 0,)
Wokl@1, o5 @t 5 @) (3.16)
Wiy, * =+ 5 bt s Ppn) = Wﬁ-l(%: @)
Won(@1 =+ ) Pt s Pt - (3.17

The latter is obtained after some reordering of the se-
quences to make (3.13) applicable. Now when the
Wronskian of order 2 is built on (3.16) and (3.17) we
can factor out the common function W’;','l((pl, «o., @,) with

(2.4), and using Theorem 1 we have for the rhs of
(3.14)

Wz{Wk(d)l; M) d)k-l ’ d)k w (d)ly Tt Zl)k-l 5 wkd)}
= Wﬁk-z((ply M) (pn) ¢ Wn-kd(qul’ M) wn-k*l)
Wt (@15 v+ ) @) (3.18)

Simplification on each side of (3. 14) by the explicit fac-
tors provided by (3.15) gives finally

Wk+1{Wn-1((p1’ ttty @b"),

= W:(¢1) M} (pn) : Wn-k-]. (ng, °

. ,bn_k’ ..
i (pn-k-l)-

* q)n)}
(3.19)
QED

Wﬂ-l ((pp *

1V. GRAPHICAL REPRESENTATION

It is often convenient for bookkeeping purposes to have
graphical illustrations of the above composition rules,
especially when several “layers” of Wronskians are
used as building blocks to other Wronskians (i. e., if the
¢; above are themselves Wronskians, etc.).

(1) We describe a Wronskian of order j by the vertex

of a pyramid with j lines conveying to it its arguments:
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Wronskians or functions (the latter are but Wronskians
of order 1).

(2) Each line stems from a Wronskian of order /.

(3) The labels of the arguments are arranged in in-
creasing order. In the case where the arguments are
made of a sequence of once stepped-up (or down)
Wronskians, the ordering of these Wronskians is deter-
mined by the sum of the labels of their own respective
argument functions.

(4) Take k cores of n functions. Enlarge each core by
one of ¥ new functions (or remove from each core
one of k original functions). Build ¥ Wronskians of
order n+1 (or n~ 1) on these enlarged (or diminished)
cores, Finally, use these 2 Wronskians as arguments
to form a Wronskian of order k. This pyramid is equal
to:

(5) The product of (i) the Wronskian of order », built
on the core of » functions, raised to the power k£ -1;
(ii) the Wronskian of order n+% (or n— %) built on the
core of n functions enlarged (or diminished) by » new
(or original) functions.

(6) The limitation 2 <n applies only to the case of a
diminished core.

Note: As expected the frequency of occurence of each
of the core functions involved is the same on both sides
of the equation. They are simply rearranged with re-
spect to the Wronskian “operations. ”

In Fig. 1, we give an example of stepping up a basic
core of three functions {¢,, @, @5} by three new func-
tions {®, @5, @5t Using Theorem 2 we have

Wy {Wy(@1, 02 03500, Wy (01, @3y 935 05), We(P1, 3, 93506}
=W @1, @3 5 ©3) - Welr, @2y ©3, Pas P55 Po)- (4.1)
In Fig. 2, we give an example of stepping down a

basic core of four functions {gol, D3y Pay cp4} by three of
them, say {@,, @3, ¥,}. Using Theorem 3 we have

Wa{Ws(% 3 P2 03), Waly 5 @2, 04), Wyley ; @5, @y}

=W(@1, @, P35 94 P10 (4.2)

V. CONCLUDING REMARKS

In the introduction, using the antisymmetric pairs
(cplaq)a) and (<p18<p3) we used essentially our stepping

FIG. 2. The stepping down algorithm for Wronskians on four
core functions dimenished by three of them.
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up procedure on Wi(¢;) =¢, to obtain the antisymmetric
W91, @3, ¥3). However, with the other possible anti-
symmetric pair (¢,2¢,), we can consider the three anti-
symmetric pairs as stepped-down versions of

W,{@,, @5, ©5) and Eq. (3.13) gives instead a totally sym-
metrized form:

Wa{(%g‘ﬂz): (P13¢3), (92099)} = W3 (@1, @2, @3). (5.1)

Theorems 1, 2, and 3 and the related graphical rules
suggest countless ways of combining functions in order
to obtain desired symmetries without leaving the family
of Wronskians considered either as “operations” or as
argument functions.

From a computational point of view these pyramidal
algorithms can result in considerable simplification and
time saving when one needs to calculate several
Wronskians as with Green’s functions. In fact, the whole
family of Wronskians to any order can be generated with
the sole definition of the operation 8 = W,, and repeated
use of (3.1). Even systems which are not of the cate-
gories described above are often conveniently reduced;
thus,

Ws{(%gfpz), (ﬁ”zg%), ((pﬁq@)}
= Wél(%, @) - Wz{Wz[Wz(‘Pn ©3), Wy(@g, 9”3)],
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Wl Wal@s, 03), Wales, 0) T}
=W (@2 , 3) - Woll@z* Waley, 02, 03) ],
(@3 - Ws(@o, @3, 09 T}
= W;' (@, @3) {02 @5 - Wo Waly, 03, 03), Wil@a, 03, 04)]
+ Wol @2, 03) - Wiy, @2, @3) * Walwy, @5, @)}
=@z @3 W@y, @02, 93, 0) + Wiy, @3, @3)

- Wal@2, 03, 94). (5. 2)
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Extension of the Case formulas to L, . Application to half and

full space problems
E. W. Larsen

Courant Institute of Mathematical Sciences, New York University, New York, New York 10011

S. Sancaktar and P. F. Zweifel

Department of Physics, Virginia Polytechnic Institute and State University, Blacksburg, Virginia 24061

(Received 7 October 1974)

The singular eigenfunction expansions originally applied by Case to solutions of the transport
equation are extended from the space of Hélder-continuous functions to the function spaces X, =
{fluf(u)eLp'} , where the expansions are now to be interpreted in the X}, norm. The spectral

family for the transport operator is then obtained explicitly, and is used to solve transport problems

with X , sources and incident distributions.

I. INTRODUCTION

In 1960, Case' introduced a method of solving one-
speed, one-dimensional neutron transport problems by
expanding the solution in terms of “normal modes,” The
expansion coefficients were obtained from certain
singular integral equations determined by the boundary
conditions of the problem. Although the completeness
theorems proved by Case were not rigorous from a
mathematical point of view, his method achieved great
popularity because of its close analogy with the classi-
cal method of solving boundary value problems by eigen-
function expansions.

Recently, a rigorous derivation of the Case solutions
has been obtained?:® by considering the spectral resolu-
. tion of an operator K, which, for isotropic scattering,
is defined by

Kf(x,u):uf(x,p)+2(1*°_'_c-)— j:‘sf(x,s)ds. (1)
(The independendent variables x and y represent, re~
spectively, the neutron position and the cosine of the
angle between the neutron velocity vector and the x axis,
and ¢ is a positive constant #1.) In terms of K, which
acts only on p, the transport equation can be written as

£¢@,M)+K'lw(x,u)=h(x,u), 2)

where h=u"'g and g represents the neutron source.

A different approach to the rigorous determination of
the Case formalism has been given by Hangelbroek,*
who has shown for ¢ <1 that the operator K (=A"u]
in Hangelbroek notation) is topologically equivalent to
a self-adjoint operator on the Hilbert space L,(-1,1),
By well-known spectral theorems, ® this guarantees the
existence of a spectral family for K. (This family is
abstractly obtained by application of the Gel’fand—
Naimark theorem after a commutative C*-algebra is
generated from X and the identity I.)

In all of these works, i.e,, Refs, 1,2,4, final
attention is restricted to Hélder-continuous (or piece-
wise Holder -continuous) functions since the explicit
formulas involve principle value integrals and boundary
values of Cauchy integrals. The purpose of the present
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note is to show how these results can be extended to a
much larger class of functions, namely, the spaces X,
={flufe L,, p>1}. We do this by extending the results
of Ref, 1 to these spaces, We also show that the expan-
sion formulas of that reference can be used to construct
the spectral family for the operator K, Finally, we in-
dicate how this spectral family may be used to solve
typical transport problems and suggest possible ap-
plications in other areas,

11. EXTENSION OF THE CASE FORMULAS

Our first step is to quote a theorem which will guaran-
tee that an integral operator A: L,~ L, of the form

IO 4= gr) 3)

t—-x

Af(x)=

is a bijection. This theorem is crucial for all the sub-
sequent analysis,

Theorem 0°; Let f(x)€ L,(— w, ), p>1, Then the
formula

go=1 [ L0 4 @)

T t—x

defines almost everywhere a function g(x) also belonging
to L,(- w,®), The reciprocal formula

f(x)::r— f £0 . 5)

t—x

also holds almost everywhere and

L lg@ e axs agp [7 |10 ax, ©)
where M, depends on p or:;y. If p=2, then

f: lgte) |2dx= " |f(x)|2ax.

Nox-)v let us consid:r the formulas®:?
FU= [T AWID 0, ) dv + Ao b (v, 1)+ Al= )b (= v, 1),
" )
1

A(v):lﬁfl W (e, W du, (®)
which hold for Holder-continuous f’ and which we shall

refer to as Case transforms, We can simplify notation
by defining
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S =17 (1) = AW (e, 1) = A= vo)d (= vy, 1); (9)
then Egs. (7) and (8) become

f(li)z‘f'_llA(v)qb(V,u)dv, -l<p<l, (10)

A(V):N—zv)—f wwow, uwdu, -1<v<i, (11)

We wish to show that Egs. (7) and (8) are valid for
uf’ (n)e L,(-1, 1), p>1, Since the discrete parts
A(v,)¢ (& v,, ) are in L,, then it suffices to show that
(10) and (11) hold for functions f (from which the con-
tribution of the discrete modes has been subtracted
out),

Lemma 1: For each
Fe X, X, = UL 1A= ([ [uf) P ap)ite <=}, p>1, (12)

there is a corresponding A(v)< X, defined by Eq. (11),
and A(v) depends continuously on f.

Proof: Using the definition

¢v<y,u)zﬁgy_§u_+5(u-u)x(u) (13)

and the Case transform, we obtain

VAW =5y (%’ f_l ﬁ:f_(#u) du +f W6 (v u)du),

-1

(14)
which we consider as a formal abbreviation for

L) c__v ")
Toaw YV Torm L sy e (15)

In these equations, the expression

N= VA+(V)A'(V)

VA(Y)=

(16)
has been utilized,

The functions A (v)/A*(»)A~(v) and v/A*(Y)A~(v) are
continuous and bounded on [-1,1].* Thus the first term
in Eq, (15)is in L,(- 1, 1) and the second term is in
L,(-1,1)if

1

st1=1 | 1 Bl g, an
is in L,(-1,1). But by Theorem 0,
[ ew)pav= [" g0 Pavs 0a,p f*[ufw)|Pdp.  (18)
Thus from Eq. (15), it is clear that
'C'VA(V)IPdVéNg'C ‘uf(u)!"du, (19)
so that

1AL, = N AN, (20)

Let us define the map T: X, — X, by

AW)=(TN)(w); (21)
then

ITll, < N,. ® (22)

Note: Using Eq. (15), one can show that if one multi-

plies by x(v), then
C ]ux(v)A(u)l”dvsﬁgf_ll [wf(w)|?di, (23)
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where ﬁp is a constant depending only on p.
Thus, if
AAW) = (TH(),
then

(24)
I, <8, 25)

Lemma 2: For each A(v) such that A(v) and A(v)A(v)
€ X,, there exists an fe X, defined by Eq. (10).

Proof: By definition

[ [vaw)]2av < (26)
and
fl [AWA@) [P dv < o, 27
By Eq. (10) we define the function f by
1
f(u)zA(V)A(V)+—g- ,[1 I:}A_(IL) dv, (28)

Clearly the first term is in X, and so is the second by
application of Theorem 0, =

Also, if we have a sequence {4 } such that 14, - A,
—0 and 1X(V)A, (v) - )\(V)A(U)HP—’ 0, then it is obvious that
iy, = f,—~0.

It is known®7 that for pf(p) H6lder-continuous [and f
of the form of Eq. (9)], Egs. (10) and (11) hold simulta-
neously. Since the Hélder -continuous functions are
dense in L,, let us choose a sequence {fn} such that
uf, (i) is Holder-continuous and f, —~ fe X,. Then A, — A
and Xx(¥)A, — 1 ()4 by Eqs. (22)—(25). Thus by the above
paragraph, Eq, (10) holds in the limit,

The above results can be summarized by a lemma:

Lemma 3: Eqs, (10) and (11) hold for any f< X, which
is of the form of Eq. (9). We can combine Lemmas 1,
2, and 3 as the following theorem:

Theorem I: The domain of the reduced transport
operator K may be extended to the spaces X,, p>1, and
the Case transforms (7), (8) hold for each f’ such that
wrt(wle L(-1,1),

3. RESOLUTION OF IDENTITY OF K
For -1<w<1, we define the operator E(w) as

E(w)f(u)zj AW, w)dv

~1

A () +5 f ZA_(VJ

=1

= “ Law) (30)
c vV v
hl <1,
24[1 V"ﬂdV’ @k

dv, -1<usuw,

From the above analysis, it is clear that the terms in
Eq. (30) represent bounded operators on X,, acting on
f. Thus for —1<w <1, E(w)is a bounded operator. In
this section we shall show that the family E(w) forms
part of the spectral family of XK.

First, for ¢ >0 we have
[E(w+e) - E@)f(w)=[" Aw)o v, u)dv

w

(31)
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K(M)A(LL), ws uswte, w+E
= +%f ‘;A—_("ldu. (32)
o, otherwise, w .

The norm of the first term is just
[ [un(u)A () |Pdul /e

which tends to zero for a fixed A (i.e., fixed f) ase— 0,
Call

1 “" vAWP)
== v, 33
gt 5€) ”L 20 (33)
Then by Theorem 0,
g, =[] ugu,o) [P du< [~ |glu,e)|?du
-1 -ce
sMgfw“’” lvA@)|* v, (34)

and this term also approaches 0 for a fixed f as ¢e— 0,
Thus we can state the result as a lemma,

Lemma 4: For eachfe X, and -1<w <1,

lim | E(w +€) - E(w)fll,=0.
&0
That is, E(w) is a continuous function of w (in the strong
operator topology). Now, we will verify the following

lemma.

(35)

Lemma 5:
E(w,)E(w,)= E{w,)E(w,)= E(w)

where w=min{w,, w,.

(36)

Proof: For definiteness, we consider
Wy S Wy,
E(wz)f(u)zf_lmzA(V)qS(V, wdv.
Then the expansion coefficients of E(w,)f{(u) are
A),
0

(37

~1<ps
1sps,,

B(v)= (38)

, wy<vsl,
Thus,
E(wl)E(wz)f(u)=f:‘B(V)¢>(Vsu)dv

= f_‘:IA(V)d)(V, w)dv
=E(w,)f(p).

In a similar way, we obtain E(w,)E(w,)f=E(w,)f. @

(39)

Before proving Lemma 7, we will prove the following
lemma which is essential in proving Lemma 7.

Lemma 6:

Kf= fi zA(z)¢ (2, 1) dz.

(40)
Proof: Applying the same method as in Ref. 2, we

get for T' a simple closed curve containing the line
segment [-1,1],

Kf(u)= g5 j; Kz - K)f(u)dz
- T

=§111_i i(K—z—Fz)(z - KYf(u)dz
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:—2—;7§ (zz= K" =) f(u)dz

r

1 -1
=5 £Z(2—K) Yluddu., 41)

We now compute the contour integral exactly as in Ref,
2 to obtain

Kf(,u)zf_‘1 zA(2)dlz, W) dz. (42)
Lemma T: For each fe X, of the form (9),
Kf=[! wdE(W)f.
Proof: Let
Uw) = [, Ew)fu)gw)du, (43)

where f€ X, and g< X, (the dual space of X,: 1/p+1/q
=1). Then

U(w)zf A(u))\(u)g(u)du—l—f duf dvicy A()

V-l

g(u)

= [ avnwsans [Cavevaw [ L0,
-1 -1 =1
Ef A(u)x(u)g(u)du+J scuA(uLg(n)du
-l -1
= J AW () g(w) + seuLlg(i)du. (44)
Thus U(:) is differentiable a.e. and
U ()=Al)(w)glw)+ scwlgw)]. 45)
Now we get
-1 1
J de(w)=-" wU (w)dw
-1 =1
1
=j wA(w)r (W) glw)+ scwlg(w)] dw
) 1
——-J wA(wM (W) gw)
-1
1 c 1 ( )
+L wA(w)—z‘f’—L L dudo
1 1
=[1 ,:wA(w)x(w)-Fj1 VA(V)CZ—U V—d_zﬁ]g(w)dw.
(46)
By the previous lemma,
f_ide(w):f-in(w)g(w)dws
Thus
[ & wew)au= [ wdve) @)
=J wd] [E@AWgw
=f_idug(u)f‘i_lwd[E(w)f](u), (48)

where the interchange of limits is justified because w
and E(w)f are continuous in w. The above equation
implies
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Ef(w)= [ wdE@)), (49)

or

K:fiwdE(w),

where the integral is defined in the weak sense. »

Note:
' ' dE(@)
j wdE(w)f= J W= gy f
2 A dw
1
= j wA()0(w, u)dw=Kf (50)
-1
gives the result directly, but only formally.
Lemma 8: KE(w)=EW)X. (51)
Proof: By Lemma 6,
Kf:fi zA(Z)p(z, u) dz. (62)
Thus by Eq. (29),
E)Kf(u)= [“vAR)S @, u)dv (53)
-1
In a similar way we gbtain
K(Ef)= f‘l” 2A(2) 0z, 1) dz. (54)

Equality of Egs. (53) and (54) proves the lemma. »
Also, the following identities hold by definition:
E(-1)=0, (55)
E(1)=1, (56)

Lemmas 4, 5, 7, and 8, together with Eqs. (55) and
(66) complete the proof of the following theorem?®:

Theorem II: For uf’{un)e L,(-1,1), we define
1

E(iVo)f’(ﬂ)=1—V(ilT) f sf (s vy, s)ds ¢ (xvy, 1)

° -1
For v [~1,1], we let E(v) be defined by Eq. (29). Then
K () =E@)f" (1) + (= v FE(=vo) /" (1)

+ [ v dEQ)f (),

and E{(v) is the spectral family of projection operators
for the operator K,

1V. HALF-RANGE THEORY

Let piy,(n) be defined and Holder-continuous on 0< g
<1, Define®

lp (p‘), 0 < B = 1!
Zl)e(u)z ’ (57)
‘flJ(u,s)wo(s)dS, -1s <o,
where
1 cs 1
TS )= XXy 258 (58)
and
1
1 A*s) ds
— AL/2(a0) (7 — 2 LAs) 4as
X(z2)= A/%()(z Vo)exp(zm. L lnA_(s) . —z)’ (59)
ARY=X(z2)X(~ 2). (60)
1120 J. Math. Phys., Vol. 16, No. 5, May 1975

Then the full range coefficients A(v) of zpe(u) are zero
for v <0;

U, ()= [TAWS @, n)dv +AW,) Vo, 1), 1)

Extending u,to L,(0,1), we obtain by continuity the
extension i, of ¢, and J,< X,, also.

By definition of E(w), we have for — 1< <1,

EwW,(w)= [“ AW, u)dy
-1

{fwA(V)Qf’(V, wdv, 0<wst,
- 0

, -l1<w=0, (62)
Thus
= fol AE(w, (1) + E@ ), 1). {63)
For O0< y <1, this reduces to
bo=[ YE (), (1) + Ewy)p vy, 1), (64)

which is just a statement of the half-range completeness
theorem,

V. SOLUTIONS OF TRANSPORT PROBLEMS
Consider the problem

0 | gty
= TE=0,
0O, w)=ho(n), wy,€L,0,1), O<ps<1.

Letting 3y, (1) be the extension of y, described in Eq.
(6), we claim that the solution of this problem is

Lb(x,u):fl exp (- x/v)d E(w)y, (w)]. (66)

o]
This function satisfies the boundary conditions, and
it also satisfies the transport equation, as can be seen
by inspection.

x>0,

(65)

Consider next the problem

au
v +K-13P=‘Io(x, “')’

5x Xy <X <Xy,

67)
gole, wW)=qlx,n)/peX,, p>1.
We will look only for a particular solution, Boundary
conditions can be met by using solutions of the homo-
geneous equation.

We look for a particular solution of the form

v, )= [ AlE@Ge, i, (68)
We have the identity
golx, u)= f_i A E@)g,(x, ). 69)

Inserting Eqs. (67) and (69) in Eq. (70), we obtain
1

J

dE@o b, 1)]= f rlE(V)[aa—lfc(x,ﬁ,V)“F%w(x,u,v):\n

(70)
This is solved by taking
qo(x,u)zg—f(x,u,l/)+%w(x,u,v), (1)
or
;—xexp(x/V)w(x,u,V)=exp(x/V)q0(x,u)o (72)
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For v>0, we integrate from x, to x to get

exp (x/v)lx, 1w, v) —exple,/v Iy, 1y v)

= [Texp(s/v)g,(s, 1) ds, (73)
so that '
Plx, w,v)=exp[ (x, — %)/ V1Yo, 1, v)
+ [Texpl(s —x)/vgyls, u)ds. (74)

0
For v <0, we integrate from x, to x to get a similar
equation:

d)(x, U,V)=8Xp[(x1 —x)/l/]zb(xl, u,,y)
+ f:eXP[(s —x)/vg,ls, u)ds 15)

The general solution of Eq. (67) which is bounded is
then given by Eq. (68), where ¢ is defined in Eqs. (74)
and (75), and y(x,, it,v) is arbitrary. A particular solu-
tion is obtained by setting $(x;, u,v)=0,

V1. DISCUSSION

The Case transforms, Egs. (7) and (8) were originally
derived for Holder-continuous functions f’, and we have
shown that they can be extended to functions f’ € X,
Furthermore, we have constructed the spectral family
for K in each of the X, spaces, p>1, and we have shown
how to use this spectral family to solve typical prob-
lems, Several aspects of these results seem worthy of
further comment.

First, the conditions that f’(u) be in L, means that
the Case formulas hold for functions f/ which can be
highly singular at y =0, However, this feature was
shown in Sec, V to be essential in solving problems with
sources, since the modified source g, = 1"'¢ had to be
written as a “full-range” expansion. Second, the re-
moval of the unphysical Holder condition on f’ con-
stitutes an obvious generalization. We emphasize that
for Holder-continuous f’, Eqgs. (7) and (8) hold point-
wise for each y, while, for /' € X,, Eqs. (7) and (8)
hold only in the (integral) norm of X,.

The existence of a spectral family for K was estab-
lished by Hangelbroek* for L, and ¢ <1 by showing that
K is topologically equivalent to a self-adjoint operator,
Our results show that this family exists not only for L,
and ¢ <1, but for the much larger spaces X,, p>1, and
for any value of ¢ >0,

This physically natural space for the transport opera-
tor is X,, but in this space interesting mathematical
difficulties occur. For p=1, Theorem 0 is no longer
true; in fact the principal value operator is definitely
unbounded.® Also the projection operators E{w) for -1
<w <1 are unbounded, so formulas such as Eq. (42)
cannot hold in the usual Stieltjes sense,

We shall not consider here the problem of generalizing
the Case formulas to X,. Instead, we refer the reader
to Ref, 7, in which this problem has been solved by
methods different from those introduced here,
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Since the solutions of the transport equations obtained
in Ref, 7 include those obtained in Sec, V of the present
paper as a special case, we should comment on the ap-
plicability of the present results. First, convenient
orthogonality relations such as Eq. (11) and a corre-
sponding formula for the half-range expansion coefficient
are available in the Case approach, but not in the
method used in Ref. 7. Second, the completeness and
spectral properties of the Case eigenfunctions or close-
1y allied techniques have been applied to a number of
problems independent of simply solving the transport
equation. For example, the solution of the inverse
problem, ® the rigorous derivation of the equation of in-
variant imbedding, ® the justification of the multiple
scattering expansion, ™ the solution of the transport
equation in cylindrical or spherical geometries,! as
well as a whole host of problems involving the solution
of equations which have arisen in a number of astronomi-
cal, physical or engineering applications, ™ It is hoped
that generalizing the class of functions which may be
expanded in Case eigenfunctions may increase the num-
ber of possible applications such as those enumerated

_above,

Finally, we point out that it is of some mathematical
interest to demonstrate the spectral family for an opera-
tor (not normal) for which a general spectral theorem
has not been proved. Other such operators may be
treated by methods similar to those used here,
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Global existence of solutions to the Cauchy problem for

time-dependent Hartree equations
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The existence of global solutions to the Cauchy problem for time-dependent Hartree equations for N
electrons is established. The solution is shown to have a uniformly bounded H'(R?) norm and to

satisfy an estimate of the form || ¢ (¢) ||y: <

solutions do not converge uniformly to zero as t — .

1. INTRODUCTION

We consider the existence of global solutions to the
Cauchy problem for the equations

?
L R Y (1.1)
and
9%; _ 1 Z_
T2 AT Vel
(=1,2,...,N) (1.2)

(1.1) is the time-dependent version of the Hartree
equation for the helium atom, and (1.2) is the corre-
sponding equation for an N-electron system. In (1. 1),
v=v(}) is the Newtonian potential of the charge density
D= 111?

v:f
'R3

The notation in v, in (1.2) denotes an operator whose
action on the function ¢,(x, ) is

N Vv Ay 2
vty 0= 33 (0w, 0y [ LA DIE
k=1 IRS

[x =l

Dy, DYs(x, O dy
rl)[ v )

The “interchange” operation is to be noted here; that is,
in the second term of (1.4) ¢, has been “brought under
the integral sign.” Also, in (1.2). Z is a positive inte-
ger, the atomic number.

9, 012 dy

[x =yl (1.3)

'

(1. 4)

Stationary solutions of these equations are of great
interest. Here one asks for solutions of the form

Wx, t)=exp(int)¥(x) for (1.1) (AcIR)

or

Pix, H=exp(ir,f) ¥ ,(x) for (1.2) (x;€RR).

The resulting nonlinear elliptic equation for ¥ has been
studied by Reeken® and Sather and Gustafson?; for a
physical derivation see Ref. 3. Wolkowisky* considers
stationary solutions of a generalized form of Eq. (1.1),
and Lieb and Simon® have treated the corresponding

problem for (1. 2).

Our interest in these equations has arisen from a
problem in relativistic quantum mechanics. Specifically,
we have shown in Ref. 6 that the coupled Maxwell—
Dirac equations, in the case of zero magnetic field

1122 Journal of Mathematical Physics, Vol. 16, No. 5, May 1975

¢ exp(kt). It is shown that “negative energy”

(H=curl A=0) can be reduced to a single partial dif-
ferential equation

%:323/’5’":

+
af £=1 - iMy%y

o)

for the spinor function ), where v(y) has precisely the
form (1. 3) and the y*'s denote the Dirac matrices.

In Ref. 6 we have shown that the above equation has (an
appropriately defined) global solution in two space di-
mensions (in which case — v=1logr *|¢!?), but the three-
dimensional problem remains unsolved, thus motivating
the present work.

In Sec. 2 we shall treat the local existence problem
for (1.1), (1.2). The nonlinear term ()¢ (or Voptt,) is
Lipschitz in an appropriate manner, but the presence of
the singular coefficient 1/|x| complicates the situation.

In Sec. 3 we prove that these local solutions exist
globally, by obtaining uniform bounds on the norms

I9g,( 2 (g3,

This is accomplished by finding, after a very tedious
calculation, an invariant, the “energy.” In addition, a
bound of the form [[¢{(/)|l ;2 and exp(k!) is established. The
situation arising from applying a periodic driving term
£ [F(4)4;] to Eq. (1.1) [(1.2) resp. | is discussed at
the end of Sec. 3.

We conclude in Sec. 4 by showing that “negative
energy” solutions do not decay uniformly to zero as

L— oo,
We shall employ the usual notation for L? norms
Ml =1 [ Ju(x) |2 dx]?
and for Sobolev norms

lallym=( 35 [ | DPu(x) |2 dx)

| &l <m
where H™ is the space of functions whose derivatives up
through order m lie in L%(IR®). Furthermore, f « g{(x)
will denote the spatial convolution of two functions de-
fined on IR®.

2. LOCAL EXISTENCE

In this paper, when we speak of a solution to the
Cauchy problem for Eqs. (1.1) and (1.2), we shall mean
a solution of the /-ingegrated form of these equations.
Specifically, if we denote the Coulomb Hamiltonian
-A/2-2/lx1 by H,, then a finite-energy solution of Eq.
(1. 1) over the t1me interval [{,, T) is a continuous map
£~ (1) [{,, T) — H* which satisfies

Copyright © 1975 American Institute of Physics 1122



WO=y()+i [ expliH, (¢ =) |u(u(s)(s)ds, (1.1

where y°(/) = exp(iH t)y, is the solution of the Coulomb
equation with the same Cauchy data and the integral is
to be interpreted in the strong Riemann sense in H*
[similarly for Eq. (1.2)]. The treatment of integral
equations such as (1. 1’), modelled after the Picard
theory for ordinary differential equations, is well es-
tablished (cf. Segal”). In particular then we shall prove
in this section that solutions of (1.1’) and (1. 2’) exist
locally {i.e., for a small enough interval [¢,, T)} by
showing that the nonlinearity is locally Lipschitzian in
HY(IR®). This coupled with the proof in Sec. 3 that the
H' norm of the solution remains finite for each ¢ shows
that 7 can be taken to be + ©. As mentioned in the
Introduction, the Coulomb term (2¢/1x| or zy,;/Ix1) is
not treated as part of the perturbation because of the
complications which arise when one tries to apply the
standard nonlinear techniques to it. For this reason it
is included in the “free” part of the equation and handled
with the well-known linear theory.® We begin with a
technical result which effectively permits the Coulomb
Hamiltonian to be treated using the Sobolev space H'.

Lemma 2. 1: For each z there is a y, such that — A/2
—-z/lx| +y, is a positive self-adjoint operator with do-
main =D(- A). Thus (- &/2-2/}x| +7,)}/? exists as a
positive self-adjoint operator with domain D{(— A)*/2).
The norm [(~ A/2-2z/Ix} +v)'/2 |l is equivalent to the
H' norm.

Proof: If v, is chosen = (2/2)?/3=2%/2 (= — the lowest
eigenvalue of —A/2~2z/|x|), the first two statements
are standard results (Ref. 8, pp. 410 and 281), which
are included for completeness. That [[(-A/2-2/{x|
+yz)1/2|| is a norm is a direct consequence of the second
statement. Finally if ¥ € D(- AY=D(-A/2-2z/Ix| +7v,),
then

- A 4
<—-2-— i +Y,>d), ll))

(o) (2.

2L y) = - .0

4(z/2)%2> z%/2. Thus

_Z_+> )
Ix] Y ¥

>+

+

if v, is chosen > §

g

(3(1-a), ) <

M|

the last inequality following from - (2/|x1 ¥, ) < 0. Since
all operators are positive, the above can be rewritten

as
-A z 1/2
<2_‘ %] +"'> ¥

<gli(2y, - AY /2 yl2.

(L= a) 7y < i

Since D(- 4) is a core for all of the above operators,
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the inequality can be extended to ¥ € D((— A)'/?), thus
completing the proof since the first and last norms are
equivalent to the H* norm by the spectral theorem.

Corollary 2.2: The Coulomb propagator exp(iH /) is
a uniformly bounded one-parameter group of operators
in HY(IR®).

Returning to the question of existence locally of solu-
tions to Eqs. (1.1’) and (1. 2’), all that requires checking
in Segal’s fundamental result (Ref. 7, p. 343, Theorem
1), in view of the above corollary is the locally Lipschitz
character of the nonlinear term in H*,

Lemma 2. 3: The nonlinear term »()¢y in (1.1) is
locally Lipschitzian onNHl(lRS); that is, there exists a
constant ¢ =c(llyll 2, [3ll,1), depending on lIyll,2 and llgll 1,
such that

oy = (DI g1 < el gr, WP ) N = Pl 4.

Proof: From (1. 3) we have

2
v=v(P) = f%ﬁ dy

Hence, using the basic inequality (cf. Ref. 9, p. 446)

J w)2/ x| ax < 4l vyl
we find

ol <l1gliy N/ 12— v 111, < 211, 1yl
and |V, <const ||yl

Then, writing 7 for v(J) and v for v(¢), we find
oy = v Pl o=l = P) - W = o)l
< const(llv( = DI, + IF@ = v)ll, + IVo(x - P,
+ (v = TP, + 199(@ = )ll, + 1F(To = VD))
=const(l, + [, + - +1,).
We now estimate the /,’s using the above inequalities.
We have
Li=lo(y = Dlly < vl 1l = Fll, < 20wl 191,11y = T,
< lllZally = Bl 4.

Using the Sobolev inequality |l¢ll; < const|IVell,, we
obtain

L= 32 = )lly < 13l 17 = vlly < const 1l 11117 = ol
Now from Ref. 10, p. 220, part ¢, there follows

I~ vlly < comst Il |§|2 - 9]l

<const |1+ P, 1y = i,

Thus

I, < const 1Bl (119l g2 + 1191 2) 11 = Bl ga.
Similarly we find

L=1Ivo(p = Dl <Ivoll 11w -3l

< const 112111 — il 0
and

Li=1lo(vy = VP, <lloll 119D = Vhll, < 201002 1 = Pl
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For /[, we write

L= IVHE = o)y < IVPN, 117 ~ ol
<AV e = Iy + DY/ | x ~ v |1l
< 20197, (11, + 19 1o = Tl 1
and finally /I, is estimated as
L= IT(Ve = v))I, < I3ll, IVY = v3ll,
<constlffll, It /' | |9|2= 512 @)/ |x=y]|2ll.
< constllFll,n M+ B/ {x =y [ll, We=-9)/|x =],
< constl|Tll 1 (I Vyll, + VT, 11V = 7l
< constl Tl (gl o + 17N ) 1o = Pl -

This proves the lemma.

We can prove a similar result for Eq. (1.2); com-
plications only arise in algebraic manipulations.

Lemma 2. 4: The nonlinear term v, 3, in (1.2) is
locally Lipschitzian on H(IR%).

Proof: If we set

77]');:(1/7) * l!)jibk

and v,=v,,, we must obtain the stated estimate on the
quantity
il ~ ~
k-El (W00 = 0, = (T,5, = B0, ),

where ¥, =(1/%)* 13,12, ij:(l/r) *iﬁ)k. We rewrite the
above expression in the form

)=

H)j(uk" ak) - Z;k(ij - d)]) - wk(vjk_ Ejk) + ajk(;l)'k - d‘k)]

-
1
=

We choose the norm |¥| =max, . ;<y |¥;! for a vector
U=(d, %y, ..., %y Then all the estimates are essen-
tially contained in the preceding lemma. Clearly, the
first two terms above,

d)j(vk - Ek) - ‘Ek(a}j - 7’1)]')‘

are handled exactly as before. The remaining terms
are estimated, for example, as

VT, (B = Ells < 19Tl 1T,=
< constl|¥ - ¥ll, [ T,3,dv/|x -yl
<constll¥ ~ Wil ,n 11,1, 1V,
and as

“vwk(z’jk = ;j N]I%

<= Tyl 198,

|¢‘$k— @@kl dy
4
gnw”lf x—yl

— el f wﬁ@k—ai));_w;(l%‘wj)ldy

<]l

7 -7
‘ Ix—JyI ”2 19 = Dl
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| x

], 5 -on

< const [, (1%l 1% - I,
I N = Wl ,],  ete.

3. GLOBAL EXISTENCE

We now show that the local solutions found above exist
globally. In view of Segal’s theorem, ” we must show that
the H! norms remain finite at each { = 0. Indeed we will
prove that, for a solution ¥ of (1.1) or (1. 2)

(N

is a uniformly bounded function of {. In addition it can
be shown that l[9(#)ll ,2 grows no faster than exponentially
for large {. We will proceed formally with the calcu-
lations and will supply justification at the end of this
section. We begin with the following basic resuit.

Lemma 3.1: (a) Let i be a solution of (1. 1). Then
Ha( O, = [T O,

(b) Let ¢, (j=1,2,...,N) be solutions of (1.2). Then
lp, (W = 11, (Ol for all j=1,2,...,N.

Proof: (a) We multiply (1.1) by ¥ to get
U, =(=1/2)8 Av = (2i/|x]) [3]* +iv|v 2.

We conjugate this and add the result to the above ex-
pression. This gives

3 i S
=7 [8]*=5 war-vay)

T PV = PP,

0o~

An integration establishes the result. To prove (b), let
us write (1. 2) in the form

L0y 1 z 4,

P50 =g AUt T b I e b)) 3.1
where

A d)j(yy t)ik(yv l) ’

b= [ By (3.1

and v,=v,, is real. A multiplication of (3. 1) by ¥, gives

e O 1- F4
’Lgbja—l—:—z—;bj ij+m |7j;j’2

N
- kE:l ( ‘ ¥; ‘ 2v, - RAND

We now take imaginary parts of this equation. The left-
hand side becomes

- 92 — O, 1 o
7,55, 2) - 1o

and the right-hand side equals

N

$Im(V - (,V¥;)]+Im :&1 R
Now from (3. 2) we have
Av;, == 41,
so that
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Im E Dbalsn= 2 Imé U/"Aajk
-1 N -
= —‘FIm k=21 [V.(vjkvvjk)— |vak|2]
Hence
10

1 - 1 X -
2 3 I([;IZ:ImV (E (9,V,) - a7 ;?:21 vjkvvik>’
and an integration over R® completes the proof.

Let us now confine our attention to solutions of Eq.
(1. 1) and obtain the desired estimates.

Lemma 3.2: Let ) be a solution of (1. 1) with
¥( -, 0)« HY(IR®). Then we have

SUvlx, D12+ vix, t) | (x, £) |2 ~

=const=C,.

(4/]x]) |wlx, )| ax
(3.2)
Hence ||V§(#)||2 is uniformly bounded by some constant
depending only on [{(0)ll 1.
Proof: We multiply (1. 1) by @t to get
02 =(=i/2) 9, 89 - (2i/ |2 3 0 + 109 0.

We conjugate this and subtract the result from the above
equation. This gives

0= Zh Gav+v,ah) - 2 = Iﬁ|2+w—lw|2

lxl

e

Now from (1. 3) we have
Av=-~4r|p|2.

Hence we may rewrite the last term above as

0 - -
TWPZZW_U Av, =

1 1
Zl9-(wVu,)+ -— V-
yo (vVv,) i v Vv,

-1 2
=7V (090)+ 5= = [vo|
_-1. 10 2
=2V (Wvu)+ 5 37 (v|v]?.

By integrating over IR® we obtain the desired result

2 (199l +olpl2- 225 aemo,

To prove the second assertion, we find from (3. 2)

2
vamuzscOH[ L 012

x|
Using the fundamental inequality
o/ x| l, < 2093l

(cf. Ref. 9, p. 446), we obtain by the Schwarz inequality
the estimate
WVB(ENG < Cy + 4llu DIy w8/ [ %] 11,

< Co + 8lIIHON, V(DI
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which proves the result.

Before establishing the H* bounds, we remark that
this invariant can also be obtained through a multiplica-
tion of (1.1) by A7.

Lemma 3. 3: Let ¢ be a solution of (1.1) with
#( -, 0) e H3IR®). Then there exist positive constants c,
k, depending only on [[#(0)ll 2, such that

(DIl 2 < ¢ exp(kE)
for all { = 0.
Proof: From (1.1) we have
by, =(~i/2)ay, -
Hence

atd)tt:

(2i/1x| Yib, +iv b+ ivy,.

(=/2)9,80, — (2i/ x| [0,|2+iv 0,0+ iv] 4,1
and

b, =(i/2)p,a0,+(2i/|x|) |0,|2—iv a0 -dv|v, %
We add these equations and integrate over R® to get

f lp(DIE=21m [ v,0,5 dx.

Now
lolle <201 [ |o] [o,]dv/|x =]l
<23l 19(0)/ | x = »] Il
<4l (Dl, Ip(Il;
< const |y (OI,.
Therefore,

Ly 1 < constllo (O Ty (Ol 1A,

< const ||, (HIIZ.

Hence by Gronwall's inequality, [ly,($)ll, is an expo-
nentially bounded function of {. Then from (1.1) we find

lag(ll, <21, (D), +4‘

+2Ilv(t)¢‘(t)ll2

< 2(ly (D1, + 8w, + 2Hu() , 1y(0) 1,

< 2|l (DIl, + 8V, + 4llg(ONIZ [IVy(HI,.
Thus [|Ap()l, < const(1+ Iy (£)l,) so that [lay()ll,, and
also l[4()ll 2, are exponentially bounded.

We have now proved the following result.

Theorem 3.1: The Cauchy problem for the (integrated
form of the) time-dependent Hartree equation (1. 1) has
a unique global solution in H'(IR®), provided
¥(+,0) e HYIR®). This solution satisfies the bounds

Nl o <M, 120,
H( Il 42 < ¢ exp(kt)

if @(-,0)cH?, =20,

where the constants M and c, k& depend only on {I¢(0)Il 1
and [ly(0)ll ,», respectively.

We shall now develop the corresponding theorem for

J.M. Chadam and R.T. Glassey 1125



Eq. (1.2). Recall that it can be written as

op; 1 z N

L =g At b- kE (§v,— ;) (1 <j<N)
(1.29)
where L’jk: f [d),(.\’v t)l—lf_\k(\), [)/|x—y l]dy and Uk:Ukk. We
thus have v;,=v,; and
Avyy == 4T, . (3.3)

We shall consistently use the notation

which will mean the term for which 2= is to be omitted
from the summation. Notice that the term corresponding
to k= in the sum on the right side of (1.2) vanishes.

We now obtain the analog of Lemma 3. 2.

Lemma 3.4: Let ,, 1 <j<N, be solutions of (1.2)
with ¢,(-,0) e H{IR®) for all j. Then we have

3 1. z x, )12
§ 1 (3ot

[x]

1 X, ,
I DI LX)

_ L Tv‘ Vo, (x t)|2>dx*const—c
T6r i 0T —const =t

Moreover, 3 ¥, lIVy (NI is uniformly bounded by a
constant depending only on the norms [I,(0)ll 2, 1<j <N,
Proof: The proof is an exceptionally laborious calcu-

lation. We follow the method of Lemma 3. 2; that is,
we multiply (1.2) by 3y,/3/, sum over j, and then take
real parts. As before, the left-hand side is

"

The first two terms on the right-hand side give

s 1 z
SN I [ A 4
Re 2, 3, <z YT ‘LJ)

_ 1o (29 > 1g, <@L)
_Rejz[zv (az Y g VT

z Ey

T _aZL]
- l dY; ) _@_ (l 2 Z
=v (2 RGJE TR Y [JE 4 [v4,] 21|

2> dx

:—Ref LZ} ( ¥, az L v, = Uy a(i v“z)dx

It remains for us to show that the right side of (3.4) can
be written as the time derivative of the appropriate
guantity. For this purpose we shall integrate by parts

(3.4)
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o) 5T -

at will without explicit mention. All double sums below
Ziur are taken over the indices j=1,2,... N,
k=1,2,...,N, k+j. First we calculate

i [ DTl ax
-f 3P wlnFlul) o
-/
-/

a7
+ 2Rev 3, a_dt)j] dx

— = Iavk 1 9 ’
= /EZ;) ; —Bﬂat[]ZZk:UAvdx

, 1 vp llU
Zk)< 3, 37 AVt 2Revy, = Jdx

0
El [_ l_ ﬂAI) - LUA(%)
k

~{7

=

87 of I 8r TIT\ 9t

. [22 12 = o,y

avk
—L A - —
v, 3 Av)dx

“ a9y,
+2Re f > vkzpj—(%f- dx. (3.5)
ik

The first term on the right above vanishes on account of

v, dv
b ’ J - i % Ay )
7’? <at T

The integrand on the left-hand side of (3.5) can be
written

%7’]’}%‘2)
:2%) 1)klzj)j‘2—zvj|il)jl2
Ui|d)j|2
=10 vy, |2 - aZ_)Uj"Mz

i R 7

:%%:Zkzrvk’%‘z-

Thus from (3. 5) we obtain
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RefZ}Z} vy 5 2y dx-——l—ditf;zkj’ v, 9,12 dx.

The use of this result in (3. 4) gives

1
L5 (31wl - ghr Tl 25wyl ax
’ a_f
:Ref JE%: d)kg't— vjkdx

To evaluate the last term above, we calculate

47

1 d ,
——;[f ?,? | Vv, ,|2dx

(0,;,90,,) = v;,80,,] dx

_ du;
-ZRe/jEUN(] azJ +z/)J 3t > dx.

Here we have used the property 7,,= v,;, Which now al-
lows us to combine the first two sums in the line above.
Hence

1 d
Eﬁf??

1127

, 1VUjklzdx

J. Math. Phys., Vol. 16, No. 5, May 1975

:4Re/ 2320 Vs atj dx - 4Ref 2 U“d)J ol
i ®

, 3;
,—_4Ref 2223 v“zpk% dx
I k&

because v;; is real. Thus we have calculated the right-
hand side of (3. 6). Substitution of this result there
yields

d 1 1
Zi?‘ﬂf [Z’sz 20x1 '¢Jl2+42

- —-——Z:, ]ijklz]dxr—-o,

2
vyl

which is equivalent to the first part of the statement of
the lemma. We show finally that the expressions

L= [5G ol - 5

are nonnegative for each j=1,2, ...
have

|Vv1k |2>dx (3.7

,N. Then we will

& 1,12
20 v, (B2 <4C, + 22 2 L FL

j=l |21

and this inequality provides the uniform bound on
3 1Ve,(OlIZ, as in Lemma 3. 2. To establish (3. 7), we
note that

Z%I[ijklzdx:/

follows from (3. 3). Hence

Mj;f;'(vk‘wj'z_ |Ejkwj$k!)dx'

Ejkwjikdx

Now

5l =]

ii@bkdy Y
lx—yla J[lx yl”2 lx—yl|t/? dy‘

1/2 1/2 L ,
s . 2 1/2
dy =v;" v,

[, 12
<
( Ix—yldy

so that
l—l;ikd)jzl)-k | <@

[ el ®
lx =vl

2]y ) (01/2] )

SATAEATAR

Therefore,
4 2/?,(%%]% |2‘ %ujlzpk)z)dx

1 p
25,/;;’ (v;40, - v, Av,) dx =0.

QED
As in Lemma 3.3, we can also derive H? bounds of
the form

9,(0)ll 2 <cexp(kt) (j=1,2,...,N)

for solutions y; of (1.2). The method is exactly that of
Lemma 3. 3; that is, we take 3/0¢ of (1.2), multiply the
expressions obtained by 97,/3¢, etc., and then integrate
over IR® and sum the results over 1 <j <N, Obviously
the proof will go through as before provided we can esti-
mate each of the norms
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o ool [, et 2 2
%0 o Iy LI TRNFTI | FTERFTE
above by
N 3
const 2, Gi7e (&)
i dt

However, this is straightforward using the result of
Lemma 3. 4:

FTRRETIN |
0Uy Y,
SRS ER]
< de LY ”@:_
< const i 13 1yl 3t I,
Y
ot 2
w@LaU” e o, |a_$1_
kor ot of N, "TRE |l a8t |l
$constH—L %
x=yllly ot 2
a 2
sconstE”—L-b-‘— , etc.
AP

Thus finally we can state the main result:

Theorvem 3.2: The Cauchy problem for the (integrated
form of the) time-dependent Hartree system (1.2) has
a unique global solution in HY(IR®), provided
p;(+,0)€HYIR®) for all j=1,2,...,N. This solution
obeys the bounds

& .
>y (DI <

1

.
)

and

W )2

.
-

g (D22 < cexp(kt) if ¥(-,0)eH?,
where the constants M, ¢, k, depend only on N, Z, and
the H? norms of the Cauchy data.

We now turn our attention to a justification of the
above formal calculations. Clearly it would suffice to
give a regularity theorem proving that our H' solution
of the integral equation satisfies the differential equa~
tion in the usual sense. Such smoothness might be too
much to ask for especially in view of the fact that the
required estimates are of a much weaker variety. For
this reason we approach the problem from a Galerkin
viewpoint (Ref. 7, p. 347); i.e., we obtain a differential
equation in a subspace of H!, obtain estimates using the
computational ideas of the previous lemmas, and obtain
the final result by passing to the limit. We restrict our
attention to the two-particle case, pointing out that, as
usual, the N-particle situation follows similarly but
with more calculating.

1128 J. Math. Phys., Vol. 16, No. 5, May 1975

Let P, be the spectral projection for H =~ 4/2-2/|x|
on whose range the restriction of H_ is bounded by n.
Multiplying equation (1.1’) by P,=P?  one obtains

P y(t) =Pyt +i f:; P, exp[iHc(t = 8)|Pv(d(s))(s)ds.

Now strong differentiation in / of this equation is per-
mitted because of the boundedness of P H_(Ref. 7, p.
353, Theorem 3). This gives rise to the following dif-
ferential equation for p =1

iH ,+ iP (). (3.8)

dt a V=

This can be used just as effectively as Eq. (1.1) to
establish the conservation of charge. Forming the inner
product in L¥(IR®) with 3 (¢) and taking real parts, one
obtains

L\ ()1 = 20m(P VUKD, 000,

Integrating from ¢, to t e (¢, T'), we obtain
e, (N = Iy, (£ )Z =2 f,; Im(v((s)) ¥(s), P¥(s))ds.
Letting n —~ «, we obtain
RO = (" +2 [ Im(o(u(s)ils), uls))ds
= [lp(e)II?,
thus justifying the calculations of Lemma 3.1.

In order to justify the conservation law, we again
begin with Eq. (3. 8). As in the formal proof, we form
the L?(R®) inner product with (d/dt) ¥, and take imaginary
parts obtaining

d
(l?ﬂ d)m ZD) (P"'Ulp, wnt) + (wnt’ anw)'

By using the fact that P,y,, =1, [directly from Eq.
(3. 8)], the last two terms can be written as

W0 Vt) + (Vnps (D)0,

+ (@ = V() Dpg) + Uy V(I = (P )D,).

The first two terms are precisely [o(y,)(8/3t)1y,1%d%x
for which the formal calculations in Lemma 3.2 are now
rigorous because y,€ D(H,)=D(- A). Thus

NP (OIE = ((2/1%1) 9,08, P40+ Fo@D) ¥,(8), ¥ (8))

t
=const - 2 Re fto (oD - v(p N 5 ¥,,) ds.
All that remains is to take the limit:

YN, < HH +v,) 2 (P ) = o),
<P, = D(H, +7,)* 2 p(D)ll,.

The first inequality follows from Lemma 2.1. The last
term tends to zero because of the spectral theorem and
the fact that for each t<(t,, T), #(f) e HYR®)
=D((H,+7,)"/?). The second term can be treated by
writing

[(2/ 1% e k8), wAD) = ((2/) %] wld), w(t))]
<@/ 2@, =), o)+ 102/ xD v, =)l

V(w6 -
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< 2{{w, = 0/ x| Tl g lly + 110/ 2] 1y (hs, = i}
<4[l1v(y, = Dl Il ll, + 19l 11w, ~ $ll,].

The proof now follows from the previous argument. For
the third term write

|, &) = (00, D)
<[, -ve,0) | + [ (wp, v, - )]
<o, = villy 11 ll, + Bl 15, = ll;,

and use the calculations presented in Lemma 2.3 for
terms /; and /,. Finally the integrand can be written as

(0= v,0, (H F7,)0,)+ (0= v, P od) =y, (vd— 0,0, ¥,)].

The last term was treated above, and the middle one
can be handled similarly since |lvgll, < llvll, ll3ll,
<20lvyl,llgllZ, The first term is written as

(H,+7) 2 (0= v, (H +7,) 2,

and hence bounded by [lvy = v,9ll 2 14,/l ;1. The calcula-
tions of Lemma 2. 3 now apply. Notice finally that the
integrand is uniformly {in =) bounded by

2 const [|lvyll g lloll 2 + logliZ], which is integrable on

[¢,, T]. Thus the integral tends to zero by the dominated
convergence theorem and the conservation law is
rigorously justified.

The H? estimate proceeds in the same manner re-
quiring in addition the justification via the regularity
theorem of Segal (Ref. 7, p. 353, Theorem 3) that Eq.
(3. 8) can be differentiated with respect to ¢.

Finally we remark that Eqs. {1.1) and (1. 2) with
periodic driving terms of the form f(¢)) (a situation of
recent interest in the physical chemistry literature)
can be treated with the same methods. The locally
Lipschitz nature of this term is obvious. In the proof
of the conservation of charge it behaves (i.e., disap-
pears) as the other terms on the right-hand side of Eqs.
(1. 1) and (1. 2). The conservation law for the energy
now becomes

S 1ot 0|2+ o(x, 0] 0, 02 = (4/]x]) [0, ]2
UL 1) 4, )2 as) ax

=Co + FORMENIE = FUM LI

=Co+ [£(1) = F(t) ) Il £ )IIE.
Thus the “energy” of Lemma 3. 2 satisfies the inequality
S v, D)2+ otx, 0]z, )]

=@/ |x]) Tolx, )2l ax

<Cox (f 1 7(5) ] ds +(8) = £ (1) 1t ).

Since the right hand side is a locally integrable function
the Gronwall-type argument used in Lemma 3, 2 to prove
the finiteness of [|Vy(/)lIZ obtains. Suitable modifications
can also be made to the H® estimate in order that it ap-
ply to this case.

4. ASYMPTOTIC BEHAVIOR

Now that we have established the existence of global
solutions to {1.1), (1.2), it is natural to ask if they
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converge in some manner as [ —~ « to a solution of some
time-independent problem. We state and prove one
result in this direction.

Theovem 4. 1: Let ¥(x, t) be a solution of (1.1). De-
note by C, the (constant) energy of i:
Co= [ 4 LITutx, O]+ o, H]ux, 1) ]2

—(4/]x]) | plx, ) 2] dx.

If ¢ is a solution with negative energy, then [|4()|l_+0
as t— =,

Pyoof: Let C,<0 and suppose # is a solution such
that |l4(t)ll .~ 0 as ¢t~ «. Then

Jolwl2x, tyax=[ v]w]?’® |$]*/%(x, ) dx

< [OIE 2 lo(t) 2/ 3O,
< (OIS ()l 123 -

Now from Ref. 10, p. 220, estimate (¢} we have
llo(D)l, < const llé(£)l13 = const [| (0113,
Hence
S o2 (x, ) dx < const Ip(1) /2 114(0)]15°/3
—0 asit—=,

Next we write

f Wx, 01

lxf

N 2 ) 2
:f [9(x, )12 dx +f e D1Rdx
gl €1 [x] Ixl 21 fx’
By the Schwarz inequality we have
Hitx, )
I, < |Ig(t —r g
2 < gl S x
SIS [ 0[P dx)tr?
dx \*/?
x f r) < const IO, (AN~ 0 as t— <.
(x| 1

Also we have

122/
ixl=1
<lynIe |1¢3/2(r)l|4,3( /

ixl 21

Fp(x, £) 112 |, £)13/ 2 dx

I x|
1/4
fx1?

< const IHO)I2% |y DIIY2— 0 as t-—+w,

Thus since C, is a constant,

Lim || 73(2)I3

exists and
lim [[v(Z=C, <0,
t~ o

a contradiction. This proves the theorem. [An analogous
result holds for solutions of Eq. (1.2); it need not be
written down explicitly. |
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We conclude with a simple example showing that the
condition C,< 0 is easily realized. Consider the spheri-
cally symmetric solution = (7, {} with Cauchy data

M7, 0) = (v)=exp(—~ ar/2), a>0. From Ref. 1 or 4 we
have

(7, I):41r<;—fr s?|u(s, ]2 ds+f slw(s,t)]zds)

4 * 1
< [ Slus 0] ds = Ul

o]

Thus for C,=C(a) we find the estimate

Cyla)/4m
< [T dr+ (a3 - 4) [T 7 43 ar
< % azjm 7% exp(~ ar) dv+( [~ 7 exp(~ ar) dr - 4)
><fo'° rexp(— ar)dr
—~1/2a+(2/a° - 4)/a® .

Clearly, if a lies in a neighborhood of 3, then C (a)<0,
and the condition obtains,

We remark finally that the decay of positive energy
solutions remains an open question.
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The classical nonlinear oscillator and the coherent state
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The coherent state constructed out of quantum oscillator states is employed to develop a method for
solving the classical nonlinear oscillator problem. The perturbation solution of the Duffing oscillator
is used to illustrate the method and to obtain the result of the classical procedure.

. INTRODUCTION

Many of the problems of applied mathematics possess
some essential features which preclude exact analytic
solutions. One of these features is nonlinearity.' To ob-
tain information about solutions of such equations we
are forced to resort to approximations and numerical
solutions. Foremost among approximation methods are
the perturbation methods,? whereby the solution is rep-
resented by the first few terms of an asympototic ex-
pansion. These expansions may be in terms of a param-
eter which appears naturally in the problem (or which
may be artificially introduced) or these may be expan-
sions in terms of a coordinate. It is the rule, rather
than the exception, the straightforward expansion in
powers of a parameter have limited regions of validity
and break down in certain regions called regions of non-
uniformity. To render these expansions valid (even if
in the sense of asymptotic expansions) a number of
techniques have been developed in the past, for example,
among many others, the method of strained coordinates
(where uniformity is achieved by expanding the depen-
dent as well as the independent variables in terms of
new independent parameters), the method of multiple
scale, and the method of averaging. ? Confining our at-
tention to canonical nonlinear oscillators, let us consid-
er, for the sake of illustration, the Duffing nonlinear
oscillator which follows the equation of motion

% +aPx+ B3 =0, (1)
with boundary conditions given by, say,
x(t:O):A, 2(t=0)=0. (1)

The straightforward perturbation approach consists in
expanding the dependent variable (the coordinate) in a
series in the parameter 8, namely,

x= }:0 B" x,(t), (2)

substituting in the equation of motion [Eq. (1)], equat-
ing like powers of 8 to zero, and obtaining
(3a)

(3b)

Xy + wx, =0,
# o+ wle == xg;

wherein putting x,=A4 cosw! and solving, we get

3¢ 1
~— 3 {0 = i —— —
x=Acoswf + BA ( 8, Sinw! + 35— (cos 3wt c05wt))

+0(8). 4)

This two-term expansion cannot approximate the solu-
tion. As {—=, x,/x,— = due to the term ¢sinw?, which
is called for this reason the secular term. The true
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solution for Eq. (1) for positive 8 must be bounded,
since multiplying Eq. (1) by %, integrating, and impos-
ing the boundary conditions we get

22+ wix? +5 Bt = w?A? +1 gAY (5)

which describes bounded motion for 8>0, and hence the
secular term expresses the nonuniformity of the
straightforward perturbation expansion. Various tech-
niques have evolved to render such approximate solu-~
tions uniformly valid, for example, the method of
strained coordinates due to Lindstedt® and Poincaré,*
the method of averaging used by Krylov and Bogoliubov,
the generalized method of averaging due to Krylov—
Bogoliubov—Mitropolski® or by Struble, ” by the method
of averaging and variation of parameters using canoni-
cal variables by Von Zeipel, ® and other methods. ?

5

In the present work we shall use the coherent state
to obtain a perturbative solution to the quantum non-
linear oscillator problem and obtain the classical solu-
tion in the appropriate limit. The use of the coherent
state is motivated by the fact that it is the minimum un-
certainty state of the oscillator for which the expecta-
tion value of x possesses the classical time dependence.
In the sense of expectation values the coherent state is
indeed a “classical state” and the difference lies in the
appearance of quantum correlations which tend to zero
in the classical limit (# -~ 0). An important advatange in
the present method stems from the fact that in quantum
mechanics the time appears in the form exp(iEt) which
is a bounded function and thus the problem of secular
terms does not arise. In the next section the well-known
properties, which we shall need, of the coherent states
are briefly reviewed. In Sec. III the method is developed
and employed to solve the Duffing equation as an exam-
ple. Section IV contains our concluding remarks.

Il. THE COHERENT STATE

The eigenstates of the Hamiltonian

Hy= 22 4 it (6)
T 2m 2 ’

for the harmonic oscillator, may easily be obtained®
using the “annihilation” and “creation” operators

a_p—imwx ay_p +imwx n
T 2wl T Zmon

with [a, a']=1, [a, a]=0=[a", '], in terms of which the
Hamiltonian may be written as

Hy=rw(a'a+1), (8

and the state of “» quanta, ” namely, in), is the eigen-
state of the Hamiltonian belonging to the eigenvalue
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Fw(n + %), and may be generated from the ground or

“vacuum” state {0) by repeated application of the opera-
t

tor a', namely,
hn
=32L 1o, (©

A set of normalized states, known as cokerent states,’
may now be obtained by superposing these states, to
wit,

[a>:eXp(-|a[2/2)§%r )

= exp(- a*a + aa' | 0), (10)

where « is a complex number. The last step of Eq. (10)
follows from the fact that exp(A) exp(B) = exp(A + B
+§[A, B)) if A and B are operators whose commutator
is a c-number. These coherent states, eigenstates of
the annihilation operator a (belonging to the eigenvalue
a), forming an over-complete set, are not orthogonal.
In fact,

[(a|8)[2=exp(~ | @~ 8[); (11)
however, this overlap goes to zeroas la— Bi ==,
Writing

2.8
o=- zz— expliwt), (12)

it is easily verified that

(alx\ o) = M B/ 2mw coswt. (13)

Thus A is the “amplitude” in units of the “zero-point
amplitude” and the classical limit is achieved when

7i=0, x~=:XVi/2mw—~A (the corresponding classical
amplitude).

(14)

1. THE CLASSICAL NONLINEAR OSCILLATOR
AND THE COHERENT STATE

The Ehrenfest theorem'! assures us that the expecta~
tion value of a dynamical variable satisfies the classical
equation. Thus, for example, for the Duffing oscillator
[see Eq. (1)]

dZ

a7 () + w0 +Bx®H =0, (15)

Since we are interested in the solution of the classical
nonlinear oscillator problem, we shall consider these
expectation values in the coherent state [see Eq. (10)]
and take the classical limit [see Eq. (13)] and ob-

serve that for expectation values in the coherent state

3n
2mw

6=+ () = (0%, (16)

and thus {x) should yield the classical solution.
The Hamiltonian eggresponding to the Duffing equa-

tion is given by

2
H= EPE + 1 mwi® + LBmat, (17

We shall next adapt the coherent state | @) to the per-
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turbed Hamiltonian H to obtain states | )’ in terms of
the modified quantum states !n)’ which are eigenstates
of H and the energies #iw(n +3) of the unperturbed prob-
lem are replaced by the corresponding energies E;.
Thus

=3 % BF exErt/m 1y, (19

where N, is a normalization constant. In view of the
Ehrenfest theorem [providing Eq. (15)] and the vanish-
ing quantum correlations in the classical limit [shown
in Eq. (16)], the solution of the classical problem may
be obtained from the classical limit of the quantum
solution. Thus
x= lim alxla)' (19)

Ao

AR 2me = A

Thus, using perturbation theory (retaining terms to first
order), we obtain

E)=nwh +%B(Z;;,HZ7>(2"2+2"+ 1) +0(8) (20)

and

== |y + mp (j_) : [N e N TR TR TR Y]

4hw \ 2mw
Xln+&+@2n+3)JmF D T2 [n+2)
~(2n-1)Jnln<1) in—Z)

+ i = D= 2)n=3) |n~4a)]+e(82). (21)

Thus to order 8 we obtain, using Eq. (19),
A® A3B .
= (1+385 + = -
x=Acos [u(l B " t)] 3507 (cos3wf — 6 coswt)
+0(p%), (22)

which agrees with the classical solution (see, for exam-
ple, Von Ziepel’s® method).

IV. CONCLUSION

We have obtained a method for the solution of the
classical nonlinear oscillator problem provided the sys-
tem is canonical and have shown that the perturbation
method yields the same solution as that obtained by
classical methods. An important advantage of the meth-
od stems from the fact that the independent variable
(the time ?) appears in the form exp(¢Et¢) and is thus
bounded and the problem of secular terms does not
arise. It may also be interesting to use the nonperturba-
tive solutions to the quantum nonlinear oscillator!? to
obtain interesting classical solutions.
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The purpose of this paper is to study the existence, uniqueness, and method of construction of a
nonnegative solution as well as the question of criticality for a two-point boundary-value problem

arising in the transport process of n different types of particles in a rod of finite length subjecting
incident fluxes and internal source. A recursion formula is derived for the calculation of the maximal
and the minimal solution which are the respective limits of a monotonically nonincreasing sequence
and a monotonically nondecreasing sequence. The behavior of these sequences leads to a
characterization for the criticality question of the transport problem. It is shown under some
physically reasonable conditions that the minimal and maximal solutions coincide so that it leads to

a uniqueness theorem.

1. INTRODUCTION

In the transport process of » different types of par-
ticles in a finite rod of length (b - a) the equation
governing the particle’s density is given by the following
system of equations:

% +Ay(u= Ay (X)u +Ay(x)v +p(x)

(a<sx<b), (1.1)

dv

- + By(x)v = B (x}u + By(x)v + g{x)

where 4;, B;(i=0, 1, 2) are nXn matrices and u, v, p,

q are n-vectors. The components u,, ..., «, of the vector
u represent the n distinct type of particles moving in

the forward direction along the rod while the components
V1, ..., U, Of v are the ones moving in the backward di-
rection. The derivation of (1.1) is based on the balance
relation for each of the » particles. The ith component
of Ay is the loss of ith type particles due to collision
while the corresponding component of (A;u +A,v) is the
gain caused by the interactions. The components of p
represent internal sources independent of the inter-
actions. Similar physical interpretation applies to the
second equation in (1. 1) for the backward moving parti-
cles. [For a derivation of (1.1) and the related problems
see Refs. 1, 2, 3 and for the corresponding time-de-
pendent problem see Refs. 4, 5.] When the ends of the
rod are subjected to incident fluxes, the boundary con-
dition becomes

wla) =u,, v(b) =, (1.2)

where the vectors u,, v, are given. By physical reasons,
we assume that A,, B, are diagonal matrices and all the
elements in the matrices A;, B; (=0, 1, 2) and the vec-
tors p, g, us U are nonnegative functions on [a, b]. We
also assume that these elements are only piecewise con-
tinuous. The requirement of piecewise continuity rather
than continuity is the most physically interesting case
{cf. Refs. 3,4).

The purpose of this paper is to characterize when the
problem (1.1), (1.2) has a nonnegative solution (or no
nonnegative solution) and when the solution is unique if it
exists. We also present a recursion formula for the cal-
culation of the maximal and the minimal solution (see
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Definition 2. 2). It will be shown that the existence or
nonexistence of a solution can be characterized by the
convergence or nonconvergence, respectively, of the
minimal sequence which is obtained from the recursion
formula with zero initial iteration (see Definition 2. 3).
In fact, the boundedness or unboundedness of the mini~
mal sequence is sufficient to determine whether the
problem (1.1), (1.2) has a nonnegative solution. This
fact leads to a characterization of the criticality praob-
lem for the system (1.1), (1.2). In this paper by a solu-
tion of (1.1), (1.2) we mean a pair of continuous vector
functions (u, v) which are piecewise continuously differ-
entiable and satisfy (1.1), (1.2) at every point x at which
A, B, p, q are continuous.

The problem (1.1), (1.2) has some other physical
applications, Consider, for example, a beam under
static loading conditions. If the beam has nonuniform
stiffness, such as a sudden change in cross section, or
the beam is made of different materials, then the equa-
tions governing the deflection w(x) of the beam is given
by

(EIx)w,,),, - 8w, = fix), (1.3)

where E(x) is the Young’s modulus, I(x) is the moment
of inertia, B(x) is the axial force, and f(x) is the dis-
tributed forces along the beam. All of these functions
can be piecewise continuous as is in most problems of
interests. Now by letting v, =w, u,=w,, v, =Elw_, v,
=-(Elw,_),, Eq. (1.3) reduces to the form of (1.1) with

e, (). () (),

B,=B,=(0), Bz=((33-1s 1)‘ qZ(?)’

Hence our recursion formula can be used for the cal-
culation of the deflection of a beam with irregular
cross section.

(1.4)

It is to be pointed out that the corresponding time-
dependent transport problem has recently been dis-
cussed by Bellman? for the case of constant matrices
and by Pao® for the case of nonconstant matrices and
with internal sources. The technique used in Ref. 5 is
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also by successive approximations, but the convergence
proof is based on the contraction mapping theorem
which does not seem suitable in the present situation.
Here, we use the classical monotone argument which
has frequently been used for the treatment of elliptic-
type boundary-value problems (e.g., see Refs. 6-—10).
This approach also leads to a recursion formula for the
calculation of a solution, but, in general, the construc-
tion of a solution depends on the choice of initial itera-
tion so that different initial iterations may lead to dis-
tinet solutions. However, by imposing some additional
conditions on the matrices A,, B,, we can obtain a
uniqueness theorem.

2. MINIMAL AND MAXIMAL SOLUTIONS AND
CRITICALITY PROBLEM

In this section we discuss the existence and construc-
tion of minimal and maximal solutions for the problem
(1.1), (1.2), by a monotone iteration scheme. We also
characterize the criticality problem in terms of the
minimal sequence obtained from the iterations. Our
process of iteration is as follows: Starting from a suit-
able pair of continuous functions (1¢°’,»(®’) we can con-
struct a sequence {#'*, v *%} from the following uncoupled
but inter-related initial-value problems

du(k)
= +A0u(k):A1u(k-1)+sz(k-1)+p
u®(a)=u,
dp , B=1,2 00,
- e +Bov(k):Blu(k-1)+Bzv(k-1)+q
(2.1)

,U()z)(b):vb

The construction of the sequence is clear since 4,, B,
are diagonal matrices and the right-side of both equa-
tions in (2.1) are known functions. In fact, if we write

Aqlx) =diag(al®(x), . ..,af(x)),
Bg(x) =diag(6{®(x), ..., (x))
and define
ai(xl,xz)zexp(—fxf’ af®(n) dn)

i=1,...,n, (2.2)

B;(x,,%,) = exp(~ fxfz b£2 () dn)

then an integration of the first equation in (2.1) from a
to x and the second equation from x to b lead to the
following recursion formula:

u® () =a,la, x)(n,), +fax Of,-(ﬁ,x)(gl) [a(i;)(g)uf(k-l)(g)
+a(uz)(§)1)j(k-1)(£)] +pi(g)) dt,

viR(x)=B,(x, 8)(v,), + fx" B, (x, g)(jzf)l [b(i})(g)uj(k-l)(g)
+b$?’(£)v}‘*'“(£)l+q,(£))d£, i=1,...,n.

(2.3)

In (2.3), the functions af}’, b)), u,, v,, p;, ¢, (0
=1,2, 4,j=1,...,n) are the respective elements of 4,,
B,, u, v, p, and g. Notice that, for each £=1,2, ...,
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u{®, v® are continuous on [a,b] and are continuously
differentiable at each point x where the prescribed
functions are continuous. Set

ya,), Dy=diag(B,,...,8,).

Then (2.3) may be written in the vector form

D, =diag(a,, ...

a®(x)=D,(a,x)u, +f,,xDa(E,x)[Al(cE)u"‘"’(E)

F A () () + p(0)] dt
5 2.4)
U(k)(x)ZDﬂ(X,b)vb +fx Dy(x, B, (E)ut*V(¢)

+ B, (E)v*1(g) +q(8)] dt

Hence our crucial problem is to determine when the se-
quence {u'*’, v ®} converges to a solution of (1.2), (1.2).
As we shall see in the subsequent discussions, the con-
vergence of this sequence depends on the existence of an
upper solution and the choice of the initial iteration
(u'®,v¢®). The definition of an upper solution is given in
the following and it is similar to that used in Refs. 8—10
for the treatment of certain elliptic-type boundary-value
problems. We recall that for any two vectors u

=y, ...,u,), v={vy,...,v,) the inequality < » means
that u; <o, for each i=1,...,n.

Definition 2.1: A pair of nonnegative functions (%, 7)
is called an upper solution of (1.1), (1.2) if it is
differentiable at every point where A,, B,, p, q, (I
=0,1,2) are continuous and satisfies the following
conditions:

.y dil

@ Zi;+Ao17>A1ﬁ+A21~)+p, wa) > u,; (2.5)
(ii)—@-+B~>B”+B~+ 7(b) = (2.6)
G T BV = Biii+ Bi+q, (b)>v,. .

The above definition implies that every nonnegative
solution of (1.1), (1.2) is also an upper solution.

Definition 2.2: Let (%,v), (u,v) be any nonnegative
solutions of (1.1), (1.2) withu<u<i, v<T<%. Then
(#,7) and (u,v) are called maximal and minimal solu-
tions, respectively, if every other nonnegative solution
(,v) with u< %, v <79 satisfies the relations

ulx) <uly) <u(x), v(x)svx)<v(x) for all x€< [a,b].

In the following lemmas we show some monotone
properties of the sequence determined from (2.4).

Lemma 2.1: Let (%,7) be an upper solution of (1.1),
(1.2). Then the sequence {x‘*’,%‘*)} given by the
formula (2.4) with #‘® =%, 9 =% is monotonically
nonincreasing, that is, %) <3(k) Frs) < 3R for
every k=0,1,2,-+. .

Proof: Tt suffices to show that the sequence deter-
mined from (2.1) is monotonically nonincreasing. We
first show that %} <%(®, where u‘®=%®=%. Let w
=7V —%®. Then, by (2.1) and (2.5),

d _ _ {0) _

£+A°w:mlu(°)+A2v(O)+p)_<Z—Z +Aou‘°>> <0,
2.7

w@)=u'"(a)~u'"(a)=u, % (a) < 0. (2.8)
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By a transformation w — ¢*w for some A >0, if neces-
sary, we may assume that the elements ai“” of A, is
strictly positive. Suppose, by contradiction, that w(x)
has a component w,(x) which assumes a positive maxi-
mum at some point %, < [a, b]. Then, clearly, x,#a
and a{®(x,)w,(x,) > 0. Since {dw,{x,)/dx]> 0 for a<x,

< b we see that the left side of (2.7) is positive, which
leads to a contradiction. Hence w(x) <0, that is, u‘Y
<%#¢®, The same argument shows that 7V <7®, We
complete the proof by induction. Assume ‘% <z,
7 <D Then the function wix) =u*V (x) - 3 # (x)
satisfies the equation

dw

By hgwo=A4,EP ~

ﬁ(k-l)).;.Az(:E(k)_:’j(k-l)) (2.9)
and the initial condition w(a)=0. Since the elements of
A,, A, are nonnegative, we see that the right side of
(2.9) is nonpositive and thus

dw

——+Aw=<

I 0, wla)=0.

(2.10)
It follows from the same proof as for (‘" —%‘®’) that
w(x) must be nonpositive, that is, #‘**V <u‘®, Bya
similar argument, we have v""'" p®  This completes
the proof of the lemma.

Lemma 2.2: The sequence {u*,v‘*} given by (2.4)
with 2©?=9® =0 is monotonically nondecreasing, that
is, w2y By B =y @) for every £=0,1,2,- -+

Proof: The proof is similar to that given in Lemma
2.1 and we sketch it as follows: For k=1, we have

du'?

——+tAuV=p>0, uVa)=u,>0, (2.11)
(1)
S 4B =20, pI(B)=0,>0. 2.12)
Let w=—u‘". Then (2.11) is reduced to
%+Aowso, w(a) <0, 2.13)

which is of the same form as in (2.7), (2.8). Hence
from the proof of Lemma 2.1 we have w(x) <0, that is,
u‘(x)> 0. The same treatment for »‘* in (2. 12) leads
to #>0. By an induction argument as in the proof of
Lemma 2.1 we conclude that u(®*1 > u(®), pa+h > p®
for every k.

Definition 2.3: The sequences {z*’,7'*%} and
{ut® »®} given in Lemmas 2.1 and 2.2 are called
maximal and minimal sequences, respectively.

Thus a maximal sequence is nonincreasing while the
minimal sequence is nondecreasing. In the following
theorem we show the convergence of these sequences.

Theorem 2.1: Let there exist an upper solution
(#,7). Then the maximal sequence {u ‘*’,7 *’} converges
uniformly from above to a maximal solution (,v) of
(1.1), (1.2) while the minimal sequence {u *’,v ‘*’} con-
verges uniformly from below to a minimal solution
(x,v). Furthermore,

s s P euEM <y,
- (2.14)

AR AL

OsuP<suP<ees su<qu

//\

OspM<spPgees <ps<T

//\
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Proof: We first show that «® <%® and v® <7 ® for
every #=0,1,2,+- . The proof is by induction. Since
u® =4, 5'Y=7 and u'P =9 =0, it is clear that u‘®
<@'® and v <%‘®. Suppose that u(* <7 %) and
v &L <> Then from (2.1) and the nonnegative
properties of the matrices A, B;, [=0, 1, 2, we
obtain

E‘i_(a(k) - z(la)) +Ao(g(k) - E(lz))

:Al@‘(k-l)_z(k-l))+A2(1‘)'(k-1)_2(k-1));0’ (2.15)
ﬁ(k)(a)_z(k)(a)_:o,

d 75 (B) (k)) (k) (k)

—a(v - v®)+ B,[7* - »)
:Bl(’ﬁ(k-l)_z(k-l))+Bz(-v‘(k-1)_2(k-1));0, (2.16)

5(k)(b)_2(k)(b):0.

By the same argument as in the proof of Lemma 2.1
with w{x)=%® = 4 [or w(x) =7‘" - »‘»] we conclude
that 7% > 4®) 3 > ¢ ®) This fact together with the
results in Lemmas 2.1 and 2.2 imply that the sequence
{@®,5*} is monotonically nonincreasing and is
bounded from below by (0,0) and the sequence
{u'®, v} is monotonically nondecreasing and is
bounded from above by (%,7). Therefore, the pointwise
limits

limz® (x) =ulx), lim7® (x)=7(x),

B~ heoo

(2.17)

lim % ®(x) =ulx), limo® (x)=v(x)

B~ R
exist and the inequalities in (2.14) hold. To show that
(ﬁ,i) and (u,v) are solutions of the problem (1.1},
(1.2), we recall that the sequences {#‘*’,7*} and
{u““ »%} both satisfy the recursion formula (2.4) and,
in view of (2.14), are uniformly bounded. This implies
that both sequences are equicontinuous and thus, by an
elementary argument, their limits (,?), (u,v) are con-
tinuous. By the Dini’s theorem, the convergence of
these sequences are uniform. It follows by letting
E—w in (2.4) with {u‘®’, v’} representing either
{u®, 5%} or {u®,v®} that both (,7) and (x,2) are
solutions of the integral equation

ulx) =D, (a, x)u

+ [ 7 Do, M)A, (Bu(E) + A, (o) + p(2)] d,

v(x) = Dylx, blv, (2.18)

+ [ Dy, DB, (BDu(t) + B, ()0 (2) + ()] d

Now since (#,7) and {(,v) are continuous, the integrals
in (2.18) are continuously differentiable at any point x
where 4,, B, ({=0,1,2) and p, ¢ are continuous. This
implies, by dlrect dlfferentlatlon of (2.18), that (#,7)
and (u, v) are classical solutions of the boundary-value
problem (1.1), (1.2). Finally, if («,v) is any nonnega-
tive solution of (1.1), (1.2) with u<#, v <7, then by the
same induction argument it is easily seen that u < TALLS
p<7® and uz u'®, v= 0% for every k=0,1,2,-
Hence we have Es u<7% and v<v<79. This shows that
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(u,v) is a maximal solution and (x,v) is a minimal solu~
tion. The proof of the theorem is completed

It is seen from Theorem 2.1 that the convergence of
the maximal and minimal sequences depends on the
existence of an upper solution. Since, by definition, any
nonnegative solution of the problem (1,1), (1.2) is an
upper solution, we see that the minimal sequence
{u® 9} must converge to the minimal solution (x,v)
unless the problem (1.1), (1.2) has no solution. This
observation leads to the following conclusion:

Theorem 2.2: A necessary and sufficient condition
for the problem (1.1), (1.2) to have a nonnegative solu-
tion is that the minimal sequence {u *’,» *’} converges,

The above theorem can be used to characterize the
criticality problem in terms of the minimal sequence.
We recall that the problem (1.1), (1.2) is subcritical
or critical according to whether it has a unique or
more than one nonnegative solution.

Theorvem 2.3: The problem (1.1), (1.2) is suberitical
if the minimal sequence {¥‘*’,»®} converges to a
unique nonnegative solution, and is critical, if it con-
verges but the solution is not unique.

Proof: The proof follows directly from definition and
the results in Theorem 2.2.

Since the minimal sequence is monotonically nonde-
creasing, a necessary and sufficient condition for the
pointwise convergence of {u *’,» *’} is that it be bounded
on [a,b]. It is shown in the proof of Theorem 2.1 that
the pointwise convergence of {« *’,v ‘*’} implies its uni-
form convergence so that the 11m1t (u v) is a classical
solution of (1.1), (1.2). We therefore have the
following:

Covollary: The problem (1.1), (1.2) is critical or
subcritical if and only if the minimal sequence
{*, 2%} is bounded.

3. UNIQUENESS PROBLEM

In the preceding section it is shown that if there
exists an upper solution (%,%), then the problem (1.1),
(1.2) has maximal and minimal solutions which can be
constructed by successive integrations of the recursion
formula (2.4). However, these solutions are not neces-
sarily the same so that there is no uniqueness theorem.,
Consider, for example, the simple problem:

d—u+u v, u(D)=

dx (3.1)

_%w:u + B, v(b)=0,

where $>0 is a given constant and u#, v are scalar
functions. If the length b of the rod is taken to be g!(x
- arctanp), then the pair (u,v)= (sinBx, sinpx + 8 cospx)
is a nontrivial solution of (3.1). Therefore, in order to
insure the uniqueness of a solution, it is necessary to
impose some additional conditions on either the matri-
ces A,, B, or the length of the interval [a,b]. In this
section we impose some additional conditions on A,, B,.
Specifically, we have the following:
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Theorem 3.1: Assume that

2 a6+ (] < a0
Jxe(a,0)] j=1,...,n.

E[am(x) +5{(x)] < b0 (x)
(3.2)

Then the maximal solution (#,7) and the minimal solu-
tion (u,v) obtained in Theorem 2.1 coincide on {a, 3],
that is, %(x)=u(x), v(x) =v(x) for x € [a,b].

Proof: Let A >0 be an arbitrary constant and let w
=e™ (i —u), w*=e (T —vp). Then from (2.14), wix)
20, w*(x)= 0 for each x< [a,b]. Since both (%, ), (,v)
are solutions of the problem (1.1), (1.2), we have

%:—Aw+ml—Ao)w+Azw*, w(a)=0 (3.3)
—%*zkw"‘+31w+(Bz—Bo)w*, w(b) =0 (3.4)

Addition of Eqs. (3.3), (3.4) leads to

‘E(w—w*)

“Mw-w*)+ (A, + B, -A)w+ (A, + B, — BJw*. (3.5)

Let C=A,+B,-A,, D=A,+ B, ~ B, and let the elements
of C and D be ¢;;, d,-,, respectively. Then
(3.5) may be written as

= wf) == 2w, — wf) + 2 ey, + d, wy),
7 (3.6)

where w,, w} are the corresponding components of w
and z*. By adding the equations in (3.86) and using the
condition (3.2) we obtain

dx(>i‘( w?))
== xé(wi - wf) +§:1 [Cffi)“’f * (Zﬂ)x d”) w;‘]

n
< - — w* €
)\g/l(wi w¥) [x€(a,b)] (3.7)
The above inequality shows that the scalar function

) 52 0,00 = w (0] (€ [a,5])

is strictly decreasing in (a, #) so long as it is different
from zero. This implies that, for any fixed x € [a, 4],

160 < flad =23 [0 - wi ] <
and

flx) = £(b) ZiZ:)l[w, (6)-0]=0

Therefore, we must have f(x})=0 for all x< [a,b]. In
view of the equality relation in (3.7) we obtain
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2[(2 o, ) w,.(x)>+ & d,,(x)) w’;‘(x)] ~0 [xe (a,0)].

i=1 i=1

(3.8)
Since w,(x), w¥(x) are nonnegative and, by (3.2),
$7..¢;;(x) and §7.,d;,(x) are nonpositive for x < (a, b),
j=1,...,n, we have
n n
_Z_)l[cij(x)]wj(x)=<tZ)1 d”(x)> w¥(x)=0 [x¢< (a,b)]. (3.9)

It follows from (3.2) and the continuity of wy, w}‘ that
w,(x) and w¥(x)=0 for each x€[a,b], j=1,...,n. This
proves #=u, v=yp and thus the theorem.

Since every nonnegative solution (x,v) of (1.1), (1.2)
is also an upper solution, the above theorem leads to
the following conclusion.

Therem 3.2: Let there exist an upper solution and let
the condition (3.2) hold. Then the problem (1.1), (1.2)
has a unique nonnegative solution which can be con-
structed from (2.4) with ‘@ =9® =0,

Proof: Let (u,v) be any nonnegative solution. Then
the pair %#=u, v=v is also an upper solution and thus
the process of construction given in (2.4) insures that
n=u, v=v. By Theorem 3.1, we have u=u, v=v.
Since this is true for any nonnegative solution (u,v), we
conclude that the problem (1.1), (1.2) has only one such
solution, The construction of the solution follows from
Theorem 2.1,

Remark: From the example given in (3.1) we see that
for any ¢> 0, no matter how small it is, the condition
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n

Ly <0, :éd”(x)se, i=1,...m, (3.10)
is not sufficient to insure the uniqueness problem.
Thus, except the case of pure scattering (that is, with
¢=0), the conditions in (3.2) cannot be improved signi-
ficantly without some restrictions on the interval [a, b].
(See Ref. 11 for the case of pure scattering.) On the
other hand, if the solutions of the problem (1.1), (1.2)
are not unique, that is, if the maximal and minimal
solutions do not coincide, then the physical system is
critical and the corresponding value (b — a) is the
critical length of the rod. The question of determining
the critical length of the rod in terms of the matrices
A,, B, needs further exploration.
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The spectrum generating algebra associated with the negative energy motions of a classical dynamical
system, namely the Kepler problem, has been systematically studied with the aid of the Poisson
brackets. The canonical map between our realization and that of an earlier analysis by Barut and

Bornzin has been established.

I. INTRODUCTION

Since the days of Laplace,® the Kepler problem has
been extensively studied as this system furnishes an
excellent prototype for building up dynamical symmetry
models. In a previous communication, > we systemati-
cally analysed the possible dynamical symmetries as-
sociated with the Kepler problem and the three-dimen-
sional harmonic oscillator with the aid of Poisson
brackets. It was shown that in the Kepler problem (i)
there are two conserved vectors (the well-known Lenz
vector A and the vector LXA) and three second rank,
traceless tensors which together with the angular-mo-
mentum vector L separately close to the Lie algebra of
0(4) and SU(3), respectively (for E < 0); (ii) because of
the existence of the preferential points (perihelion/
apehelion) on the orbit, it was shown why O(4) but not
SU(3) is a dynamical group for the underlying classical
dynamical system; (iii) since the vectors and tensors
involve arbitrary functions of energy, there is an am-
biguity in the relation of the Hamiltonian and the
Casimir operators of the dynamical group.

Here, following Dothan,® we address ourselves to a
systematic investigation of the “spectrum generating
algebras” for the Kepler problem. We make use of the
following assumptions.

1. Let M be the state space of the classical dynamical
system. It admits a maximal dynamical symmetry group
K (correspondingly, K is the Lie algebra of infinetismal
canonical transformations on M) actingly transitively on
each energy surface M, =K/K, where K|, is the stability
subgroup of some point on M,.* This implies that all the
orbits of the dynamical system are diffeomorphic to one
another and that the Hamiltonian is a certain function of
the canonical invariants of K.

2. The vector field X, on M (H, the Hamiltonian of
the system) generates a global action in 2 (2, the
symplectic manifold or the phase space of the dynamical
system) of 0(2) [0(1, 1)] for compact {(noncompact) or-
bits. This defines the “Hamiltonian group” G, [0(2) or
O(1.1)| and the Hamiltonian appears as a function of
single element of the Lie algebra.

3. We now define the spectrum generating algebra
G with the following properties: (a) It contains K& Gy
( Gy is the corresponding Lie algebra for the Hamiltonian
group) in such a way that G, commutes with all the
elements in K. (b) The compact and noncompact orbits
may be realised corresponding to different open inter-
vals of the energy and correspondingly there exists
analytic continuation within the above submanifolds. It
is only in this sense that the group G admits a global
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canonical action in the entire phase space 2. (c) The
elements of G satisfy the classical equation of motion,
¢G
EThl [@,H]=0.
This implies that the elements of the algebras K and G,
are independent of time and the rest of the elements of
& have explicit time dependence.

Our material is arranged as follows. In Sec. II, we
briefly recapitulate the ideas underlying the spectrum
generating algebra for the Kepler problem. Then, we
outline the general method of constructing the elements
of this algebra with the aid of equal-time Poisson
brackets. The “symmetry algebra” for E<0 is 0(4)
which possesses a local canonical action on the energy
surface M ;=0(4)/0(2); i.e., each energy surface is a
homogeneous space with the stability subgroup 0(2). We
now demand that the “spectrum generating algebra” G
be such that the commutant of O(2) is precisely O(4)
which leads to the structure of G=0(4, 2). The rep-
resentations of O(4, 2) possess the following properties:

(i) A unitary irreducible representation of O(4, 2) on
restriction to O(4, 1) remains irreducible. We recall
that the group O(4, 1) is identified as the “group of
quantum numbers” in the quantum counterpart of the
Kepler problem by the Boulder School led by Barut.
Dothan® calls it the spectrum generating group since it
describes the multiplicity structure of the energy levels
(later, on inclusion of the Hamiltonian as a generator
of the group, he adopts 0(4, 2) as the spectrum
generating group of the Kepler problem).

(ii) When restricted to O(4), it splits up into the direct
sum of ® D(n, k,=0), each D (n, k,=0) having multi-
plicity one.® We note here that the Casimir operator
(the quadratic one) of O(4) commutes with the
Hamiltonian group generated by L.;. We obtain various
realisations of G and in the special case, rederive the
well-known results of Dothan.

In Sec. II, we examine the correspondence of our
realisations with that of an earlier analysis by Barut
and Bornzin. ® Starting with the usual nilpotent Heisen-
berg algebra and with the given spectrum of the
Hamiltonian with the 1/g potential, these authors gen-
erate the Lie algebra of O(2, 1) and subsequently taking
0(2, 1) as the building block construct the Lie algebra
of O(4,2). In order to recover our present realisations
from that of Barut and Bornzin, we first make a
canonical transformation to the elements of G given in
Ref. 6:

(F) _ ,Flq,m
Lab =e Lub
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where, F(q.p) is an arbitrary differential function of
the coordinates q and p. We note that under the canoni-
cal transformation, the elements L{[” preserve the
poisson bracket relations. Now, taking a suitable linear
combination of these transformed elements L, we
rederive our realisations for the Lie algebra G.

In Sec. IV, we briefly comment on our choice of
0O(4, 2) as the “spectrum generating algebra.” Some
light is also shed on the analytic continuation when the
Hamiltonian is identified with a noncompact generator
L,,. The bearing of our analysis in studying the sym-
metry algebras for a perturbed Hamiltonian dynamical
system in celestial mechanics is also briefly commented
upon.

Il. SPECTRUM GENERATING ALGEBRAS
A. Introduction

Let M = the state space of a classical dynamical
system. In general, it could be of infinite dimension;
and F(M)= the C” real-valued functions defined on M.
Let F(M)={f,, for .... fn}, and Q= the symplectic
closed form on M such that dQ2=0 (i.e., the exterior
derivative is zero). € is called the phase space for the
underlying dynamical system and in the canonical co-
ordinate system is given by’

Q=3 dp,\dq, - dH/\ dt. (2.1)

For each fa = F(M), the differential df, is a covariant
vector field and the contravariant vector field X, on M
is defined as

g
df,=X;, 1 9:2@’; dpi+g-£% dq,.> v (2.2)
and
_9 g 0 _8fa 9
Xfa_ at * ? <a[7,- 9q; - aq; api) (2.3)

where X, 1 Q defines the contraction of @ by Xy,.? Let
{Xs,}=V(M). For every f,, f,= F(M), we write

% o 8fy _ 3fa 3y
Xf,l(fb)— ot +§><apt aq, - aqi ap;)
- (2. 4)
afy
:'é—[— +[fa‘7 fb]

Under the Poisson bracket (2. 4), the real vector space
F(M) becomes a Lie algebra. The map f, ~ X, is a Lie
algebra homomorphism of F(M) into V(M) on M. Thus,

X :aXfa+Bbe’

Q‘fa*efb

(2.5)
X[fa,fbl :Xfabe—beXfa’ Jor foe FM).

Constants of the motion

A function H € F(M) is called a Hamiltonian function
if it has no critical points (i.e., dH =0). The triplet
(M, 2, H) is called a Hamiltonian dynamical system.
Thus,

9 ¢H 0 dH 0
— = — 4l —— - == — 2.6
H=Xy ol Zr’(ﬁpi oq; 0q; api> ( )
and
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oH oH oH
dH—IE (E dpi+ﬁ—dq‘>+é{_dt' 2.7
IfH=H(p,, q;), then 9H /9t =0. Now,
5
Xy /)= T2 +10.7,), [using (2.4)] (2.9)
Using the classical equation of motion, we have
dafy _ ofy _ (2.9)
dt - at +[H)fa]_0y
i.e., f,, a=1,2,3,...,n, are constants of the motion

and at equal times generate the Lie algebra
d 8
G:{fa, l<asn || 7’}—: af—; + [H,fa]:O}.

We call G the spectrum genevating algebva for the given
Hamiltonian H. Further, if [H,f,]=0, then 3f,/3t=0;
i.e., f,'s are independent of time. Let

| o,

= sq < < 4 — =
K {fa, l1<as<m nl Y 0, |H,f1,] 0}
be the subalgebra of G, which we call the symmefry
algebra for H. We note here that the elements of G so
constructed will have some elements independent of
time and the rest have explicit time dependence.

B. Construction of the Lie algebra K

We will briefly summarise the construction of the
symmetry algebra Kc G. For a detailed discussion,
the reader is referred to our earlier work.?

The Hamiltonian H for the Kepler problem is given by
H=(p?/2)+V(q), V(g)=V(¢*)=-1/q, (2.10)

where we have used the reduced mass u =1 and the
coupling parameter » =1 for sake of convenience. The
constants of the motion which have vanishing Poisson
bracket with H are given by?

L=qXp, (2.11)
f=a,(¢* H, *)q+ a,(¢®, H, P)p.
=(a/P)LXA - a} A, (2.12)
where
A=pXL-qg/q (the conventional Lenz-vector),
(2.13)
L><A=L2[1—q/lzlp+<%> q, u=p-q, (2.14)
a = o (%) - (2H +1/q). (2.15)
az-—-a()(l—q/lz)+a’2u. (2.16)

oy, of are two arbitrary constants depending on H and
I?. Further, the coefficients a, and a, satisfy the
following equations:

u da,
@ q 9%
The vectors A and L XA lie on the plane of the orbit.

=0 [ [H,f]=0]. (2.17)

Tripathy, Gupta, and Anand 1140



So f is an arbitrary vector in the plane of the orbit
which points in an arbitrary direction. For negative
energy motion (£ < 0),

£ f=dlg® + 2u a,a, + a5 PP = - ol* + o (H).
where

O(H)>1*>-1/2H and o=+1. (2.18)

For £>0 and E =0, o takes values —1 and 0, respec-
tively. Thus, the symmetry algebra K is spanned by

(L. f) whose Poisson bracket relations satisfy the Lie

algebra isomorphic to that of 0(4).

C. Construction of the spectrum
generating algebra G

In order to get the multiplicity structure of the energy
levels, we consider now a bigger algebra & which con-
tains K={f,=L,fI[H,f,]=0, 9f,/3t=0} as a subalgebra.
As discussed earlier, the additional generators of G
will have time dependence through Eq. (2.9). Let us
consider now that the elements of G={f,=L, f, M, T,
T, T,, T,l0//dt+|H,f,]=0} satisfy the following equal-
time Poisson bracket relations of 0(4, 2):

[Lab‘ Lcd]t:gacl‘brl + 8hy L. —gadLbc—gbcLad (2.19)
where the subscript “¢” denotes the Poisson bracket
relation at equal time [, g, =g =—-g,s=—gss =1,
i=1,2,3; and we identify L, =3¢, L,,, fi=L,, M,=L,,
=Ly, T=L,, Ty,=L,, and I'y=L,.

Construction of B and M), S, (T'y and T), and T,
Leave
B=A,q+A,p (2.20)
to be determined.
Now,
[f,B],=a, 4, - a, A, + terms which involve pXp,
qXp, pXqand gXq
{2.21)
[using (2. 12) and (2. 20)].
From (2.19), we have
[f, B],=S.

Thus, identifying S=a, A, - a,A,, we find that the coef-
ficients which occur with pXp, gXp, etc. in (2.21)
identically vanish. Again, using (2.12), (2.19), and

(2. 20), we have

[S,f],=B=A4,q+4,p. (2.22)
Simplifying the Poisson bracket relation of S and f at
equal time and matching the coefficients of q and p on
either side of (2. 22). we have

u da a2>as 1 0S
A=l - 2+ = J—+ = (a, ?) —
1 (q oH " g )ag T T et ey
and
_ #2380, 1 .0, as
A, = 7 g H -7 (a,q +a2u)a—l—. (2.23)
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Thus,
S=a,A,-a,A,

[u ( da, Ba1> a3 ] as
=| - \a, == —-ay, ) - —= —
q 1 9H 2 oH q aq

as
+(+1/2HD ;-

(2.24)

[using (2. 23)].

Now, substituting for a, and a, from (2. 15)
and changing the variables from (I, g) to («, q), we could
in principle solve for S in (2. 24). However, since a,
and ¢, involve arbitrary functions o and a, the general
structure of S does not appear transparent. So, hence-
forth, we will restrict our analysis to the following
cases:

1. ay=0, a,=(1/Vv-2H), f=-aA4; (2.25a)
’ s 1
2. CY;:O, (QO/Z):(I/ ~2H )1 f= lmﬁ LXA.
(2. 25b)

Case 1: The structure of S is obtained as follows (see
Appendix A for the detailed derivation of S):

S

X(H) (— 1+ 2Hg cosp—-u sin;%)

T V=oH V_2H
Y(H) (_ 1+2Hg . )
+ NeoT Vatia sinf +u cosfB},

B=(=2H)"? (u - 2H!). (2.26)

We note that S is a linear combination of two rotational
scalars I'y and T (say) involving the arbitrary coef-
ficients X(H) and Y (H).

Let

I = 1+2Hq
‘ V= 2H

cosp —u sinp
and

1+2Hq
=- ——* sinf +ucospB.
V- 2H
In (2. 27) we have chosen the arbitrary coefficients X(H)
and Y(H) as

(2.27)

(X(H)/V=2H =1, |YH)/V=-2H]=1. (2.28)

To compute the vectors B, we substitute (2.27) in (2. 23)
and using (2. 25a), we finally obtain after a little
algebraic manipulation

M=gpcosp - (1/V-2H ) (up - q/q) sinB
and (2.29)
T=gpsing +(1/V- 2H) (up — q/q) cosB.

Now, using the equal-time Poisson bracket relation

between M and I", we find
T,=(-2H)'/2, (2. 30)

We note here that I, is independent of time as it should
be. It satisfies all the properties mentioned in the in-
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troductory chapter to obtain the structure of the “spec-
rum generating Lie algebra” for the negative energy
motion.

Case 2: We obtain the following expressions for M,
I T, T, and T

1 1 u
M= T [(2+ ZHq)q—qu]COSB + Wiy (— E (1+2Hg)q

+ (F - q)p) sinB

I'=

o~

[(2 + 2Hq)q - ugp) sing - (— % (1+2Hq)q

1
IV=2H
+ (u? —q)p) cosg. (2.31)

The structure of I, T, and I, are the same as in the
Case 1.

1ll. CONNECTION WITH 0(4,2) REALIZATIONS
OF BARUT AND BORNZIN

The canonical realisations of the Lie algebra of
O(4, 2) as computed by Barut and Bornzin® are as
follows:

L/ =qXp,

' =3pq-up - 3q.
M = 3p°q - up + 3q,
'’ =gp.

Iy =2(ap® + q),

T =%4qp*-q),

T =u.

(3.1)

To establish the canonical map between the realisations
of Barut and Bornzin and those of our present analysis,
we first define the canonical transformations of the
elements in (3. 1)°:

1
LO=ef Ll =Ly +|F, L |+ = [F,[F, L]+ (3.2)

2!

Note that under the canonical transformation (3. 2), the
Poisson bracket relations satisfied by (3. 1) remain
unaltered. Let us assume F=ap-q=au and “a” is an
arbitrary function of energy E which has to be fixed
later. Now, using ¢*u=u, e*“q=eq and e"*p=e™p,
we obtain

LP=L =L,
(9= fevap - emup-betg,
M P =Leoqp?_erup+1ieq, (3.3)
TP =e™ gp,
o7 =3 (e gp* + ge?),
TP = 3(e™ qp® — ge”),
TP =y,
Let exp(a) =(-2E)/2,'° Using p* =2H +2/4,
we simplify (3. 3) to

7 = (- 2E)/2 [(1 + 2Hq)q/q ~ upl + (- 2E)"/*(E - H)q,
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M = (- 28) 2 [~up +a/q]+ (- 2B)/* (H - L),
5 = (- 2£)* 2 ¢p,

TP = (= 2E)1/2 + (= 2E)*/2(H - E)q,

TP = (= 2E)* 2+ [1 + g(H + E) ),

Ty,

Thus, for H ~ £ =0 and taking linear combination of
the elements (M'P, TP (TP T'F) we finally
rederive the following structure for L ,:

L=qXp,

1 (1+2Hq )
f= —— { —2 g-up),
—2H q q-up

M=VI32H cosg I - sing M' 7,
I'=v=2H sinB I''" + cosp M' P,
T,=(-2H)"/2,

I'y=-cosf [P —sing TP,

T=-sing T, +cosp TP,

(3.5)

1V. CONCLUSION

The mathematical structure of the “spectrum gen-
erating algebras” was studied by Dothan, * Hermann, !
and Barut and Bornzin. ® Hermann addresses himself
to the time independent case and squarely confines
discussion to the spectrum generating algebra of
SO(5,R) and only outlines the Cartan’s construction of
obtaining the Lie algebra of the noncompact SO(4, 1). As
stressed in Sec. II, with the appropriate choice of X(H)
and Y(H), we reproduce Dothan’s calculation (see our
discussion for Case 1). Although, the spectrum gen-
erating algebra 0(4, 1) precisely describes the multi-
plicity structure of energy levels, Dothan later adopts
the Hamiltonian as a generator and extends the notion of
spectrum generating algebra to O(4,2). To us, the
choice of 0(4, 2) as the “spectrum generating algebra”
has more intrinsic values. As stressed in the introduc-
tory chapter, we demand that G must contain the sym-
metry algebra K and G, as subalgebras in such a way
that G, commutes with K. By identifying L ; (the gen-
erator of G,) as the Hamiltonian flow, we have laid
down the basis for the Hamiltonian quantization.

As noted earlier, Barut and Bornzin® construct the
Lie algebra of O(4, 2) taking 0(2,1) (T, T,, T,) as the
prototype building block. The elements of 0{4, 2) so
constructed do not depend upon time. Since O(4, 2) con-
tains O(4, 1) as a subalgebra (which takes care of ex-
plaining the multiplicity structure of energy levels) and
current elements (L,,, L) which account for the elec-
tromagnetic transitions (also, the strong and weak decay
transitions in elementary particles), '*7'* it is referred
to as the dynamical group by the Boulder school while
0(2,1) which solves the spectrum of the Hamiltonian is
known as the spectrum generating algebra.® Although.
such a nomenclature looks more reasonable. we, how-
ever, take the attitude that, after all, “the dynamics of
yesterday is known as kinematics of today” and have
adopted the philosophy of Hermann'* and Dothan.?

Now, coming to the case of noncompact orbits, we
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essentially deal with the energy in the positive interval.
The maximal symmetry (or, simply the symmetry)
algebra K is O(3, 1), the Hamiltonian flow has to be
identified with L,; and G which contains K and L as the
elements of the subalgebras is still 0(4, 2).

We want to recall here that the differential operators
and the unitary irreducible representations of O(4, 2)
are realised in the Hilbert space L? (£ n=23)
equipped with the inner product!'®

(Prast) (prar )y _
((bnlm ? > (»bn’ t'm'q )"Gnn’ 611’ 5mm”

where {¢,,,.} are the eigenvalues of the quadratic
Casimir operator C, of O(4), , ;4 0r I', (L), L and L,.

2n+1>

Additional remark: The spectrum generating algebras
are also useful in studying the problems in celestial
mechanics where the Hamiltonian has a small perturba-
tion; e. g., one could analyse the motion of the Earth
and the Sun described by the unperturbed Hamiltonian,
the solvable two-body problem and the perturbation could
arise due to say Venus. By chosing the phase space §2
of this dynamical system as

Q=37 (dp; Ndq; - dH, Ndt) - dH' A dt
=2 dpyNdq, - dH' A dl,

where H' is a function of p; and ¢;,, H=H,+H’, one
could obtain a detailed Lie algebraic structure.
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APPENDIX: COMPUTATION OF S (I, AND 7)
We consider the case when f=[-1/(— 2H)*/?]A. Let
a,=0, a,=1/(-2H)'/2, Then
a,==1/(-=2H)'*(2H + 1/q), a,=u/(-2H)'/?
and
f.-f=-1/2H.
Substituting (A1) in (2. 24), we have

1 [P-g\3S 1 1 s
S=aA, - == |=t) =+ = (P+ —=—} =
Gy = A = <2H )aq 7 <l+2H)al (A2)

Changing the variables (I, q) to (u, q), we rewrite (A2) as

1/3S  1+2Hq 3S (lz—q) 1( 1> )
S:-—- — + - -—— 2 - -
q<8q u 8u> 2H u l+2H du

(A3)

Let S=%,5,q4', where S;#0, S,’s are functions of 4,
and u only a solution of (A3). Substituting for S in (A3),
we have the following recursion relations:

3s,

2HS,=S,-u vk

(A1)

(A4)
uS, +u 95y =0,
ou
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and S,, S,, ... identically vanish. Eliminating §; in (A4),
we have
928
and
B _(1+2H q) s,
s-so+qsl_<T S, - (u/2H) P (AB)

Let S,=C,(H, t) cos(uv-2H)+C, (H, t) sin(uv- 2H) be a
solution of (A5). Then,

S= <L;;I_§—g—1) [C, cos(uV=2H) + C, sin(uV-2H)]

+ —— [C, sin(uV=2H ) - C, cos(uv=2H )] (A7)
V=2H
[substituting for S, in (A6)].

To estimate C, and C,, we make use of the equation
of motion

2S
ﬁ+[H,S]_O
or, (A8)
38,8 4
g 9q 0t

Using (A8) in (A7), we have

%1 + (- 8HN/2C =0,
(A9)

aC
— (= 3y1/2 _
A - (- 82 c =0,

Thus solving for C,;, C, in (A9), we find
C,=X(H) cos(~ 8H®?/%t + Y(H) sin(- 8H3)'/?¢,

1 oC .
CI: —_ Z—W —a—t‘Q =X(H) Sln(—' 8H3)1/2t - Y(H)

(A10)

X cos(— 8H®)'/%,
Substituting (A10) in (A7), we finally obtain

(—ngli))”"‘ (

_1+2Hg
V=2H

~u sin[V=2H (u - ZHt)])

S=

cos[vV=2H (u - 2Ht)]

1+2Hg
V=2H

+u cos[V=2H (u - 2Ht)}).

+

Y(H) (_ sin[v=2H (u - 2H¢)]

—92H 172
(- 2H) QED

(2.26)
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Mp=0(4)/02)=V, ,,

where V » is known in the literature as the Stiefel manifold.
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qH+L ™ p=0,
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A relativistic approach to quadrupole effects on planetary orbits

Daniel Yaakobi

Department of Environmental Sciences, Tel-Aviv University, Ramat Aviv, Israel

(Received 2 August 1974)

The geodesic curves for a static axially symmetric metric and their first integrals of motion are
calculated. The conformal mapping found by Erez and Rosen leading from the axially symmetric
metric to the Schwarzschild spherically symmetric metric is applied and if a quadrupole moment is
taken into account initially, a correction to the motion of a planet moving in the field of the sun in
the equatorial plane is found. The results are compatible with Schwarzschild solution and motion in
a classical quadrupole field. The main result is a justification of the usual procedure of simply
adding relativistic and classical perturbations on planetary orbits.

The stationary axially symmetric metric is according
to Weyl and Levi—Civita in polar coordinates

ds® = exp(2¢) di* — exp(2y - 28)(d¥* + 2 dFP)
- exp(- 2y7* sin®6 do?, (1)
where 7, 6, ¢ are the polar coordinates and ¢ is time.

The functions ¥(7, 6) and ¥(r, 6) satisfy the equations
(a suffix denotes differentiation with respect to the
coordinate)

o+ 204 S+ s cotOy = (2a)

Yp= (J’f - % d}ﬁ) 7 sin®8 + 24,4 sin cos#, (2b)

Y= — (f— % z/%) 72 5in6 cos b + 2,4, ¥ sin®6, (2¢)
The solutions are*

Wr, 8)= nﬂi)‘ A, 7P, (cosb) (3a)
v, 0

= 2 A, T B, Py = Py Pr)

+2 mf)l AA_L f: (P2 +m?P%) sinfdé +C. (3b)

P,(cosb) are the Legendre polynomials and ¥’ is a sum-
mation on m and » exXcluding the case where m= -1,
P! denotes dP, /df.

The geodesic equations are

d%r dr dv d8
a?—w 'Yr)(g‘) -2(p, - )d 75

- exp(— 2y) 7 sin%é - 2¢,}<df>

2
-

+exp(4y - 27) ¥, (;;) =0, (4a)
d29

I p(w 7)( )2+2<%-wr+7,>

2 :
~ (s — 7) (g—g) - exp(- 27) sin®f (cotf - b (%) ’

dr do
ds ds

dt\ ®
+exp(4yp - 27) =) = 0, (4b)
dqu 1 dar d¢> dad d
'cgz— +2 (; - d)r) dS ds +2( otf— ¢9) Zl) 0 (40)
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% dy dt

dao dit
ds? * 2% s ds ds

+2Y 5 Ts ds =0. (49)

The last two equations can be integrated:

. d
# sin®6 d_(f = pe?, (5a)
I = ke™, (5D)

Equation (5a) is the angular momentum integral while
(5b) is the energy integral. Substituting (5a, b) in (1),
we get

dr\ 2 de\ 2 e
— + — = 2 - _—] - —
(ds) 72 (ds) (k exp(~29) -1 g
X exp(Zzb)) exp(2¥ - 27). (8)
Equation (6) can be substituted for (4a).
A possible solution for 9 is
8= const=1/2. )

This is the case of equatorial motion of a particle in

the Sun’s field. This is possible when all the Sun’s mass
is distributed symmetrically with respect to the equa-
torial plane and it excludes from Eq. (3) for ¢ all the
odd Legendre polynomials and we are left only with even
n. Applying (7) to (5a) and {6), we obtain after division

@12 =(%)

=exp(- 2y ([Ie2 exp(— 29) — 1] 7! exp(=

2
B2 _ )

(8

Choosing a new variable #=1/v, we find

2
(%é) 2= exp(— 27) <[k2 exp(— 2¢) — 1] &p}g;z—w - u2> )

9
A solution for ¥(7, 6) which includes only a point mass( )

m and a quadrupole moment ¢ is

4, )= =2 + 2 L (30050 1) (10)

and the corresponding value of y is

- sm 2 (mz 3 myg

¥{r, 8) = (5cos?6-1)

T2 A
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+ g % (25 cos*6 - 14 cos?6 — 1)> (v

Taking 6 =17/2 these expressions reduce to
W) = = mu -~ L qu®, (12a)
¥(w) = = (m%® + Fmqut + 5 g%u). (12b)

Differentiating (9) with respect to ¥ and denoting u” = d%:/
de?, ¥ =dy/du, ' =dy/du, we obtain a second order
differential equation for u:

u” = exp(~ 27) [— Y <h12[ exp(- 4¥) - exp(- 2¢)] - )

* % P'[- 242 exp(~ 49) + exp(- 2] - u] . (13)

Expanding the exponentials up to the second order of
the mass m and quadrupole moment g, we get

exp(-27)=1- 2, (14a)

exp(=- 2¢) =1 - 29 + 247, (14p)

exp(~ 4y) =1 ~ 49 + 8y, (14¢)
The derivatives of (12) are

w’:_m_%quz, (153)

V' =~ mPu=3maqu® - 3 ¢4 (15b)
Inserting these values into (13), we obtain
u’+tu= l(Zkz— 1)(m + %qu )+ 377”— u(3k% - 1)

hz T3 (1982 ~ ) P us(‘?kz -4)
umb® + 3 mqu" + 6q°%ub)
+ terms of higher order in (m, q). (16)

In the case of slow motion of a test particle, % is very
close to unity and so Eq. (16) becomes

+349 6m? 12mqu® | 9¢°
"ru= +—u+t + =
u u= 2 kz u h hz 2 ha u
+ terms of higher order in (mu, qu®). 17

The conformal transform performed by Erez and Rosen®
which takes a rod of length 2m and transforms it to the
Schwarzschild spherical solution of a mass point m is

P =7 = 2m7 +m? cos?b, (18a)
cos8(F —m)
0s0= —= — = 18b)
¢ (2 = 2m7 + m? cosB)t/? (
¢ = 5 (18¢)
In the equatorial plane =8 =7/2 this gives
w="/(1~2mu)/? (19)
where u=1/7, u=1/7.
The derivatives of » with respect to ¢ = ¢ are
w =u'[1 = mw) /(1 - 2mw)®/?), (20a)
— —r
v_—n (1 = mun) mu (20D)

(1-2mn)®? (1~ 27r'u)5/2(2 .

Expanding (19) and (20) up to linear terms in m#u, we get
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u=u(1 +mu), (21a)
' =u'(1+ 2ma), (21D)
w” =u"(1+2mu) + 2mu"®, (21¢)
u?=%"Q1 + 4mu). (21q)

We have found before, Eq. (9), that

u’® = exp(~ 2y) ([exp(- 2¢) - 1] ___E__expé— 24) _ uz) (22)

and after using the expressions for ¥ and y, Eq. (12),
we obtain
2 - %z(zmu +qu®) — 12 =u(1 + dmi). (23)
The value for %? is
7% =u"(1- amn) (24)

=(1 = 4miu) (%[Zm&(l + mi) + gt (1 + 3ma) ]
-1+ Zmﬁ))
= ;}5[21%&(1 = 3ma) +qud(l - mu) |- 2 (1 = 2m7A).

From Egs. (21) we get for «” (after omitting terms
higher than m2u/h®, mqu®/h?):

u" =T"(1 + 2m7) + %’;‘_ <ma + %53) - 2mi. (25)

From Eq. (17) we find

dm® _ | 29 4

u” +u=7"(1+2mu) + —gz——u+k—z mi

- 2mi? +7(1 + ma)

;2 m + 3 qi2(1 + 2ma) + = bm — u(l + mn)

h

qz
L@ (1+5mu). (26)

+
h

12;“1 7 (1 + 3miam) +

Nlco

Dividing Eq. (26) by (1 +2m#) and expanding, the result
is

w+ % (1 - 2ma) + 2—2"2‘—1 (1 - 2m7) -

+u(1 — 2mu)

mut(1 - 2mi)

2
6 o #(1 - mu)

=%(1—2mu) gt +

e
12mq _3(1 + ) + g w 7°(1 + 3mu). 27

The final result is (after omitting the bar over the u):

2
u”+u:%”z+3mu2+gf§u +10 ’Z" 3+g%u5. (28)

This equation describes the motion of a test particle in
the equatorial plane in the field of a gravitational mass
m having a quadrupole distribution ¢. The first two
terms at right give the Schwarzschild solution for the
precession of the perihelion of a planet around the Sun,
the third term gives the precession due to a classical
quadrupole effect (see Ref. 3) while the last two terms
are a general relativistic correction to the
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Schwarzschild solution due to the quadrupole moment
of the Sun.

Now applying Eq. (28) to the motion of a planet (e.g.,
Mercury) around the Sun we can drop the last two terms
and we are left with

=1 +14) ™ +1 9,
u +u—h2+3 (m 2h2>u iz 3m (1 3 i) %
= 7% +3m(1+0)ef, (29)
As Dicke and Goldberg* have pointed out, the Sun has
an oblateness of

(Yaq = ¥po10)/7=(520.7) X107 (30)

which would contribute 8% of the general relativistic
effect which means that C which is the ratio between
the classical (quadrupole precession of a planet and

the Schwarzschild precession, is 0,08. Let us calculate
it according to Adler, Bazin, and Schiffer.?®

Comparing the potential $(») given by (12a) with the
potential of Ref. 3

m B
f) == - = 5 =—mu-tqi, (31)
we find in natural units that
B=gq/2. (32)
1147 J. Math. Phys., Vol. 16, No. 5, May 1975

The classical precession is (according to Ref. 3)

b¢, = 3m %ﬂ, (33a)

while the Schwarzschild precession is

o = 2m(3m2/h?). (33b)

Their ratio is exactly C as defined in (29). The con-
clusion is that Mercury’s precession around the Sun can
be described by the superposition of the general relativ-
istic effect and the Sun’s quadrupole moment. This paper
rigorously justifies the intuitively obvious procedure of
adding relativistic and classical perturbations on plane-
tary orbits around the Sun.
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An explicit model for the renormalization of field equations

P. de Mottoni* and A. Tesei*

G.N.A.FA., CN.R., Roma, Italy
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We provide a simple model where a precedure for renormalizing field equations yields nontrivial

distribution solutions.

1. INTRODUCTION

The renormalization of field equations has been re-
cently considered!:? in a frame which can be summar-
ized as follows:

(a) Write down a sequence of approximated “renormal-
ized” equations

6% U(1)=LU,(1) + b(n)f(U,),

Un(o) = Un(},

)

where n=IN, the unknown U,(f) being an m-tuple of op-
erator-valued functions (of the space variables), L a

m X m matrix of linear operators, f an m-tuple of non-
linear functions, U,, an m-tuple of given operator-
valued functions, and b(n) a sequence of positive num-
bers. The operator L should give rise to the free dyna-
‘mics, the U.’s should represent the approximated fields,
and U,, the corresponding initial data.

(b) Suppose we are able to establish existence and
uniqueness for the solution of (1),, n= IN. Suppose fur-
ther that, for n— «, U, converges to an m-tuple of op-
erator-valued distributions (the ¢=0 fields), and b(n)
converges to zero.

(c) We may ask (i) whether the corresponding solutions
converge for n— «, or, at least, whether they belong to
a compact set in the space of distributions; If the answer
is affirmative, we may ask (ii) whether the so-obtained
limiting points are trivial, that is, whether they satisfy
an equation where no interaction is present. Of course,
both answers should involve conditions on b(n) and U,,, to
be interpreted as renormalization conditions. If we suc-
ceed in finding nontrivial limiting points, these are good
candidates for describing fields which are at any time
tempered distributions in the space variables, and satis-
fy in some weak sense a nonlinear equation of motion,
which is perfectly defined in the approximated form (1).

The question (i) has been answered in some cases,
such as the massive Thirring and Federbush models, in
Ref.2. The aim of the present note is to provide a very
simple model in which, first, by the same general meth-
od developed in Ref. 2, we establish a condition for the
existence of limiting points, and, secondly, we perform
an explicit calculation of the solutions, yielding a unique
nontrivial limiting point under conditions which are com-
patible with those required by the general method.

2. THE MODEL

Cur model derives from that proposed by
Dell’ Antonio, * and is of type (1) with m =1, The approx-
imated operator-valued function «, satisfies the
equation
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3,0, =0 U, =0 uk,

lt"(O) = unOs (2)
where k is a positive integer. We first deal with (2) for
fixed n. Let V be a Hilbert space [scalar product {.,.)],
H(V) the space of linear continuous self-adjoint opera-
tors on V (norm I - 11); let X=C,(R; H(V)) be the Banach
space of the continuous functions on R, with values in
H(V), vanishing at + <, with the norm u— |u| =sup,=g
Nu(x)ll; let H*(V) be the closed convex cone of the posi-
tive operators of H(V), and X*=C,(R; H*(V)) the closed
convex cone of the positive operator valued functions of
X. It is easily seen*"® that for any u,,< X* there is a
unique continuous function from R* to X*, ¢ u,(¢), sat-
isfying

(w0, () =uolx +1) =n® fot(unk(s))(x +t-s)ds. (3)
In addition, the following estimate holds:
lu ()] <] ¥ te R,

The next step is going to the limit n— <. Let us first
define §*=((IR; H(V)) as the space of linear continuous
mappings from S(R) to H(V): T:f— (T, )= H(V) for

fe S(R). Any g X can be identified witha T, ¢ §’ by
putting \T,, /) = [g(x)f(x) dv. We shall endow $ ' with the
weak*—weak operator topology, whose seminorms are

T— [)f’A(T): max I(Ui,<T9.f>Uj)'
vi,v]-’:A
for fe S(R), and A a finite subset of V. We shall also
consider another (stronger) topology, called weak*-norm
operator topology, with seminorms given by

T— q{T)=IKT, /Il for f= S(R).

We further define §'*, the space of positive operator-
valued distributions, namely the subset of the T’s of s’
such that (7, /)= H*(V) whenever f= §(R), />0. Even-
tually, for g~ S(R), we put g,(x)=g(x - 1) (for any {< R).
After these preliminaries, we may apply (3), thought of
as an equation in § *  to an arbitrary positive function f
of §(R). We get

( (8), £y =tpos S0 = n"’fotwn’*(s),f,-s) ds,
whence

16, )y NS Natoy FOll, €xD(R70 20,6 5721),

where use was made of Gronwall’s lemma and of the
inequality

| [ 1(e)Re(x) dxll< supll @I - 1] [ %(x) dxll

which holds for any two continuous integrable H*(V)-
valued functions s, 2 on R, such that h(x)k({x)= k(x)h{x),
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for any x « R.® Observing that /- f, is a continuous (and
hence locally equicontinuous™®) group on § (R), and
using uniform boundedness arguments, ® we see that

WG, (1), N1 is bounded in » for f in a bounded set of §(R)
and / in a bounded interval when u_, converges in the
weak* ~-weak operator topology, provided

{Iuno""ln"’} (4)

is a bounded sequence. But, by a straightforward gen-
eralization of the Banach—Alaoglu theorem, 37 this im-
plies that {« (1)} belongs to a compact set in the weak*-
weak operator topology of §'. Hence we may conclude:
If the initial data u,, converge in the weak*-weak oper-
ator topology, and the “renormalization condition” (4)
is fulfilled, the (mild) solutions u,(t) of (2) do have
weak*-weak operatoy limiting points in §'*, uniformly
int on the compact sets of R*. Three remarks are in
order:

(1) The same procedure applies and the same result
holds when replacing 3, in (2) by any differential opera-
tor L, provided it generates a strongly continuous semi-
group on X, preserving positivity.®

(2) The procedure we followed is essentially the same
as in Ref. 2; it is quite general and does not take into
account the explicit form of the solutions of (2).

(3) The renormalization condition (4) above amounts to
a relationship between the damping factor »™® and the
growth of the C;-norms of the initial data.

The above procedure gives no guarantee that the re-
normalization condition (4) is too strong, in the sense
that it may force the limiting points to coincide with the
free solution, namely, with the distribution U(¢,.)
satisfying

3 d
a_ZU(t):EU(t)’ U(0) =u,

(where u, is the limit of the u,,’ s). We shall now show,
in a simple example, that this is not the case., The ex-
plicit calculation of u,(¢,x) can be performed, and yields

w,(ty %) =tt,o(x + DTk = 1)1, 1™ (x + O/ @D

where J(z,A) denotes (zA +1)*, If we take #,,=5,,® B,
with Be B*(V), &, ,=n%(27)" /2exp(-n*.x*/2), ce N,
then u,, converges to §® B in the weak*-norm operator
topology of §’. The Cy-norm of the initial data can be
easily computed : | u, | =N Blin°. With fc ((R), f=0, we
get
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@ty ), 1)
=n°B [ exp(~n2%2/2) - [(k - 1) 0 ¥tn*De

Xexp(- n2¢(k - 1)x%/2)B* + 1] 1V f(x — 1) dx
=Bfexp(_x2/2)[(k - 1)'1n-b+ (&-1)c
Xexp(~ (& = 1)x2/2)B*™ + 1] ¢ Vf(xp - 1) dx.,
A straightforward calculation then yields
(a) if (k-1)c<b, u, converges to the free solution;
(b) if (k-1)c=b,

(c) if (k-1)c>b, u,converges to zero.

u, converges to a nontrivial limit;

Here, convergence is meant in the weak*-norm operator
topology (which implies convergence in the weak*-weak
operator topology). The nontrivial limit of (u,(¢),f) is

Bf(~1) [ dv exp(-x?/2)J(t(k - 1) expl - (k - 1)x?/2, BF1)H2,

Cases (a) and (b) correspond to the condition (4); namely,
(a) to lu,yl*'n"— 0 and (b) to lu,.l **n®— const. Case
(b), therefore, gives the nontrivial solution compatible
with the condition (4).

The general characterization of nontrivial limiting
points —independent of the explicit knowledge of the solu-
tions—is still an open problem, which deserves further
investigation.
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If the direct correlation function c(x) for a one-dimensional simple fluid vanishes for |x|> I, where
1 is finite, it can be proved that the Ornstein-Zernike relation and Baxter’s relations are equivalent
provided that h(K), the Fourier transform of the total correlation function h(x), is bounded for

real K.

1. INTRODUCTION

For simplicity our discussion in this note will be re-
stricted to the one-dimensional simple fluid, ! The
Ornstein—Zernike relation? can be written as

h(x)=c(x) +p [ h(x = x")c(x’) dx’ (1)

where h(x) is the total correlation function and ¢(x) is
the direct correlation function.

The Fourier transform of (1) yields

1(K) = ¢(K) + ph(K)e(K) (2)
where

K) = [= h(x) exp(iKx) dx, (3)

¢(K) = [ c(x) exp(iKx) dx. (4)
Let

A(K) =1 -pE(K). 5)
We then obtain from (2) and (5) the following relation:

1+ph(K) =[A(K) ], (®)
If c(x) vanishes beyond a finite interval, i.e., c(x)=0
for lx|>1, then

C(K) = f-lz c(x) exp(iKx) dx = Zfol c(x) cosKx dx ("

where we have assumed c(x) =c(-x).

For a disordered fluid k(K) is bounded for real K.
Thus %(K) is finite and, from (6), A(K) has no zeros on
the real K axis. Following the same proof given by
Baxter for the three-dimensional case, ® we can obtain

Proposition 1: If ¢(x)=0 for {x|>1and ;L(K) is bounded
for real K, the Ornstein—Zernike relation (1) can be
transformed into the following relations:

O<x<l, (8)

c) =) -p [} RxNAx’ —x)dx’,

h(x)=Q(x)+pf0' R(x =xVQ(x)dx’, x>0, (9)
where @(x) is a bounded piece-wise continuous real func-

tion for 0 <x <7 and Qx)=0for x> 1.*
Il. EQUIVALENCE OF BAXTER’'S RELATIONS
AND THE ORNSTEIN-ZERNIKE RELATION

In this section we first prove that the boundedness of
h(K) for real K is not only a necessary condition but also
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a sufficient condition of Baxter’s relations (8) and (9).
We then show the equivalence of Baxter’s relations and
the Ornstein—Zernike relation.

Since @(x)=0 for x <0 and x = [, we define

QUK =1-p ! Q¥) exp(ikx) dx (K real); (10)
then

Q*E) = (- K) =1 -0/} Q) exp(=iKx)dx (K real).

(11)

From (7), (8), (10), and (11) we can obtain

= f QUK exp(~iKx) dK=0(x) pe(x).  (12)
Hence

ABQ(~K) =1 - p&(K) = A(K). (13)
From (3), (9), (10), and (11) we can obtain

2; oQtJ(K) (= K1 + ph(K)] exp(~ iKx) dK = 5(x). (14)
Hence

A= KYQUOL + ph(K) ] = A(B1 + ph(k)] = (15)
or

ABL +ph(K)] =[Q(- ) I (16)
But from (3), (9), and (10) we can obtain

5%1— w~(K)l1+ph(K)]exp(—1Kx)dK 0; (17)
therefore,

zfr “[@(= K1 exp(— ikx) dK =0, (18)

Although Q(K) and Q(~ - K) are defined for real K, we can
analytically continue Q(K) and Q( K) into the upper half-
plane (uhp) and the lower half-plane _(lhp), respectively.
Q(K) is then regular in the uhp and Q( K) is regular in
the lhp. From (11) it can be shown that ~K)— 1 as

| K|— 0 in the lhp. We can close the contour of integra-
tion of (18) in the lhp. It then follows that (- K) has no
zeros on the real K axis and in the lhp. Since Q*(K)

= (- K) = J(K) for real K, Q(K) has no zeros for real
K. From (15) we then conclude that 7(K) is bounded for
real K,

Copyright © 1975 American Institute of Physics 1150



Proposition 2: Suppose ¢{x)=0 for |x|>1. The
Ornstein—Zernike relation (1) can be transformed into
Baxter’s relations (8) and (9) if and only if A(K) is bound-
ed for real K,

Since (15) is identical with (6), we can obtain (2) from
(8) and (9). The inverse Fourier transform of (2) then
gives (1). Thus from Baxter’s relations we can obtain
the Ornstein—Zernike relation.

Proposition 3: If ¢(x)=0for |x|>1 and ﬁ(K) is bounded
for real K, the Ornstein—Zernike relation can be trans-
formed into Baxter’s relations. On the other hand, Bax-
ter’s relations can be transformed back into the
Ornstein—Zernike relation. The Ornstein—Zernike re-
lation and Baxter’s relations are equivalent.®

l1l. PERCUS-YEVICK (P.Y.) APPROXIMATION FOR
HARD RODS

Wertheim® and Thiel” have obtained analytic solution
of P.Y. integral equation® for hard spheres. However,
Baxter has been able to obtain the same result from
Baxter’s relations in a much simpler method. ® For hard
rods with diameter /;,, P.Y. approximation assumes
Mx)=-1for Ix!<l,, From (10) and (11) we immediately
obtain

Q) =-(1-pl))™, (19)
clx) =~ (1 =px)(1 -ply)=. (20)

In terms of Wertheim’s notation @*=(1-pl;)2, (19) and
(20) become Q(x)=—Q and —c(x) = Q*(1 - px) which is
identical with Wertheim’ s solution for the one-dimen-
sional case.

For hard rods with a finite tail potential v,(x) where
v2(x) %0 for I, <lx|<l;+a and v,(x)=0 for |x|<,, ix|>
lo+a, afinite, Wertheim® had derived the following
expression:
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= e(x) = £(=2) + £(x) +p [T E(x)E(x’ —x) dx” (21)
where
£(x)=QO(x, 1) —pin(~x) —m(x = 1),
1 for O0<x <, (22)

G(x, lo) Z{

and n(x), m(x) are involved with a closed set of coupled
quadratic type integral equations.

0 otherwise

It is interesting to observe the striking similarity be-
tween (8) and (21). Particularly for hard rods, we find
E(x) = - Q(x) and (21) is then identical with (8). However,
it should be remarked that Baxter’ s relations (8) and (9)
are valid for any finite ! whereas Wertheim’s method is
valid only for 0 <a</,. This indicates that Baxter’s re-
lations have a wider range of applicability. It will be of
great interest to supplement Baxter’s relations with the
P.Y. approximation and check if Wertheim’s results can
be modified for any finite /. This is currently under
more careful investigation by the author.

IFor the three-dimensional case the problem is much more

complicated. However, the method discussed in this note can
be applied to Propositions 2 and 3.

’L.8, Ornstein, and F, Zernike, Proc. Sec. Sci, K. ned.
Akad. Wet. 17, 793 (1914).

*Equations (8) and (9) can be obtained following Baxter’s meth-
od for the three-dimensional case, R.J. Baxter, Aust., J.
Phys. 21, 563 (1968).

41f we wish ¢(x) and k{x) to be bounded and piece-wise contin-
uous for 0<x<l, then @(x) must be bounded and piece-wise
continuous for 0<x</ and vice-versa,

5Proposition 3 is still valid if we consider [ as a parameter
and finally take the limit [+,

®M.S. Wertheim, J. Math. Phys. 5, 643 (1964).

'E. Thiel, J. Chem. Phys. 39, 474 (1963).

8J.K. Percus and G. Yevick, Phys. Rev. 110, 1 (1958).
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In the framework of Riemannian geometry, the problem is considered whether there is a closest
geodesic, for all possible space-time metrics, to a given Newtonian trajectory. The meaning of
closeness is given precision and the question is answered—in the negative.

. INTRODUCTION

In a previous paper by the author! it was shown that
the path taken by objects moving according to Newtonian
mechanics (i. e., Newtonian trajectories), which are of
the form d%v'/di®= ¢ ,, will not be geodesics in any
Riemannian space—time, if the metric is time indepen-
dent, and Galilean at infinity.

The question naturally arises then, if, in some sense,
there is a closest geodesic to a Newtonian trajectory.
The present work will be concerned with the clarifica-
tion of this question and the formulation of its answer —
which turns out to be in the negative.

tl. FORMULATION OF PROBLEM

In this section we shall engage in a qualitative dis-
cussion and development of the problem, so that it can
be stated concisely as a theorem to be proven in the
following section.

Consider a Newtonian trajectory (hereafter designated
as N-T) in space—time described by the relation

2,1
%f—f— 9., i=1,2,3 (11. 1)
in some coordinate frame {x*}, and let Latin indices go
from 1—3 and Greek indices go from 1—4. Further, let
P denote some (space—time) event on this path. P will
be taken as the “origin” of the trajectory. Also, we
assume that space—time is characterized by some
metric g, (x°) (where x*=/, and ¢=1), and a corre-
sponding world interval d7° =g _,dx* dx® which, for the
moment, is arbitrary. Consider the unique tangent
geodesic (in this metric) that goes through P and that has
the same 4-velocity, V*=dx*/dr, as does the N-T
there. As the space—time metric is changed in the
vicinity of P the N-T will be unaffected but the tangent
geodesic will generally change. Also, as the magnitude
and/or direction of the velocity of the N-T at P changes
the tangent geodesic will change. In a given coordinate
frame, for some choice of metric, the tangent geodesic
may remain closer to the N-T, for any N-T 3-velocity
at P, than for any other metric. That is, there might
exist a metric for which all the tangent geodesics re-
main closer to their respective Newtonian trajectories,
for all N-T’s passing through P, than for any other
metric. The existence of such a metric is the problem
of concern in this paper.

To make this problem more meaningful, we must
sharpen the notion of closeness referred to above. To
do this, we appeal to a result of Synge® when he con-
siders two near-neighboring space—time paths, one of
which is a geodesic. At any world distance 7 along the
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N-T we construct a spacelike geodesic orthogonal to
the trajectory and terminating at the tangent geodesic.
The world length of this space—like geodesic depends
on 7 and is denoted as ¢(7), where 7=0 corresponds to
event P. If ¢ is expanded about 7=0, Synge shows that
one obtains

O(1)=EN*DA, T + L(3DN\DA, + \PDPA )T + - (I1.2)

where all quantities (other than 7) are evaluated at 7=0
(i.e., event P) and where, furthermore, A% denotes a
unit 4-vector in the direction of the orthogonal spacelike
geodesic; D signifies the absolute derivative with respect
to 7, and A?® is the tangent 4-vector to the N-T.

The closeness of a tangent geodesic to its N-T is then
characterized by the associated ¢(7). We are now inter-
ested in that metric which makes &(7) a minimum, for
all 7 and all v (3-velocity of the N-T), at event P—
subject to the requirement that, for any given 7, 7 is
not to change as the range of possible metrics {relative
to which ¢(7) is to be a minimum| is considered. (So,
as the metric is changed—for any given 7—we are
actually considering differen!/ orthogonal spacelike
geodesics, i.e., geodesics beginning at different events
on the N-T).

The relevant theorem will now be formulated.

1. STATEMENT OF THEOREM

Consider all N-T's issuing through the event P in
space—~time, each with its associated tangent geodesic
(i.e., tangent at P). Let a denote the 3-vector d?x'/d/*
at P. With each N-T and its tangent geodesic is as-
sociated a closeness function ¢(7) (as defined above),
which also depends on the metric in the vicinity of P
and the velocity v of the N-T at P. Then there is no
metric which makes ¢(7) a minimum, for all 7 (in the
sense defined above) and v. if a#0.

V. PROOF OF THEOREM

It is sufficient to prove the theorem for sufficiently
small 7. We assume then that 7 is sufficiently small that
¢ can be approximated as

O(T)=EA*DA T2 (Iv. 1)

To describe the variations we shall need, let D ,

zégw(ﬁ/égw) denote a variation where only g, or g
changes by the amount 6g

£ .
Sup

Then we shall seek that metric such that

D,,(\*DA_)=0 (IV. 2)

for all different pairs (4, v). and for all v at event P;
where we also recall that D, 7=0.
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tangent geodesic

x*(0)

FIG. 1. Synge’s construction.

Before we evaluate the above variations, we note a
simple but important point. A is a limiting unit space-
like vector at P directed from a N-T to its tangent
geodesic there. It must be then that at P, A*|{DA® for
this reason: Introduce a locally geodesic coordinate
system {x*} at P. Let ¥%) denote the geodesic co-
ordinates of an event on the N-T which is world dis-
tance 7 from P, where 7T is very small. Then, expanding
about 7=0 gives

E“(T)—;“(O):J?;’(O)T-F%}?"‘” (0)72+ ... (Iv.3)

where primes signify derivatives.

Now, x“(0) is just the tangent vector T* to the N-T
at P. Similarly, x*”(0) is proportional to the principle
normal N* to the same N—T at P. So, we have this
relation in any frame,

(IV.4)

where 7 is essentially the proportionality constant
mentioned.

x8(T) = xH{0) = TH T +yN=T 2400

We write this in a more suggestive vector notation as

Ty =T7+yN72+..0, (IV. 5)

Referring to Fig. 1, we also have, in this notation,
that

r(7)+e7)=56(7) (IV. 6)

where 6(7) is the 4-vector displacement along the tangent
geodesic and ¢(7} is the spacelike 4-vector, orthogonal
to the N-T at 7, going to the tangent geodesic.

Combining these equations yields

e(T)=8(1) =TT - yN72+ oo, av.m

Now, &(7)IIT, so from this relation we conclude that,
for sufficiently small 7, €(7) is in the plane of N and T.
Thus, the limiting position of €(7), as T—0, must be in
the osculating plane at P. Since the limiting direction
of €(7) is parallel to A* at P, we have then that A || DA%
at P.

Therefore, we have that

DA~
¢ — -
A% = (DATDA )T (Iv. 8)
where the minus sign is introduced since 1 is actually
antiparallel to DA®, and the signature of the metric is
taken as + 2,

Now, we have the relation

1163 J. Math, Phys., Vol. 16, No. 5, May 1975

A=)°DA_ = - (DA°DA)'/? (Iv.9)

and we shall be concerned with variations of A, i.e.,
with D A.

Some relevant relations are

D, (DA®DA_)=2DA,D,, (DA% +(D,, g, ) DA% DA

(IV.10)
and
88y, If U=0a, v=0oOru=0, v=ou
Duvgom: Ggau if L=v=a=0C
0 otherwise
(Iv.11)
Therefore,

(D,, 84, DA*DA=(2 -5, )DA2DA” (no sum on 4 and v).

(Iv.12)

Combining this result with Eqs. (IV.9) and (IV. 10)
then gives

D, A=-4(DA°DA)'/*{2DA D (DA%)

+(2~6,,)DA* DA 5g, ) (IV. 13)

where there is no sum on p and v on the right-hand
side.

Qur basic requirement on the metric, Eq. (IV.2),
then becomes

2DA D, (DA =(5,,— 2)DA“DAbg,, (IV. 14)

for all u and v, and where p and v are not summed.
Further, this relation is to hold for all v at P.

We see from this expression that we need to evaluate
DA® and D, (DA®), which we now proceed to do.

Concerning DA® we have the relations

dzxq . dx® de

DA — 7 +TY, el (IV. 15)
and

dx° . dtdt

_27'_ :(V' E’; ) dT)’ (IV. 163)

d®x° [di)? cd%t d¥t

Ca <a' [E.:] PV ) (V. 160)

at i i -1/2

7 =(g,; V'V +2g,,v +8,)" 3, (IV. 16¢)

dét 1(dt\* ;

W:‘E(EF> (80,0 V' VAV 4 28,,27V%),  (IV. 16d)

where v®=dx®/dt, a’=d2x°/dl?, and commas denote
ordinary differentiation.

Next, we must find how D, affects the various parts
of DA®, and, finally, DA? itself.

By straightforward application of the above relations,

we obtain
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dt 1/dt\3- o
DifE _— §<—) (2~3,)v'v/ 6g,;; (no sum on i and j),

aT
(IV.17a)
dl 1(dN\ ., .
gy = 5(;—) 2visg,, (nosum on i), (IV.1Tb)
dt 1/dt\3
D, ar =" E(d_T) 0 44- (IV.17c¢)

Further, from the relation g™g =5}, we obtain the
relation
ér:@: 2 h{ 6ga>n) 8 (6gx6),a - (6gm3),)‘}_ I‘ngegégpe
{IV.18)
where 5 signifies a variation where all the g , can vary,

and we use the fact that 8[(g,,) ,/=(58,4) o-

From Eq. (IV.18) we then obtain
(D,, TI)A® A= AB (g Au + g% A4%) (b6g,,) 5

-g" A AY(Bg )
—(T%, g A® AP+ T, g*"A* Af)og,,

(L#v) (no sum on u and v) (IV.19a)

and
(Duu FZLB)A“AB:%ABgauAu(Gguu)vB
-2 gM A8 AL (6g,,),— Tl g A" AP 88,

(no sum on p).
(IV. 19b)

Having developed the general expressions that will be
needed, we now consider several special cases that
prove useful.

Case i: All vi=0.

We now specialize considerations to the case where
all v =0, at event P. This will enable us to obtain
relations which remain valid in the general case where
the v’ may not be zero.

Expressions (IV. 17) and (IV. 19) now have simpler
forms, and, further, we now have the relation

d2x°®

D,, yra =(0,0,0, - g2a’sg,,) (no sum on i).

(Iv.19¢)

We can now evaluate our basic requirement on the
metric, Eq. (IV.14). As will be explained 1ater we only
need explicitly consider the case where D ,=D . The
left-hand side of the relation is evaluated by expressing
it as

4, DAMD, (DA®) =g, DA'D, (DA™ + g, DA'D (DA*)

+ g, DA (DAY + g, DAD, (DA%,

(IV. 20)
Utilizing Eqs. (IV.17) and (IV. 19) the terms here on
the right-hand side can all be evaluated. The resulting
expression will not be written out here as it is of
unwieldy length, however.
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Continuing on, the right-hand side of Eq. (IV. 14) can

be expressed as

DA'DA*=g2 (a' + Ti,) -} il

(Iv.21)

344 a7t 2gat) T+

Inserting Eqs. (IV.20) and (IV.21) into Eq. (IV.14)
then yields a very lengthy relation containing the varia-
tions 6g;, and (dg;,) ,. Since these quantities may be
chosen independently at P, their coefficients in the above
relation must separalely vanish. Vanishing of the co-
efficient of (8g,,) , yields the relation

ai=-Ti, =123,

(IV.22)

and then the vanishing of the coefficient of 6¢,,
shown to merely yield the identity 0=0.

Further, it can be shown that making similar con-
siderations on Eq. (IV.14) involving all the other D,
#D,, yields no relations in addition to Eq. (IV.22). We
either get relations which are direct consequences of
Eq. (IV.22) (such as a‘a’=T%, I'})) or relations of the
form 0=0.

can be

Th}ls, minimizing A with respect to the metric, when
all v'=0 at P, only yields the relations

=Tt i=1,2,3.

44"

9, =a (1v. 23)

We note that this is the equation of a geodesic if all
vi=0. Thus, the requirement of a closest tangent
geodesic to the N-T, when all v =0, implies that the
N-T is a geodesic al P. Thus, when all vi=0, the
closest geodesic coincides with (and is not merely
tangent to) the N-T at P.

Case ii: Not all vi=0.

Here, we consider the more general case where not
all v*=0. It will be sufficient for our purposes to as-
sume, however, that only v' #0 (of course, v*z0).

Straightforward application of Egs. (IV. 16b), (IV.17a).

(IV.17b), (IV.19a), and (IV. 19b) yields the following
relations:
y ddf =(0,0,0,0) (i,j#1), (IV. 24a)
d2x°® darls arlt
i477%: (—v” [E] a' 68, ‘[E%] alég,,,) (IV. 24b)
(i+1) (no sum on i),
a AB dt 1yl mijo 2V Tiiog e
D (T3, A* A% = ar —VVT76g,; =2V T3 by

—Téi”ég,»j} (i,5#1) (G #5),

(IV. 24c¢)

D£4(P;B A* A% = (gl) { viv? T1405gi4+v1[e"’ﬂi(5gi4),1

— 2T 5g, )+ 87 (5g:) .~ T B8t (%1,
(IV. 24d)

where there is no summation on i and j, and where
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Ti7=T4, 8°+ T3 8

Now, returning to Eq. (IV.14) for the case D, =D,

(i,j#1, i+j), and utilizing the above relations, we
obtain the expression

(IV. 24e)

. L . t\? ; X . .
S vivi+Skovt +88 = (%) (@' + Tf, v¥v?) (a7 + T v'v)
(Iv. 25)
where there is no sum on ¢ and j, and where
S =DATY .+ DATE, (Iv. 26)

Inserting Eq. (IV.16¢) in for df/d7 in Eq. (IV.25) and
then equating coefficients of (v!)* terms yields the
relations

TA=0 allk#l. (IV. 27)

Equating coefficients of (v')® terms then gives 0=0.
Equating coefficients of (v')? terms then yields the
relations

T =0 all k1. (IV. 28)

And, finally, equating coefficients of v' terms then
yields 0=0.

Since the x' direction is not preferred, and the T, do
not depend on the v, we can generalize the above
relations to

T*, =0 all k+#i and I%,=0, all k#i.

(no sum)

(IV. 29)

We finally consider Eq. (IV.14) once more, where we
take D, =D,,, with i#1. Utilizing Eqs. (IV.24b) and
(IV.24d) and Egs. (IV.29), the very lengthy expression
reduces to the relation

{-v'v' T}, DA%sg,,+ V' (DA (5g,) ,+ T4 DA ]5g,,

11556 J. Math. Phys., Vol. 16, No. 5, May 1975

+ DAi(‘5gi4).4 - Si368.,} - (g, DAMva' + ngAhaiM.%’m

i 1/dt\
=(a'+ I'l ,v*v¥) {— 3 (%) ra V' VOV +2g, 2l v

dt \?
+ I':B VQVB(E;) }6g,-4

where there is no sum on i, and Sfj’ﬁ is defined as in
Eq. (IV.26).

(IV. 30)

The entire right-hand side of this equation is zero
since the quantity in the first parenthesis is zero by the
relations (IV. 23) and (IV. 29). Considering the left-hand
side of the equation, and setting the coefficients of the
variations (5g,,) 4, 0g,4 and (5g,,) , separately to zero
yields, first,

DA'=0, i#1, (Iv.31)

a relation slightly more general than Eq. (IV.23), and,
second,

(Iv.32)

Equating coefficients of (v')°, v*, (v!)?, respectively,
here, yields the relations

To (g, ViV +2g,Vi+ g,) = - (guvlai +g40a').

Ti,=-ai, i#l, (Iv. 32a)
ATE = —af, i1, (IV. 32b)
Ti, and/or g,, =0, i#l. (IV. 32¢)

And these equations can only be compatible if I}, =0
=a' (i#1), which implies that a=0, by suitable selection
of coordinate axes—thus concluding the theorem.

1J. Cohn, Phys. Rev. 149, 1040 (1966).
%J. L. Synge, Relativity: The Geneval Theory (North-Holland,
Amsterdam, 1960), p. 134.
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This paper is an extension of an earlier article [J. Math. Phys. 13, 1207 (1972)] in which a study is
made of the long-wavelength normal mode vibrations of infinite, ionic crystal lattices. The work is
applicable to lattices of all symmetries but is restricted to the rigid ion model without retardation.
This article completes the mathematical formalism introduced in the earlier article. In addition, two
theorems are proved. The first states that all branches of the dispersion relations for an ionic lattice
will approach definite frequencies as the propagation vector approaches zero if the point group of the
space group of the lattice belongs to the regular system. The second states that, for all other lattices,

at least two branches of the dispersion relations will approach frequencies which depend upon the
direction of the propagation vector as the propagation vector approaches zero. A number of useful
techniques are introduced for determining both the qualitative and quantitative behavior of the
long-wavelength normal modes. Finally it is shown that the work in this paper is easily extended to
include some but not all lattice models with polarizable and deformable ions.

I. INTRODUCTION

This article is an extension of an earlier paper® in
which we presented a mathematical study of the proper-
ties of the long-wavelength normal mode vibrations of
crystal lattices in which Coulomb interactions are
present.

The dynamical matrix for an infinite lattice with Cou-
lomb interactions does not approach a definite value as
the propagation vector k for normal mode vibrations ap-
proaches zero. This singular behavior arises from the
fact that the expansion of the dynamical matrix about
k=0 contains a nonanalytic zero order term which de-
pends upon the direction of k. 2~* The presence of this
nonanalytic term has the following consequences:

1. The normal mode frequencies and the eigenvectors
of the dynamical matrix are undefined at k=0 for in-
finite ionic lattices. Any attempts to define them lead
to contradictions. ®

2. The normal mode frequencies and eigenvectors
are well defined in the long-wavelength limit in the
following sense. Given any nonzero k in a small neigh-
borhood of k=0, the normal mode frequencies and
eigenvectors are well defined at that k. ® On the other
hand, the usual group theoretical methods appropriate at
k=0 in the absence of Coulomb forces cannot be used
without modification to study the long-wavelength normal
modes of crystals with Coulomb interactions. ™8

3. In the case of some but not all lattices with Cou-
lomb interactions, branches of the dispersion relations
occur whose frequencies do not approach definite values
as k approaches zero. The value approached depends
upon the direction from which k approaches zero. :*°

Reference 1 contains a mathematical formalism de-
signed to enable one to extend group theoretical argu-
ments to the analysis of long-wavelength normal modes
in crystals with Coulomb interactions. The purpose of
this paper is to complete this theory.

The work in this paper and in Ref. 1 is applicable to
crystals of all symmetries. Our rigorous analysis is,
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however, subject to the following restrictions: The lat-
tices dealt with are infinite, retardation is not included,
and the rigid ion model is used. Later in this paper
arguments based upon the phenomenological theory of
ionic lattices!! are used to show that the treatment in
this paper can be extended with only a trivial modifica-
tion to include a restricted class of lattice models in
which polarizable atoms are present.

It is noted above that branches of the dispersion rela-
tions which do not approach definite frequencies as k ap-
proaches zero exist for some lattices but not for all.
Probably the chief deficiency in Ref. 1 is that no simple
rule is derived for determining from symmetry alone
whether or not a lattice will possess such branches. In
this paper we derive such a rule, which is presented in
the form of two theorems. These two theorems are
stated in detail in Secs. VIII and X, respectively.
Briefly, Theorem I states that all branches of the dis-
persion relations for a lattice will approach definite fre-
quencies if the point group of the space group for the
lattice belongs to the regular system. Theorem II states
that some branches of the dispersion relations for all
other lattices will not approach definite frequencies.

The following is an outline of the work included in this
article. In Sec. II, we review the mathematical theory
introduced in Ref. 1. Section III is a discussion of the
physical significance of some of the operators and linear
vector spaces introduced mathematically in Ref. 1. In
Secs. IV=VII, we introduce some additional operations
and definitions and prove a number of lemmas required
for the proofs of Theorems I and II. These sections
actually contain more material than is required for the
proofs since they are also intended to complete the
mathematical theory introduced in Ref. 1. Section VIII
is a proof of Theorem I. This section also contains re-
sults which are useful in constructing the long-wave-
length dispersion relations and normal mode eigenvec-
tors for cubic, ionic lattices. An alternative proof of
Theorem I is given in Sec. IX. A by-product of the
alternative proof is a technique by which one can obtain
the long-wavelength normal mode eigenvectors for cubic
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lattices once they are obtained for a single direction of
k. Theorem I is proved in Sec. X. In addition, we ob-
tain results which are useful for analyzing the long-
wavelength normal modes for noncubic lattices. Finally,
in Sec. XI, we show that the results obtained in this
paper can be extended to include a limited class of lat-
tices with polarizable ions.

il. BACKGROUND

We begin by summarizing those results, conventions
of notation, and equations from Ref. 1 which are essen-
tial for the work developed in this paper. Many of the
results of Ref. 1 are restated as lemmas in order that
they may be easily referred to in later sections.

Consider an infinite crystal lattice whose particles
interact through both Coulomb and short range forces.
The particles are assumed to be point ions, There are f
particles per primitive cell and the xth particle in the
Ith primitive cell has the equilibrium position (i, «),
mass i, and charge Z,. These quantities are dimen-
sionless since throughout this paper all lengths, masses,
and charges are divided by a typical cell dimension a, a
typical mass m, or the electronic charge e, respective-
ly. Since each primitive cell is electrically neutral.

¥z, =0. (N

A Cartesian coordinate system is imbedded in the
lattice. In a normal mode vibration, the i{th Cartesian
component of the displacement (divided by a) of the «th
particle in the /th primitive cell is given by

u(l, k)= p 20 (@)expl2mip -n(l, k) —iw(P)t], (2)

where ¢ =ka is the dimensionless propagation vector, ¢
is the time, and w(¢) is the frequency. The amplitude
factors ¥, ,(¢) form the elements of a 3f-component
column matrix ¥(¢). We shall refer to ¥(¢) as a normal
mode vector.

In Ref. 1 it is shown that the normal mode vibrations
are not defined at ¢ =0 for infinite lattices with Cou-
lomb interactions. However, as ¢ approaches zero, the
behavior of the normal modes is governed by the eigen-
vector equation

CoUP)I() = A + (47a% /v, )N($) 1 ¥°($)
=2%($) V(). (3)

The 3fX 3f matrix C°(¢) is the long-wavelength limit of
the dynamical matrix and is real and symmetric. It is
the sum of two real, symmetric matrices, the ¢ inde-
pendent matrix A, and the $-dependent matrix (47a® /

v )N(cp) where v, is the volume of a primitive cell. The
column matrix \Il°(¢) gives the behavior of the long-
wavelength normal mode eigenvectors, and the eigen-
value x°(¢) is related to the long-wavelength dispersion
relations by

A(@) = dPmwi($)/e. (4)

The normal mode eigenvectors span a 3f-dimensional
linear vector space denoted by sz(total).

As we explain in Ref. 1, most 3fX 3f matrices K used
in this work consist of three by three submatrices K
where k and v (=1,2, ...

(3734
,f) refer to particle names in
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the primitive cell. The elements of K are K, .,
where i and j (=1, 2, 3) refer to Cartesian coordinates.
Similarly most 3f-component column vectors V consist
of three-component subvectors V, with elements V_,.
Throughout this paper Roman letters will be used to
refer to Cartesian components and Greek letters to
refer to components designating submatrices.

The submatrices of N((f)) are defined by
N (D) =[Z,Z, /(1 1) 2 ]L( ), (5)
where

0.0, 0.0,
L(®)= 02 d,0, ¢2  $,0]. (6)
G105 Doy B

The matrix L(tf)) has the properties that

L($)$=¢, (7)
and

L($M($)=0, (8)
for any 7(@ obeying

n$) - ¢=0.% (9)

An important property of L(<f>) is the following. Let R
be any element of O(3). Then,

L(R®)=RL($)R".

In Ref. 1, it is shown that the eigenvalue zero of N(¢)
is (3f-1)-fold degenerate. The corresponding eigen-
vectors span a (3f - 1)-dimensional subspace of Sy(total)
denoted by Saﬁ_i(xN 0; ¢) The remaining independent
eigenvector of N(¢) is provided by the normalized vec-
tor ¥*"(¢), orthogonal to Si;.;(Ay=0; #), defined by

AR (z‘; u:‘ZE) Rzt

The corresponding eigenvalue is 3, Z2/p,. As ¢ varies
the subspace Sap(Ay=0; ¢) varies. The intersection for
all ¢ of the Sy;(Ay=0; ¢) is a (3f - 3)-dimensional
subspace of Sy (total) denoted by Sgs.3(zero). Similarly,
as ¢ varies, ¥i%($) varies and traces out a three-
dimensional subspace S;(normal)., S;(normal) consists
of all vectors orthogonal to S;,_s(zero).

(10)

(11)

The matrix A in Eq. (3) has the usual symmetry prop-
erties of a dynamical matrix at ¢ =0 for lattices with
short range forces only. In particular the unitary
matrices of the representation {T(0, R)} of the point
group G of the space group of the lattice!® commute
with A. That is,

T(0, R)AT'(0,R)=A, (12)
where
TKV(()’ R)_"RG(K; FO(V’ R))~ (13)

In Eq. (13), R is an orthogonal matrix representing an
element of the point group G for the lattice, and Fy(y, R)
=v’, where particles of type v are brought into coin-
cidence with identical particles of type v’ under an
operation of the space group involving the point group

operation R. Since v and Fy(v, R) are identical particles,
ZFO(V, R T Zw (14)

and
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Upyt,R) = Mo (15)

Properties of the eigenvalues and eigenvectors of A are
then found, using the usual group theoretical methods,
by determining the irreducible representations of the
point group contained in the representation {T(0, R)}.
(For details see Refs. 1 and 13.) The matrix A also
obeys the relation

b A =20 AP =0, (16)
Equation (16) insures the existence of three independent
acoustic modes for A. The matrices N($) and C%@) also
obey equations of the form of Eq. (16).

A great deal of information concerning the eigenvalues
and eigenvectors of C%@) can be determined once a
group theoretical analysis of the eigenvalues and eigen-
vectors of A is carried out. In Ref, 1, a number of rules
(called Cases a, b, and c¢) for carrying out such an
analysis are derived. These cases are rewritten below
as lemmas:

Lenuma I I an eigenvector of A corresponding to
the eigenvalue A* lies in Sy 3(zero), then it is also an
eigenvector of C%(¢) corresponding to the same eigen-
value 2. Suppose A has a g-fold degenerate eigenvalue

¢ with corresponding eigenvectors spanning a g-dimen-
sional subspace of Sy (total) contained in Sy, j(zero). If
Mmoo w=1,2,...,q, is any set of ¢ linearly independent
eigenvectors of A corresponding to the eigenvalue A%,
then the long-wavelength eigenvectors for 7 branches of
the dispersion relations can be constructed from linear
combinations'® of the ¥*", These branches of the dis-
persion relations will approach the definite frequency
corresponding to A% as ¢ approaches zero.

Lema I Suppose A has a g-fold degenerate eigen-
value A* with corresponding eigenvectors spanning a g-
dimensional subspace S, of Sy(total), where S, is not
contained in Sy, _3(zero). Let {¥°"} be a set of ¢ linearly
independent eigenvectors of A corresponding to the
eigenvalue A* For any given <5, the intersection of S,
and Sy; {1y - O; &) is (g - 1)-dimensional. 1* Thus, for
any given é. we can construct (g - 1) mdependent eigen-
veetors of C%$) which are linear combinations of the
¥ aad lie in Sy (Ay = 0; #). As ¢ varies, the eigenvec-
tors so constructed vary and, if properly chosen, 1
trace out the long-wavelength normal mode vectors for
(¢ — 1) branches of the dispersion relations. Each of the
above (¢~ 1) branches approaches the definite frequency
corresponding to 2? as 03 approaches zero.

Lemme III: Suppose A has a ¢g-fold degenerate eigen-
value »* with corresponding eigenvectors spanning a g-
dimensional subspace S, of Sys(total). Also suppose that
5. contains Sy(normal). Let {¥"} be a set of ¢ linearly
independent eigenvectors of A corresponding to the
eigenvalue A%, Then for any QS, we can construct a
linear combination of the ¥°" which is parallel to ¥**().
As ¢ varies, ¥'"(#) varies and provides the long-wave-
length normal mode vectors for one branch of the dis-
persion relations which approaches the definite frequen-
cy corresponding to A%+ (47r(13,/7ra) % Z:/u, as ¢ approach-
es zero. Further, for each ¢;, we can construct (g~ 1)
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linear combinations of the ¥*" which are mutually
orthogonal and orthogonal to ¥ "‘(¢) The (¢ — 1) linear
combinations 11e in 83,_1(>\N— 0; ¢>) and are, thus, eigen-
vectors of CU$). As ¢ varies these vectors vary and, if
properly chosen, trace out the long-wavelength normal
mode vectors for (g — 1) branches of the dispersion
relations., Each such branch approaches the definite

.frequency corresponding to A% as ¢3 approaches zero.

When Coulomb interactions are present in an infinite
lattice, some of the branches of its dispersion relations
may not approach definite frequencies in the long-wave-
length limit. If the eigenvalue A%(4) in Eq. (3) actually is
$—dependent, then the frequency approached will de-
pend upon the direction from which ¢ approaches zero.
In Ref. 1, a necessary and sufficient condition that a
single given branch approaches a definite frequency is
derived. This condition is rewritten below as Lemma
Iv.

Lemwma IV: A necessary and sufficient condition that a
single given branch of the dispersion relations approach-
es a definite frequency as ¢ approaches zero is that the
¥%($) for the branch lie either in Sy;_;(Ay=0; $) or in
Sara(Ay=0; $) for all §.

The subspace Sys_g(ry=0; @) is defined as follows.
First define the 3fX3f matrix M(¢) by

M., ($) =[Z,2,/ (e, ) *1T(), an)
where
) 5+ D5 — d1dy ~ D105
T($)= 07| - by D1 +d5 — Pab, (18)
~ P1dy — Papy Bl + B3

The (3f- 2)-dimensional subspace Sz..5() = 0; $) is the
set of all vectors satisfying the equation

M($)¥ = 0.

Thus, it is the subspace occupied by the eigenvectors of
M(¢) corresponding to the (3f— 2)-fold degenerate eigen-

value zero. In Ref. 1 it is noted that Sy, 1(Ay=0; ¢)

N S350y = 0; @) = Saf_5(zero) for any .

(19)

The matrix M(¢$) also has the twofold degenerate
eigenvalue 3, Z2/u, with corresponding eigenvectors ¥
of the form

¥.= (E usizi) A ZH$), (20)
where
é-7(d)=0. 1)

The two-dimensional subspace of S3f(t0ta1) cons1stmg of
these elgenvectors is denoted by SZ(AM D ZK/uK, . The
union for all ¢ of the S,(Ay =3, Z%/ 11; & b) is S3(normal)
Since the latter result is not proved in Ref. 1, we prove
it in Sec. VL

The 3 x3 matrix T(¢$) has the properties that

T($)$=0 (22)

and
T($)7() = (). (23)
J.A. Davies and C.L. Mainville 1158



In Ref. 1, we considered but did not solve the problem
of deriving a necessary and sufficient condition, based
on symmetry, that all branches of the dispersion rela-
tions for a lattice approach definite frequencies (inde-
pendent of the direction of ¢) in the long-wavelength
limit., In Ref. 1 the following lemma is stated:

Lemma V: A necessary and sufficient condition that
all branches of the dispersion relations for a lattice
approach definite frequencies as ¢ approaches zero is
that there exists a unitary matrix Q(R) such that for all
Re O(3) and some 4;

C'R$) =Q (RICY(H)QR).

The above condition is too general to provide any
direct relation between the lattice symmetry and the
property that all branches approach definite frequen-
cies. Bakr! attempted, with only limited success, to
prove the two theories quoted in Sec. I by directly con-
sidering the relation between the lattice symmetry and
the existence or nonexistence of Q(R). In this paper, we
prove the theorems by using an alternative approach and
thus obtain the corollary that Q(R) exists for all lattices
whose point groups belong to the regular system and
does not exist for other lattices (barring accidental de-
generacies in the long-wavelength dispersion relations).
In Sec. IX of this paper, we show how Q(R) can be con-
structed when it exists.

(24)

Il. SOME REMARKS ON THE PHYSICS OF THE
FORMALISM

As is well known, the term (4ma3/2,)N(#) in Eq. (3) is
interpreted as the contribution of a macroscopic elec-
tric dipole field of amplitude E to the zero order dy-
namical matrix C*(¢). In most treatments of infinite
lattices, including this paper, this macroscopic field
arises solely from electric dipole moments which ap-
pear at the lattice sites due to lattice vibrations and is
not in part due to a field imposed from outside (at in-
finity). Referring either to Eq. (31.14) of Ref. 3 or
to Eq. (6.2.27) of Ref, 4 and taking into account the

dimensionless nature of the quantities used in this paper,

we see that

at. . Zx
[ s] -~ Fe,

K

(25)

where E is a dimensionless macroscopic field amplitude
related to E by

= (@%/e)E, (26)

and E is the macroscopic electric field amplitude arising
from a long-wavelength normal mode vibration propagat-
ing in the ¢ direction and characterized by the normal
mode vector ¥. We shall thus sometimes refer to N(¢)
as the macroscopic electric field operator.

Next consider the operator N(qS) +M(q§).
(5), (8), (17), and (18), we see that

Using Eqgs.

No(8)+ Mo(B) = ¢ ZeZy @

TRTRIE
where I is the 3 X3 1dent1ty matrix, Notice that M(¢>)
+N(¢) is independent of #. From Eq. (27), one easily

obtains the result
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[417— N() + M(¢)] ] =47 1,2|= (28)

where P is the amplitude of the dimensionless macro-
scopic polarization vector, related to the amplitude of
the macroscopic polarization vector P by

P=(a’/e)P,

where

(29)

1 ¥,
:'U_Z; ©ZJa—7 Lize -

K

(30)

We sometimes refer to N(¢) +M($) as the macroscopic
polarization operator.

Finally, from Eqs. (25), (26), (28), and (29), we ob-

tain the result

3 ~ A Zx
[4#%M(¢)\I’]K= £ (E+47P)= 275D, (31)
where
= (a®/e)D (32)

and, clearly, D is the amplitude of the macroscopic
electric displacement vector. We shall, therefore,
refer to M($) as the macroscopic electric displacement
operator,

In the long-wavelength limit the electro§tatic equa-
tions VXE(r)=0and V-D(r) =0 reduce to ¢ XE = 0 and
$-D =0, respectively. Using Egs. (5), (8), (17), (22),
(25), and (31), one sees that the latter two equations
are automatically obeyed by E and D.

Clearly the subspace S;;_;(Ay =0; ) consists of all
normal mode eigenvectors ¥ for which the correspond-
ing long-wavelength vibrations with propagation vectors
in the ¢ direction produce no macroscopic electric
field. These are vibrations whose longitudinal compo-
nents produce zero dipole moment per primitive cell
(that is, ¢.P=0). Similarly, the subspace S;;,(A; =0; )
consists of all normal mode vectors ¥ for which the
corresponding long-wavelength vibrations with propaga-
tion vectors in the $ direction produce no macroscopic
electric displacement vector. These are vibrations
whose transverse components produce zero dipole mo-
ment per primitive cell (that is, 7(¢)- P =0 for all
7(¢) L §). The subspace S,;_s(zero) consists of all ¥
whose corresponding long-wavelength normal mode
vibrations (for any ¢) produce no polarization vector.
The latter subspace is the intersection of S;;_;(Ay =0; )
and Sgr_5(x,=0; &) for any $. It follows that whenever
P =0 both E and D vanish, This result must, of course,
be true since (as we state above) the macroscopic elec-
tric field is assumed to arise solely from dipole mo-
ments which arise from particle displacements and is
not in part due to an applied outside field.

A long-wavelength normal mode vibration propagating
in the‘ﬁ direction and having the normal mode vector
k\If’"(d)), where k is a constant, is, of course, purely
longitudinal. Clearly M(¢)¥’*($)=0. From Egs. (11),
(25), (28), and (31), it follows that the above vibration
produces E = - 47P = — 2(47a°/v,) (3, Z%/11,) /% and D=0.
Similarly, consider a long-wavelength normal mode
vibration propagating in the $ direction with normal
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mode vector k¥, where ¥ is given by Eq. (20). Such a
vibration is purely transverse and produces D=47P
=k(4ma®/v ) (D, 25/ 11,) /*1($) and E = 0.

Lemma IV is stated in mathematical terms. Clearly
it can be restated as follows: A necessary and sufficient
condilion that a single given bvanch of the dispersion ve-
lalions approaches a definile frequency is that for all
long-wavelenglh novmal mode vibvations belonging (o the
branch cithery E=0o0rv D=0,

IV. AN ALTERNATIVE FORM FOR C°(Q ).
THE MATRIX A’

Usually the matrix C%($) is written in the form given
by Eq. (3) where the nonanalytic $-dependent term is
proportional to the macroscopic electric field operator
N(é). An alternative method of writing C°(<$) is obtained
as follows.

Define the matrix A’ by
A=A+ (47d°/v,)[N($) + M(&)]. (33)

According to Eq. (27), the polarization operator N(d;)
+M(¢) is independent of ¢ and is real and symmetric.
Thus, the matrix A’ is constant, real, and symmetric.
In terms of A’, we may express C°(¢;) in the form

C'(d) = A’ ~ (47a%/v,)M($). (34)

In this alternative form, the nonanalytic part of Co(d;) is
proportional to the electric displacement operator M(d).
Consider the representation {T(0, R)} of the point
group G for a lattice as defined by Eq. (13). The
matrices of this representation, of course, commute
with A. Using Eqgs. (13), (14), (15), and (27), we see
that all of the T(0, R) also commute with N(¢) + M(J).
It then follows from Eq. (33) that {T(0, R)} provides a
representation of the point group all of whose matrices
commute with A/, We conclude that any group theoreti-
cal analysis of the properties of the eigenvectors and
eigenvalues of A based upon the point group apply equal-
ly well to the eigenvalues and eigenvectors of A’.

From Egs. (16) and (33), the remarks immediately
following Eq. (16), and the equation }, ul /zMx,,(qg)
=3, M, (6)ul/?= 0 [which follows immediately from Eq.
(1)], we see that A’ also obeys an equation of the form
of Eq. (18). The latter result ensures the existence of
three independent acoustic modes for A’, Both A and A’
are real and symmetric. Since both are real, any gen-
eral conclusions based upon time reversal invariance
apply equally to A and A’,

We finally conclude that any properties of the eigen-
vectors and eigenvalues of A derived in this paper by
group theoretical methods can be applied with equal
validity to the eigenvectors and eigenvalues of A’.

V. ACCIDENTAL AND NONACCIDENTAL
DEGENERACIES

For purposes of this paper a degeneracy in an eigen-
value of A or of A’ will be considered as not accidental
under any of the following circumstances:
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1, If it follows from translational invariances; that
is, if the degeneracy follows from Eq. (16) or from the
corresponding equation for A’,

2. If it follows from an analysis of the space group of
the lattice; that is, if it follows from the irreducible
representations of the point group G contained in
{T(0, R)}.

3. If it follows from time reversal invariance.

A degeneracy in an eigenvalue of C°(¢3) is considered
to be nonaccidental under any of the following
circumstances:

1. If it follows from translational invariance; that is,
if it follows from the equation involving C%¢) which cor-
responds to Eq. (16).

2. If it follows from time reversal invariance.

3. If by using methods described in this paper and
Ref. 1, we can show that the degeneracy is a conse-
quence of nonaccidental degeneracies in eigenvalues of
A and A’ (that is, if the degeneracy follows directly or
indirectly from Lemmas I, II, or III).

A final type of degeneracy in an eigenvalue of C%¢)
which will be considered as nonaccidental arises as
follows. Consider the subgroup of the point group G for
the lattice consisting of all R € G having the property
that R<5: (ﬁ We denote this subgroup by G(qS) and refer
to it as the group of the direction of (5 A representa-
tion of G(¢), all of whose elements commute with C%¢é)
is the set of all T(0, R) for which Re G(¢). A degen-
eracy in an eigenvalue of C%¢) will be considered as
nonaccidental if it follows from an analysis of the ir-
reducible representations of G(q;) contained in {T(0, R)},
Re G(§).

All other degeneracies are regarded as accidental. In
the interests of simplicity, we assume throughout this
paper that such accidental degeneracies are not present.

V1. PROJECTION OPERATORS AND SOME
ASSOCIATED THEOREMS

The work to follow in this paper depends heavily upon
the use of projection operators to the various subspaces
of S3f(tota1) defined in Sec. II. Most of the projection
operators are derived in Ref. 1 and the remainder can
be derived by standard methods. Thus, we merely list
expressions for them below [where P(S,) is the projec-
tion operator to the subspace S,, Iis the 3 X3 identity
matrix, and 1 is the 3fx3f identity matrix]:

P (St (0= 0 9 - 1-( 2 2/} 'N) (35)
P(Syr(y =05 8)) =1 - (2 Zi/u ) "M@, (36)
P,.(Ss(acoustic)) = (§ uw>'1(umu)“21, 37
P (o) (2 24/u.) NG), (38)
P..(S (normal))z(y‘ u'122)-1——g5—z°v— (39)
kv \-3 Tol ww (U-K“'v)l/z ’

P(Sss.5(zero)) = 1 - P(S;(normal)). (40)
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and
P50 =2 22/13 )] =1~ PSyya0a= 0 B

In Eq.
mode eigenvectors for A, A’,

(41)

(37), S;lacoustic) is the subspace of acoustic
and C%é).

The projection operator to the subspace of S(total)
spanned by eigenvectors of A belonging to the ith row
of the pth irreducible representation of the point group
G for the lattice is denoted by P*' ! which is defined by

puri- e 3 pWRIT(O, ), “2)

£ RrREg
where g is the order of the point group, #, is the dimen-
sion of the pth irreducible representation, and D‘*'(R)
is the matrix representing the point group element R in
the uth irreducible representation. !* Summing both
sides of Eq. (37) over 7, we obtain the projection opera-
tor P* to the subspace of Sy (total) spanned by eigen-
vectors of A belonging to the pth irreducible represen-
tation. We get

Ph =2 2 XN (RIT(O, R), (43)

g
where y“’(R) is the character (trace) of D'*'(R).

Suppose that D**’ is an n,-dimensional irreducible
representation of the point group for the lattice and
¥ ! is a vector belonging to the ith row of D'*’, Then a
set of », mutually orthogonal vectors ¥“*/ which span
an n,-dimensional subspace of S;/(total) which is in-
variant under the operations of the T(0, R) is obtained by
applying the formula

i = —Ji 2 D (R)T(0, R)¥™"*, (44)

The vector ¥**¢ transforms according to the jth row of
D), [For a derivation of Eq. (44) see Ref. 18,

We now derive a number of formulas and theorems
concerning the above projection operators and their cor-
responding subspaces of Sy(total).

The subspace S;;_;(zero) is defined as the intersection
of the subspaces Sy (Ay=0; d;) for all §5 The intersec-
tion of the subspaces S;;_5(A, = 0; @) for all ¢ is the set
of all ¥ obeying the equation M(¢)¥ = 0 for all $ In
terms of submatrices the latter equation becomes

T(G) Ty ZeZy (1) /2, = 0. Using Eq. (18), one can
easily show that this equation holds true for all ¢; if and
only if 3, Z,Z, (uity) /%%, = 0. That is, ¥ lies in
Syr.3(zero). We, therefore, add the following lemma:

Lemma VI: The intersection of the subspaces
Sssa(hyy=0; @) for all & is Sy,_5(zero).

The subspace S,(\,, =3, 2%/ 11,; $) consists of all vec-
tors normal to Sy5(), =0; $) Using Eq. (20), one can
easily prove that the union of the S,(x, =2, Z; /u,‘, ) for
all ¢ is at least three-dimensional. The subspace
S3(normal) consists of all vectors normal to Sy_;(zero).
It follows from Lemma VI that all ¥ contained in the
union of the Sy(A, =3, Z2/u,; ¢) for all ¢ are contained in
Sj(normal). Thus, we add the following lemma:
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Lemma VII: The union of the S,(\, =, Z%/j1,; ) for
all ¢ is S;(normal).

(1), (37), (39), and (40), we obtain the

Using Egs.
equation

P(Ss;.3(zero))P(S;(acoustic))
=P(S;(acoustic))P(Sy,_3(zero))

= P(S;(acoustic)). (45)

An immediate consequence is the following lemma:

Lemma VIII: S;(acoustic) C Sy3(zero). Lemma VII is
a statement of the obvious physical fact that acoustic
modes are nonpolar.

Using Eqs. (13), (14), (15), (39), and (40), we find
that T(0, R) and P(S,, s(zero)) commute for all R of the
point group. That is,

[T(0, R), P(Sys.5(zero))] = (48)

It follows that ¥ is contained in Ss;_s3(zero) if and only if
T(0, R)¥ is contained in Sy 3(zero) for all R of the point
group. [For, using Eq. (46) and the fact that {T(0, R)} is
a group, we see that P(S;;_s(zero))¥ =¥ implies
P(S;7.5(zero))T(0, R)¥ = T(0, R)¥, Conversely, multiply-
ing the latter equation by T(0, R™!)=T-(0, R), we regain
the former equation. | Further, suppose we are given a
set of vectors which form a basis for an irreducible
representation of the point group G and then form any
nonvanishing linear combination of these vectors,
Successive applications of the T(0, R) to this linear com-
bination must result in a set of vectors spanning the sub-
space spanned by the original basis vectors. Conse-
quently, we obtain the following lemma:

Lemma IX: If, under the transformations of {T(0, R)},
a set of eigenvectors of A form a basis for an irreduci-
ble representation of the point group G, then the sub-
space spanned by these eigenvectors is either contained
in Sg_s(zero) or has no intersection with Sz _s(zero),

The matrix A is real. Consequently the operation of
time reversal is simply complex conjugation. From Eq.
(40), we see that P(S;;_s(zero)) is a real operator. Con-
sequently, the operations of time reversal and projec-
tion to S, 3(zero) commute, and by reasoning similar to
that above we obtain the following lemma:

Lemma X: Consider a subspace of eigenvectors of A
(corresponding to the same eigenvalue) which is in-
variant under time reversal. The subspace is either
contained in S;,_;(zero) or has no intersection with
Sis.3(zero).

Combining Lemmas IX and X, and recalling that the
consideration of accidental degeneracies is excluded
from our discussion, we finally arrive at the following:

Lemma XI: Any set of eigenvectors of A corresponding
to the same eigenvalue occupy a subspace of Sy¢(total)
which is either contained in S;;_;(zero) or has zero inter-
section with Sy 3(zero),

Consider the matrix C%¢) for any given 5 Using
arguments similar to those above, one can easily show
that eigenvectors of C%¢) which transform among them-
selves under the {T(0, R)} with Re G(¢) or under the
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operation of time reversal must either occupy subspaces
which are contained in Sy;_j(zero) or have no intersection
with Sy_;(zero). Subspaces of eigenvectors of C°(¢) cor-
responding to the same eigenvalue can also be deter-
mined using Lemmas I-III. However, such subspaces
are always contained within invariant subspaces of
eigenvectors of A. Thus, we obtain a Lemma for C°($)
which corresponds to Lemma XI for A:

Lemma XII. Any set of eigenvectors of C°($) (for any
given (f) corresponding to the same eigenvalue occupy
a subspace of Sy.(total) which is either contained in
Sy3s_3(zero) or has no intersection with S;_;(zero). 1*

Equations analogous to Eq. (46) and theorems
analogous to Lemmas IX—XII also hold for the sub-
spaces S;(acoustic) and S;(normal).

Choose an orthonormal set of eigenvectors of A which
span Sis(total). From Lemma XI, we see that a unique
number of these eigenvectors will be contained in
S34.3(zero) independent of our particular choice, The
space Sy(total) is then the sum of two mutually ortho-
gonal subspaces denoted by S(nonpolar) and S(polar).
The subspace S(nonpolar) is that subspace spanned by
eigenvectors of A lying in Sy, ;(zero) and the subspace
S(polar) is the space spanned by the eigenvectors of A
lying outside of Sy.3(zero).

Suppose that S(polar) is ¢g-dimensional and S(nonpolar)
is (3f- g)-dimensional. By Lemma I, the ¥(¢) for
(3f - q) branches of the dispersion relatlons lie in
S(nonpolar) for all qb Consider the W0 (¢) for any one of
the remaining branches. For any ¢, ¥'($) for the branch
is orthogonal to S(nonpolar) and, thus, lies in S(polar).
Further for no ¢ = ¢, does \II°(¢>) for the branch lie in
Sis.3(zero). For then, O (¢‘o) would be an eigenvector of
A lying in Sy _s(zero) and would thus lie in S(nonpolar),
leading to a contradiction, Therefore, we obtain the
following lemma:

Lemma XIII: The branches of the dispersion relations
fall into two sets: those branches whose \If°(¢) lie in
S(polar) for all ¢ and those branches whose ¥(¢) lie in
S(nonpolar) for all ¢ Further, if the \Il°(¢) for a branch
lie in S(polar), then for no ¢ does a ¥°(¢) of that branch
lie in Sy 3(zero).

Consider a branch of the dispersion relations whose
long-wavelength eigenvectors are contained in S(polar).
Also assume that the elgenvectors \110(5) for the branch
are contained in Sgs5(A, = 0; $). We now show that the

(¢) span a three- d1mens1ona1 subspace of Sy(total).
The condition that the ¥%($) lie in Sy_5(A, = 0; §) for all ¢
is given by the equation

M($)¥%(¢) = 0,
for all ¢. Using Eq. (17) and the fact that not all Z,

vanish for ionic lattices, we see that Eq. (47) is equiv-
alent to

417)

T(B) 2 Zui*US) = 0. (48)
The sum in Eq. (48) cannot vanish, for, referring to
Eq. (40), we see that then ¥°(¢) would lie in S;;_z(zero),
contrary to assumption. It then follows from Egs. (22)
and (23) that ¥%¢) obeys Eq. (47) if and only if
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Z Z U =k ($)S, 49)

for all ¢, where k(¢) is a number not equal to zero. Let
¢, ¢ and ¢® be three mutually orthogonal vectors
in ¢-space. From Eq. (49) we obtain the relation

% G GG

=k*(¢('))k 5(1))6”’ (50)

where k*(¢)e(¢") 0. Equation (50) not only indicates
that the three-dimensional vectors 4?“’ are mutually
orthogonal in the usual sense, but it also represents a
mutual orthogonality relation among the 3f-dimensional
vectors ¥%(¢‘") under the inner product

_Zely

)72 (61)

Q,&}=2 Lo,

K 14 (
If follows that ¥%(¢V), ¥%¢?), and ¥°(¢®) are linear-
ly independent. Therefore, the \1'0(6) obeying Eq. (47)
must span a space of at least three dimensions. To show
that the eigenvectors span a space of no more than three
dimensions, note that the ¥%@) for the branch under
consideration are all eigenvectors of A’ corresponding
to the same eigenvalue A’ =1’ [See Eq. (34).] None of
the irreducible representations for the point groups G
exceed three dimensions. Referring to Sec, IV and re-
membering that accidental degeneracies are excluded
from our consideration, we see that the \I/°(¢o) cannot
span a subspace of more that three dimensions. There-
fore, we gbtain the following lemma:

Lemma XIV: Consider a branch of the dispersion re-
lations all of whose long- wavelength eigenvectors \Il°(¢)
lie in S(polar) If the \Il°(¢) are contained in Sy, 5(xy = 0; ¢)
for each ¢, then the ¥%¢) span a subspace of Sy(total)
which is gactly three-dimensional.

By a proof similar to that of Lemma XIV (see Ap-
pendix A), we obtain the following lemma:

Lemma XV: Consider a branch of the dispersion re-
lations all of whose long-wavelength eigenvectors \Il°(¢)
lie in S(pggar). If the ¥°($) are contained in Sy,_;(rAy = 0;4)
for each ¢, then the ¥°(¢) span a subspace of Sy (total)
which is either two-dimensional or three-dimensional.

We conclude this section by a further refinement of
the statement of Lemma IV. Consider a branch of the
dispersion relations which approaches a definite fre-
quency as ¢ approaches zero and whose normal mode
eigenvectars \I'°(¢) lie in S(polar), As stated, Lemma IV
allows for the possibility that the T $) might lie in
Sas.i(Ay=0; @) for some (but not all) values of ¢ and in
Sar2(Ay = 0; @) for the remaining values of ¢. A
second possibility which is not discounted is that the

¥(@) for a branch in S(polar) lie in both Sg¢_;(Ay=0; é)
and Si_5(1,, = 0; ) for some value of é. We now show
that neither of these possibilities can occur. The sec-
ond possibility is immediately discounted by Lemma
XIII since the intersection of Sy (Ay=0; ) and
Sara(hy = 0; @) is Sy s(zero). Our proof that the first
possibility cannot occur is somewhat lengthy and is
given in Appendix B. We conclude the following:

Lemma XVI. Consider a branch of the dispersion re-
lations all of whose eigenvectors ¥%¢) lie in S(polar).
A necessary and sufficient condition that the branch ap-
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proach a definite frequency in the long-wavelength
11m1t is that either the \I'°(¢) lie in S3f 1Ay =0 ¢) for all
é or that the \I/°(¢) lie in S;;.5(Ay =0; @) for all §. Fur-
ther, for no ¢ does ¥%¢) lie in both Sy;.,(A, = 0; $) and
Sspa(hy = 0; ).

In physical terms the above lemma can be stated as
follows. Suppose a branch of the dispevsion velations
has long-wavelength vibrations which produce a nonzevo
polarzation. The branch will approach a definite frequen-
cy as ¢ approaches zevo if and only if either all of its
long-wavelength vibrations produce no macroscopic
electric field or altevnalively all of itls long-wavelength
vibrations produce no macvoscopic electric displace-
ment field,

Vil. ORTHOGONALITY RELATIONS AND RELATED
LEMMAS

Let D%’ and D*’ pe (unitary) irreducible representa-
tions of the point group G for the lattice. One of the
basic orthogonality relations of the theory of group rep-
resentations®® gives us the equation

Rey; (u)*(R)D(V)(R): (g/nu)éuvéiléﬂm

(52)
where g is the order of G and »n, is the dimension of
D(u)

First consider any point group G belonging to the reg-
ular system. Referring to any character table for the
32 crystal point groups, we see that all of the point
groups belonging to the regular system have as one of
their irreducible representations a representation con-
sisting of 3 X3, orthogonal rotation matrices R. We shall
use the symbol I to refer to this representation, Using
Eq. (52), we obtain the orthogonality relatiot

g
2 %ur Gilﬁjmx (583)

LD *(R)Ry,, =
R 3

where u is any irreducible representation of the point
group G belonging to the regular system, From Eq.
(53), we immediately obtain the relation

‘_‘ (u)*(R)RI ZX(u)(R)le: %gﬁul’élm7 (54)
Y R
or equivalently
Zx % (RR=2x “(RIR = 3¢5, 11, (55)
R B
where x“’(R) is the character of D“’(R). [Since R,,,
and the left-hand side of Eq. (53) are real, Eq. (53) re-

mains. true if the complex conjugate sign * is. removed
from the D{’*(R). )

Next consider crystal point groups which do not belong
to the regular system, Choose a system of Cartesian
coordinates such that the z axis lies along the principal
axis of rotation for the point group. Referring to any
set of character tables for the crystal point groups, we
see that the function z belongs to a one-dimensional,
real, irreducible representation of each point group not
belonging to the regular system. We now divide such
point groups into three classes (referred to as Types I,
II, and III} in accordance with the transformation prop-
erties of the functions x and y.
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Type I crystal point groups are those for which x and
v belong to one-dimensional, real, irreducible repre-
sentations, Point groups belonging to Type I are Cy, C,,
Cy, Cs, Cop, Cy,, Dy, and Dy,. All point groups of this
type have only one-dimensional, real irreducible
representations,

Type II crystal point groups are those for which x
and vy belong to the same two-dimensional, real irre-
ducible representation. Point groups of this type are
CSv’ DS: C4w D4y DZda DS’ CGw D3h9 D3da D4ln and DGh-

Type III crystal point groups are those for which x
+7y and x — iy belong to different one-dimensional, com-
plex, irreducible representations which are complex
conjugates. Because of time reversal invariance, eigen-
vectors of A belonging to either of these representations
correspond to twofold degenerate eigenvalues. The ma-
trix A is real, Thus, if ¥ is an eigenvector of A trans-
forming according to one of these irreducible repre-
sentations, then ¥* is an eigenvector of A corresponding
to the same eigenvalue and belonging to the other irre-
ducible representation. Point groups belonging to Type
III are c47 54’ CSy CG: C3h! C4Iu CG)U and 56'

Each of the crystal point groups not belonging to the
regular system has a reducible representation D™’ con-
sisting of 3 X3, real, orthogonal rotation matrices R.
For Type I point groups, D™’ is automatically in the
reduced form

D(F)___ D(x)@D(y)EBD(z), (56)

where D', D", and D' are the irreducible represen-
tations to which x, v, and z belong respectively. (D',
D, and D'® are not always distinct. ) Using Eq. (52)
and the fact that all Re D™ are real, we obtain the fol-
lowing relation for Type I point groups:

5., 0 0
2x“*®R=2x*“(R)R=¢| 0 5,, 0], (57)
R R

0 0 5,

where p is any irreducible representation of the point
group.

For Type II point groups, DT’ is automatically in the
reduced form,

D(F):D(xy)@ D(z)’ (58)

where D*¥ is the two-dimensional, irreducible repre-
sentation to which x and y belong and D'® is the one-
dimensional irreducible representation to which z be-
longs. Again using Eq. (52) and the reality of the R
matrices, we obtain the following relation for the Type
II point groups:

ED“”*(R)R D“”(R)R
0
g
= 'é' HGU (xy) 0 > (59)
0 0 29,
where
5;10;1 0410;
H= itvit Yivje ,
[6i261‘1 0;265 (60)
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and u is any irreducible representation of the point
group. We also obtain the relation

XM R)R=Ty “(R)R
R R

0,0y O 0
=g 0 %Gu(xy) 0 ] (61)
0 0 8

wz

where u is any irreducible representation of the point
group.

In the case of Type I point groups, D™ is not auto-
matically in reduced form, It is reduced by carrying
out a similarity transformation with the unitary matrix
U defined by

1 7 0
U= L 1 ; 0 2
-5 -1 o (62)
0 0 V2
Then D' reduces according to
D(P):D(”@'D(-)@ D(z) (63)
where +, —, and z are the one-dimensional irreducible

representations to which x +4y, x - iy, and 2z belong,
respectively. (D, D, and D@ are distinct. ) Using
Eq. (52) and the identity UTURUTU=R, we obtain the
following equation for Type III point groups:

2x“*R)R
R

3(5,,+0,) 3i(6,,-6,) O
=g | -55,.,-0,) (5,.,+6,) 0]. (64)
0 0 5

we

Let P* be the projection operator to the subspace of
eigenvectors belonging to the pth irreducible represen-
tation of the point group G for the lattice. Using Eq.
(40), we see that

P“P(Sss.3(zero)) =P* -~ P*P(S;(normal)). (65)
With the aid of Eqs. (14), (15), (39), and (43), one finds

n, <
[P*P(Sy)normal))],, = ys (1.2 1) 2. Z ()P

X %x“*(R)R. (66)

First consider the case where none of the functions x,
y, or z belong to D ), Using Egs. (55), (57), (61),
and (64), we see that for any crystal point group
Zax ¥ *RR=0,

Thus
P*P(Sy,s(zero)) = P*. (67)

On the other hand, if D’ is one of the irreducible rep-
resentations to which x, y, or z does belong, then

P*P(S;(normal)) + 0, (68)

for ionic lattices. The implications of Eqs. (67) and (68)
are summarized in the following lemma:

Lemma XVII: Let ¥ be an eigenvector of A which
belongs to the irreducible representation D of the
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point group for the lattice. If none of x, y, nor z belong
to D, then ¥ lies in Sy _s(zero). The subspace
S(polar) is spanned by eigenvectors of A belonging to
the irreducible representations to which x, », and 2z
belong, Further, given any D'*’ to which x, v, or z
belongs, at least one eigenvector of A belonging to D'*’
will be included among those spanning S(polar).

Using a proof similar to the above, we obtain an
analogous lemma pertaining to Ss(acoustic):

Lemma XVIII: The subspace S;(acoustic) is spanned
by eigenvectors of A [ and C°%)] belonging to irreduc-
ible representations of the point group to which x, y,
or z belong, Further, given any irreducible represen-
tation to which x, v, or z belongs, Ss;(acoustic) contains
a set of eigenvectors of A transforming among them-
selves according to that irreducible representation,

We conclude this section by introducing a few items
of mathematical notation to be used in the following sec-
tions. The various particle types « can be divided into
equivalence classes such that xand v are in the same
equivalence class if and only if v=F((,, R) for some R
in the point group G for the lattice, where Fy(v, R) is
defined in Eq. (13). We indicate that x and v are in the
same equivalence class by writing k= v, According to
Eqs. (14) and (15), «=v implies that Z, =Z, and that
My = U,. Each equivalence class will be denoted by a typ~
ical element of the class 7.

In what follows we shall often sum a quantity f(«k) over
all « in the equivalence class characterized by 7. We
indicate such a sum by writing

Y fK). (69)

K=ET
A useful property of this sum is that

2 f(Fy(k, R)) = 22 f(F3' (k, R)) = 2-f(K), (70)

K=T
where R is any element of the point group G.

Another type of sum which will be employed is the
following. Suppose that g(x) is a quantity which is the
same for all «’s within any given equivalence class. A
sum of g(x) over all equivalence classes [with just one
g(x) for each class] is indicated by

27 g(7). (1)
It follows that
Lif() =2 22f(k). (72)

VIII. LATTICES WHOSE POINT GROUPS BELONG
TO THE REGULAR SYSTEM

We now use the formulas and lemmas developed in the
preceding sections to prove the following theorem:

Theorem I: Consider an ionic lattice in the point-ion
approximation. If the point group of the space group for
the lattice belongs to the regular system, then all
branches of the phonon dispersion relations for the lat-
tice approach definite frequencies (independent of é) in
the long-wavelength limit,
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In the remainder of this section, we will prove the
above theorem. Assume that A has m independent eig-
envectors which belong to irreducible representations
of the point group to which x, ¥, and z do not belong.
By Lemmas I and XVII it follows that » corresponding
branches of the dispersion relations approach definite
frequencies,

Thus, we need consider further only those eigenvec-
tors of A belonging to the irreducible representation I.
Consider a three-dimensional subspace S;(I') of
Sy4(total) spanned by a set of eigenvectors of A which
transform among themselves accordmg to I'. The
intersection S;(I')N Sgr. (Ay=0; ¢) is at least two-dimen-
sional and S3(I') N Szz_5(Ay = 0; :$) is at least one-dimen-
sional for each ¢ (See Footnote 14.) K S;(I') N Sgp1(Ay
=0; ¢) is three-dimensional, then S;(T") has a nonzero-
dimensional intersection with Sz, ;(Ay = 0; )N S3ra(Ay=0;
@) = Sy;_5(zero). It follows from Lemma IX that Sy(T')

- sz_g(zero) and then from Lemma I that three corre-
sponding branches of the dispersions approach a definite
frequency. (From Lemmas VIII and XVIII, we see that
the acoustic modes provide three such branches. )

Finally we must consider those eigenvectors of C°(¢3)
which lie in S(polar). From the preceding paragraph,
we see that these eigenvectors of C°(¢3) lie in a sub-
space of Sy(total) spanned by sets of eigenvectors of A
belonging to T for which S;(T) N Sg;_; (Ay = 0;¢) is exactly
two-dimensional and S3(I") N Sya(Xy = 0; ;) is exactly one-
dimensional. Assume there are n such sets with corre-
sponding three-dimensional subspaces S5(I'), where
w=1,2,...,n Inthe following paragraphs we will show
that any vector in S§(I') N Szs(Ay=0;¢) is orthogonal to
any vector in the one-dimensional subspace S5 (I")

N Sapa(Xy=0; ¢>) Once the preceding statement is estab-
lished, the remainder of the proof of Theorem I is as
follows. Since we assume that no accidental degenera-~
cies are present, the subspaces S§(T") and S5(I') must
be orthogonal for y # v. Within each S§(I'), the eigen-
vectors of A lying in S§(I') N Sapi(Ay = 0;¢) are also
eigenvectors of C°(¢3). Lemma II is applicable and 2n
additional branches of the dispersion relations [two from
each S5 (T")] approach definite frequencies in the long-
wavelength limit. The only eigenvectors of C%(@) re-
maining for consideration lie in an #-dimensional sub-
space of Sy(total) which for each ¢ is orthogonal to all
of the eigenvectors of C%(@) so far considered. Clearly
this is the n-dimensional subspace spanned by one
eigenvector of A from each of the one-dimensional sub-
spaces S§ ()N Sgr(Ay=0; ¢) But any vector in this n-
dimensional subspace is, for each ¢, contained in
Saraa(My=0; ¢) Thus, by either Lemma IV or XVI the
remaining »n branches of the dispersion relations also
approach definite frequencies in the long-wavelength
limit. Referring to Eq. (34), we see that the eigenvec-
tors for these n branches are also eigenvectors of A’,

As a result of the above argument, Theorem I will be
established once we show that, for each of the subspaces
S¢(T), any vector in SS(I‘)O S3s.1(Ay=0; @) is orthogonal
to S§(I')Y N Szp3(2y = 0; @). The subspace S (T') is spanned
by three vectors ¥T*¢ (withi=1, 2, or 3) which trans-
form according to the first, second, or third rows of
T, respectively. These vectors are mutually orthogonal
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since they transform according to different rows of the
same irreducible representation of the point group.
From Eq. (44) and the fact that C; is an element of every
point group belonging to the regular system, we find that

\I,r ul _ T(O, CS)\I,ruay

and (73)
¥e2=T(0, CHETH,
With the aid of Egs. (13), (42), (53), (69), (70), and
(73), we obtain the result®!
6:1
2, Hi=cl(u)] 6 (74)
"= 61‘3
where
EAMEDDE S {75)
1'
A general vector ¥ in $4§(I') has the form
W=20 f U (76)
t

In order to determine the general form of a vector in
S%(T)NSy.1(0y=0; §), we impose the condition N(¢)¥ = 0.
With the aid of Eqs. (5) and (74) and the fact that not all
Z, vanish for ionic lattices, we find that our condition is
equivalent to

Ne?
[S"Z ust 2t m] L@)| 5 |=0, (77)
f3

where the sum is defined by Eq. (71), Using Eas. (39),
{(40), (74), and (75), we see that the vanishing of the sum
in Eq, (77) implies that the ¥"*% are contained in
Sis.3(zero). But this possibility is contrary to our as-
sumption. Thus, using Eq. (6) and the fact that not all
components of ¢ vanish, we see that Eq. (77) is equiv-
alent to the equation

;f i9;=0. (78)
That is, the f; form the components of a three-dimen-
sional vector transverse to $ It follows that two
mutually orthogonal vectors spanning S§(I') N Sg.1(Ay = 0;
¢) are given by

&H() =20 mj(d)eT+, (79)
J

where i=1 or 2 and the 7* () are two mutually orthogo-

nal vectors both orthogonal to @.

A vector in S§ (T)N Szp0(Xy = 0; ¢) is obtained by setting

(¢)'I! 0 in Eq. (76). Using arguments similar to those
in the preceding paragraph, we find that now the f; must
form the components of a vector parallel to q§ Thus, a
general vector in S%(T')N Sara(A, = 0; @) is of the form

24 () =k 20 & 4", (80)

where £ is some number not equal to zero. For con-
venience assume that the ¥7*% are normalized. The

scalar product of Q% (@) with either &*(¢) is easily

seen to be
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oM ($)Q*($) =k’ - G =0.
Thus, we have proved that any vector in S4(T)

053,_1()\,,, 0; ¢) is orthogonal to S&(T')N Sapa(xy=0; é),
and Theorem I is established.

As was stated in Sec. V, the general development in
this paper is carried out under the assumption that ac-
cidental degeneracies (as defined in Sec. V) are not
present, However, it is clear that Theorem I remains
true even if such accidental degeneracies occur., All of
the branches considered above approach definite frequen-
cies [that is, the eigenvalues ofACO(qS) to which the ¥°(¢)
correspond are independent of ¢]. If additional degen-
eracies appear between certain branches, we must re-
place these branches by new branches whose long-wave-
length eigenvectors are linear combinations of those of
the original branches. However, the corresponding
eigenvalue of C%¢) remains $-independent and all of the
new branches approach the same definite, ¢-independent
frequency.

We summarize the work in this section as follows.
For the lattices considered in this section, all of the
values of A" approached by the various branches of the
dispersion relations will be either eigenvalues of A or
of A’, If 3f— g branches have eigenvectors lying in
S(nqnpolar), then the corresponding eigenvalues A° of
C%¢) will be common eigenvalues of A and A’. The cor-
responding long-wavelength lattice vibrations will
produce E =D =P =0. The remaining branches will have
long-wavelength eigenvectors lying in S{polar). Of
these, %g branches will approach values of AY which
are eigenvalues of A for eigenvectors of A lying in
S(polar). The corresponding long-wavelength lattice
vibrations produce E =0. The remaining %q branches
approach eigenvalues of A’ for eigenvectors of A’ lying
in S(polar). The corresponding long-wavelength lattice
vibrations produce D=0,

IX. ALTERNATIVE PROOF OF THEOREM I. THE
MATRIX Q(R)

In Ref. 1 and in Lemma V, it is stated that a neces-
sary and sufficient condition that all branches of the dis-
persion relations for a lattice approach definite fre-
quencies as ¢ approaches zero is the existence of a
unitary matrix Q(R) satisfying Eq. (24), for all R 0(3).
Theorem I implies that such a matrix exists for all
lattices whose point groups belong to the regular sys-
tem, Once the matrlx Q(R) is determined, the eigen-
vectors of C° (¢) can be determined for all ¢ by deter-
mining the eigenvectors of C°(¢0) for one convenient
é, only. For if the ¥%(¢ ), withn=1,2,...,3f, are a
set of mutually orthogonal elgenvectors of C°(¢0), then
the Q (R)¥*"(¢,) provide a mutually orthogonal set of
eigenvectors of C°(R¢O) for all Re O(3).

In the remainder of this section, we show how the
matrix Q(R) can be constructed once the eigenvectors of
A are determined. Our construction of course consti-
tutes an alternative proof of Theorem I. Denote the
members of a complete, orthonormal set of eigenvec-
tors of A by ¥*°!, Here y and { are integers which in-
dicate that ¥** belongs to a set of eigenvectors of A
which transform among themselves under the T(0, R)
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according to the puth irreducible representation of the
point group and that ¥*°! belongs to the ith row of that
irreducible representation. There may be several such
sets of eigenvectors and o distinguishes among them.
We order the ¥*° in lexigraphical order and assign the
largest value of y to the I' representation. Assume that
the I" representation occurs n; times in the reducible
representation {T(0, R)}.

Transform C%($)=A + 41ra3/v N($) to the ¥*°F basis.
If we denote the transformed C° () by C*(¢), then C%(¢)
=U'CYP)U=A + (414%/0,)N(§), where U is the unitary
matrix each of whose columns consisis of the elements
of one of the ¥*°! (with the uoi arranged in lexigraphical
order beginning with the first column). First consider
the form of A=U'AU. It is, of course, diagonal. More
explicitly, it has the following form:

-

. —
ady |
Al |
|
| 0
0 )
— o
A=]— - — — & mm!
| 841 0
l BoI
f
0 |
| .
| 0 ;3"1‘1
o | -
(81)
In the above matrix @, ay,..., @, and B, 8,,..., Bnr are
the eigenvalues of A. The quantities I, L,...,L, are
unit submatrices which are either one-, two-, or three-

dimensional. The unit matrices I occurring in the lower,
right-hand, 3n; X3nr block are three-dimensional since
I" is a three-dimensional irreducible representation.

Next consider the form of N(¢) -U'N($)U. Its ele-
ments are given by

—ﬁvoi, wkj((i) = WVU"N(&)‘I’“’KJ..

It follows from Lemma XVII that these elements vanish
unless both v and w are the irreducible representation
I'. Thus, the matrix N(tﬁ) has nonzero elements only in
the lower, right-hand 3n; X3n; block. We now calculate
the values of the elements in this block. Using Egs. (5)
and (72), we obtain

‘I,I‘oiTN(é).I,FKj
B A,E Z,Z, () LT L ()
14

(82)

=00 2,2, (e D L) Ly (83)
T w AT vEw
Then applying Eq. (74), we find that
]—\—Tfui, I‘Kj(é)
ST 2,2, (e T 0L (0L (D). (84)
T

Let R be any element of O(3). Using Eq. (10), we find
that

X]Al"cri,l"xj(R‘ﬁ)
= -’Rzl EIE ZTZw([J'TUco)-i/Z 1"*( )

iym

CERLinB) (R
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= E R.-,Nr,,, rrem(®Y B s (85)

Construct the unitary matrlx Q(R) defined as follows:

[ 0
Q(R) B '_ —————— » (86)
| R
| R 0
|
0 0
' R
| —
where 1 is the (3f— 3nr) X (3f ~ 3nr) unit matrix. It
follows from Eq. (81) that
Q(RIAQ(R) =A. @87

Further, using Eq. (85) and the discussion following Eq.
(82), we see that

QRN@)QR) = NRJ). (88)
Thus, for all Re O(3),

C'(Ré) =Q(RIC'($)QAR). (89)
Finally, we obtain the equation

C'(R$) =Q"(RIC(F)QR), (90)
where

QR)=UQR)U". (91)

We summarize these results. To construct the
matrix Q(R) in Eq. (24), first construct the matrix U
whose columns are the eigenvectors of A ordered as
described earlier in this section. Then write down the
matrix Q(R) defined by Eq. (86). The unitary matrix
Q(R) is then obtained from Eq. (91). If the eigenvectors
'Il°"(¢0) of C°(¢2) are determined, the eigenvectors of
C%(¢) for any ¢ = R¢, may be obtained from the equation

L"(R,) = Q' (R)¥ (). (92)

X. LATTICES WHOSE POINT GROUPS DO NOT
BELONG TO THE REGULAR SYSTEM

Recall that in Sec. VII the nonregular point groups
are divided into Types I, I, and II. The following the-
orem is proved in the first part of this section:

Theovem II: Consider an ionic lattice in the point ion
approximation. Assume that the point group G for the
lattice does not belong to the regular system and that no
accidental degeneracies exist in the eigenvalues of A,
A’, or C%¢).

a. K the point group is of Type I, then the number of
branches of the dispersion relations which do not ap-
proach definite frequencies as ¢ approaches zero is
equal to the dimension of the subspace S(polar).

b. H the point group is of Type II [Type III], then the
following is true. Let » and m be the number of inde-
pendent eigenvectors of A lying in S(polar) and trans-
forming according to D** and D [D*], respectively.
Then the number of branches of the dispersion relations
which do not approach definite frequencies as ¢ ap-
proaches zero is equal to v + m/2 where v +m/2> 2,
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To prove the theorem, let g be the dimension of

S(polar) (where clearly ¢ = 3). Then, by Lemma I,

(3f - q) branches of the dispersion relations approach
definite frequencies in the long-wavelength limit. Thus,
we need consider further only those ¢ branches whose
eigenvectors are linear combinations of eigenvectors of
A spanning S(polar). By Lemma XVII these eigenvectors
of A will belong to irreducible representations of the
point group to which x, y, or z belong. If any such
branch is to approach a definite frequency it must
satisfy the conditions of Lemma XVI, That is, either its
long- wavelength normal mode vectors \It°(¢) lie in

(Ay=0; ¢) for all ¢ or its normal mode eigenvectors
¢) lie in S35y =0; é) for all ¢.

The irreducible representations of the point groups
not belonging to the regular system are at most two-
dimensional even when time reversal invariance is con-
sidered. It follows from the preceding paragraph and
from Lemma XIV that none of the branches of the dis-
persion relations with eigenvectors in S{polar) have
eigenvectors ¥%(¢) which lie in Sy;5(x, = 0; ¢) for all .
Thus, in the followmg, we need only consider the possi-
bility of the ¥°($) lying in Sy, ;(\y =0; ;$) for all é.

536,

First consider lattices with point groups of Type L
Such point groups have only one-dimensional, real,
irreducible representations, It follows from Lemma 7t
and the above discussion that for such lattices none ot
the dispersion relations whose eigenvectors lie in
S(polar) approach definite frequencies in the long-wave-
length limit, Thus, part a of Theorem II is established.

J

Next consider lattices whose point groups are of Type
I [Type II]. By Lemmas XV and XVII the only invariant
subspaces of eigenvectors ofAA lying in S(polar) which
can contain eigenvectors ¥%¢) of C%(¢) lying in
Sss-1(\y = 0; @) for all ¢ are the two-dimensional sub-
spaces spanned by eigenvectors transforming accord-
ing to D [D*’]. Each such two-dimensional subspace
will contain at least one set of such ¥%(¢) since its in-
tersection with Sy,_;(\y=0; @) is at least one-dimensional
for each ¢. However, such a two-dimensional invariant
subspace cannot contain two mdependent sets of eigen-
vectors of C*(¢) lying in Sysi(Ay = 0; @) for all §. For, if
it did, the invariant subspace would lie in Sg.;(Ay = 0; ¢>)
for all ¢ and thus be contained in Sy;_;(zero), contrary
to our assumption. Thus, if v independent eigenvectors
of A transforming according to D'? and m independent
eigenvectors of A transforming according to D% [D*]
lie in S(polar), then m/2 corresponding branches of the
dispersion relations approach definite frequencies in the
long-wavelength limit and # + /2 do not. By Lemma
XVI, v=1,2,3,--- and m=2,4,6,---_, Since v+ = 3,
we see that r+m/22 2,

The above completes the formal proof of Theorem I
In the following we analyze the long-wavelength normal
modes for crystals with point groups of Types II and III
in greater detail,

We first consider crystals whose point groups are of
Type II and determine the form of \1’0@3) for a branch of
the dispersion relations which lies outside of S 3(zero)
but which approaches a definite frequency. Let ¥ ¥
(=1 or 2) be eigenvectors of A which transform among
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themselves according to the first and second rows of
D), respectively, and which are related by Eq. (44).
A general vector in the invariant subspace spanned by
the ¥'*¥¢ js of the form

NACO al‘l,(xy)i n 02\1,(::3:)2. (93)

From Eq. (35) we see that the condition that ¥ lies in
Sar.1(\y = 0; @) is that N(@)¥ ™ = 0, Applying this condi-
tion together with Eqs. (5), (14), (15), and (72), we ob-
tain the equation.

L(¢)Z)’ (94)

K=T

__L_)Tm (ai 5 ! (xy)t +a, > \II("”)2> 0.

Using Eqs. (42), (44), (59), and (70), and a procedure
similar to that used in deriving Eq, (74), we find that
] By
E ‘I,‘Sxy)c :c(xy) 5 .
et T (‘) ’

(95)

where
(xy) 7‘ \I,(xy)i

K=T

(96)
It follows from Eq. (94) and (95) and the fact that not all
Z, vanish that

ay 4% + aypydy

<>_"Z pit'%e uy)) ayb1By +ayy’ | =0
@11 Ps+Aydychy

(97)

The vanishing of the first factor on the left of Eq. (97)
would imply that ¥ ¢ S, ;(zero), contrary to our as-
sumption. Thus, the second factor must vanish. In
order that it vanish for all ¢, we must set a, =k¢, and
a=— k¢, where k is a proportionality factor. Thus, the
normalized elgenvectors of C°(¢) which lie in 53,_1(AN
=0; ¢) for all ¢ have the form

V) = (hy2 + o 2) 1/ 2 (g WM 1 p, T592)

where ¥"”! and ¥*»? gre normalized. For lattices
whose point groups are of Type II, Eq. (98) gives the
general form of the normal mode eigenvectors for those
branches of the dispersion relations which approach
definite frequencies and whose normal mode eigenvec-
tors lie in S(polar).

(98)

We note that for the particular values (5: (0,0,21),
the two-dimensional invariant subspace is contained in
Sys.i(Ay=0; ). For these values of ¢, the branch of the
dispersion relations becomes degenerate with another
branch (one not approaching a definite frequency), and,
as a result, the eigenvector ‘I’O“(ci;) given by Eq. (98)
becomes indeterminant for ¢ (0, 0,+ 1), This degenera-
cy is required by symmetry from an analysis of G(q))
the group of the direction of ¢, when ¢ = (0, 0,+1).

The normalized vector in thehtwo-dimensional invari-
ant subspace orthogonal to ¥%(¢) is given by

\I,Ob(&) = (g% + b2) ™ 2(p N 4 W), (99)

The eigenvectors for branches not approaching definite
frequencies can be constructed as linear combinations of
the ¥%(¢) (one from each two-dimensional invariant
subspace) and of eigenvectors of A belonging to D" and
lying within S(polar).
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Next consider crystals whose point groups are of Type
IO Let ¥ and ¥~ be eigenvectors of A, lying within
S(polar), corresponding to the same eigenvalue, and
transforming according to D’ and D', respectively.
These vectors span a two-dimensional subspace in-
variant under the operations of {T(0, R)} and time re-
versal. Since A is real, we choose

D=, (100)

A general vector in the two-dimensional subspace has
the form

V=0, 4 a ¥, (101)

To determine the form of the \Il°(¢) for a branch ap-
proaching a definite frequency, set N(¢)¥ = 0. Applying
Egs. (5), (14), (15), and (72), we find that the latter
condition reduces to

’ (+ (=
(qr,)S‘m—ﬁ—)rl—/-2 Z)\p Yia, Z}\If >> (102)
Using Eqgs. {43), (64), (70), and (100), we obtain the
result
1
L8 = 09 =c(n) |-, (103)
KT
0
where
c(n) =22 (Y +47). (104)
=T
Define the quantity
=2 Zuit (). (105)
T

Then, using the fact that all of the Z, are not zero, we
reduce Eq. (102) to the equation

1 1
L(){Ca,|-7|+C*ali |»=0. (106)
0 0

One way to satisfy Eq. (106) is to set Ca, + C*a_=0 and
Ca,—- C*a_=0. Since both a, and a_ cannot vanish, the
latter two equations hold only if C=0. But it is easily
shown that C =0 implies that ¥’ lie in Sy j(zero), con-
trary to our assumption. To find solutions outside of
Sy¢_s(zero), we use Eq. (6) to reduce Eq. (106) to the
single equation

Ca,(Pp1—igy)+ C*a{dy+¢py) =0,

Let (1, 6, ¢) be the spherical coordinates of ¢ in ¢-
space. Then Eq. (107) reduces to

(107)

sinf[Ca, exp(~ip) + C*a_exp(ip)] = (108)

The latter equation is satisfied for all ¢; if and only if
a,=kexp(i@p)C*

and (109)
a_=—kexp(-ip)C,

where %k is a factor of proportionality. Thus, if a branch
of the dispersion relations approaches a definite fre-
quency and its normal mode eigenvectors ¥%(¢) lie in
S(polar), then the eigenvectors must be of the normal-
ized form
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1
731CI

[C* exp(i @)¥ ™ — C exp(= i) ¥ *],
(110)

% () =

where ¥ is assumed normalized.

From Eq. (108), we see that when 6=0 or « [that is,
<§= (0,0, =1)] the two-dimensional invariant subspace is
contained in Sz (Ay =0; 6). The branch under considera-
tion then becomes degenerate with another branch {(one
not approaching a definite frequency), and as a result
¥ as given by Eq. (110) becomes indeterminant.
Again this degeneracy is required by symmetry from an
analysis of G(¢).

The normalized vector in theAtwo-dimensional invari-
ant subspace orthogonal to ¥%(¢) is

¥O($) = ﬁ [C*exp(i@)¥ ) + Cexp(- iqo)\l"*’*].(lu)

The normal mode eigenvectors for branches not ap-
proaching definite frequencies are linear combinations
of the \Ilo”(d;) (one from each two-dimensional invariant
subspace) and eigenvectors of A belonging to D and
lying in S(polar).

To summarize we state the following, For lattices
whose point groups are of Type I, only those branches
of the dispersion relations whose corresponding normal
mode vibrations produce P =0 (and thus E =D =0) ap-
proach definite frequencies in the long-wavelength limit.
In the case of lattices whose point groups are of Types
II or OI, those branches of the dispersion relations
which produce P =0 approach definite frequencies, In
addition, definite frequencies will be approached by
branches producing E =0 and P #0. For lattices consid-
ered in this section, there will be no branches with P+ 0
and E #0 which approach definite frequencies,

XI. CONCLUDING REMARKS. POLARIZABLE ATOMS

This paper completes the mathematical theory intro-
duced in Ref., 1. Our analysis has been limited to the
rigid-ion model. We have done little work with crystals
with deformable or polarizable atoms. However, by
referring to Sec. VL5 of Maradudin, Montroll, Weiss,
and Ipatova (Ref. 4), we can immediately obtain some
idea of the additional complications imposed by the
existence of such atoms.

In the above reference, the long-wavelength normal
mode eigenvector equations appropriate for lattices
with polarizable and deformable atoms are derived using
a phenomenological approach, The eigenvector equations
are given by Eqs. (6. 5.34), (6.5.37), and (6. 5. 38) of
Ref. 4. The long-wavelength dynamical matrix appear-
ing in these equations depends upon the effective trans-
verse electric charges f,,(x) and upon the susceptibili-
ties x,, which relate the macroscopic electric field to
its contribution to the polarization. %2

Using Ref. 4, we immediately find one special case
where the presence of deformable and polarizable atoms
affects nothing of substance in this paper. This is the
case where the deformabilities and polarizabilities of
the atoms are isotropic, that is, where,
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fu(K)=e2,5,,, (112)

and

Xav=X Ouue (113)

(Note that we have never restricted the Z, to integl:al
values. ) In this case, we need merely replace CY(P) as
given by Eq. (3) with

a1 ~
CYP)=A +47— = N(o),
'Ua €r

(114)
where ¢ (the longitudinal, optical frequency dielectric
constant) is independent of ¢ and is given by

eg=1+4mx". (115)

Thus, we need merely replace the constant 41ras/v,Z with
the new constant 4ra®/(v,€7) everywhere in this paper,
Since the particular value of 47a%/v, enters into none of
our arguments, nothing of substance is changed.

However, it is clear that a more general formalism
than that presented in this paper and Ref. 1 is required
to deal with lattices for which either of Eqs. (112) or
(113) fails to hold true. If Eq. (112) is true and Eq.
(113) is false, then C%(¢) is still given by Eq. (114).
Now, however, €7 is @-dependent. As a consequence
much of the formalism developed in this paper breaks
down. For example, Lemmas I and II remain true. How-
ever, Lemma II must be modified, for now the branch
of the dispersion relations whose long-wavelength nor-
mal mode eigenvectors are the ¥**(@) approaches the
$-dependent frequency corresponding to A° + 4ra’/
[v.£1(@)]. Similarly, Lemma IV must be modified. We
find that the condition that N(¢)¥°(¢) =0, for all ¢, re-
mains a sufficient condition that a branch of the disper-
sion relations approaches a definite frequency, but the
condition M(¢)¥°(¢) =0, for all ¢, is no longer suffi-
cient, Clearly much of the remaining work must be
changed. If the condition of Eq. (112) is relaxed, then
Eq. (114) is no longer true and the mathematical theory
of this paper and Ref. 1 is not applicable. Finally we
point out that Eq. (113) is required by symmetry to hold
for all lattices whose point groups belong to the regular
system. A sufficient condition that Eq. (112) hold for
such lattices is that 6(x, F;(v,R))=5,, for all «, v, and
R of the point group.

To summarize, we state the following. The work in
this paper remains applicable to lattices with deforma-
ble and polarizable atoms provided the deformabilities
and polarizabilities are isotropic. If they are not
isotropic, then a more general mathematical formalism
is required.

APPENDIX A

The proof of Lemma XV is the following. The condi-
tion that ¥'(@) lies in Sy (Ay=0; @) is N($)¥’(@) =0,
Using Egs. (5), (7), (8), and (9), and the fact that not all
Z, vanish, we see that the latter condition is equivalent
to

2 23t 9) =q($)i(), (a1)
where ¢(¢) is some number not equal to zero and
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7' ($)¢ =0. Note that here 7(¢) may be complex, Its
most general form is 7() = a7 (@) + 4,7 ($) where

1) and 7®($) are independent, real vectors trans-
verse to ¢, and a; and o, are complex numbers. * 3 [The
caret in n(¢) indicates that 7' ($)7($) =1.] We refer to
the three-dimensional space containing the 11(¢>) as com-
plex ¢-space. Howevev, the symbol ¢ will continue to
stand fov a veal unit vectov. Any three, linearly inde-
pendent (real) ¢ =1, 2, or 3) span complex ¢-
space. Consider the corresponding set of three vectors
{fi(¢'")}. From this set, it must be possible to select
two vectors which are 11near1y independent of each
other. Otherwise any member of the set would be
orthogonal to each of the ¢(”, contrary to the fact that
complex ¢-space is three-dimensional,

It follows that, given any qb “’ there exists a ¢(”) such
that 7(# @) is linearly 1ndependent of 7(¢™®). It then
follows from Eq. (A1) that 3, Zu:' 290 (') and
S Z i 29 @) are linearly independent vectors in
complex ¢-space, and, therefore, ¥%(¢‘") and ¥ ($)
are linearly independent in S3j(tota1) Thus, we have
shown that the ¥°(¢) for the branch span a subspace of
at least two dimensions, The '110(65) are all eigenvectors
of A corresponding to a common eigenvalue A=2’. Since
we are excluding accidental degeneracies from con-
sideration and none of the irreducible representations of
the point groups G are greater than three-dimensional,
the space spanned by the ¥° (qg) for the branch is either
two- or three-dimensional.

APPENDIX B

Consider a branch of the dispersion relations whose
¥%(¢) are contained in S(polar) and which approaches a
definite frequency in the long-wavelength limit. Here we
show that it is not possible that the 'Il°(¢) are elements
of Sy.1(Ay=0; @) for some (but not all) ¢ and are ele-
ments of Sg5(2y =0; é) for the remaining ¢.

Suppose that such a branch were to exist. Let ¥°(¢‘®)
and ¥(¢?) be eigenvectors of the branch where ¥°(¢‘?))
€ S374 (0 =0; ) and Y (F?) € Sgrp(ny =0; ). Let 2’
be the ¢ 1ndependent eigenvalue of C%(é) for the branch,
Since N(¢@)¥°(¢’) =0 and M($ @) (¢ ) =0, we see

from Egs. (3) and (34) that

AV (@) = 0W (¢4, (B1)
and

{A + (@na®/v,)[N(@@) + M) 1 (D) = X)),  (B2)
A simple calculation shows that

¥ (GO [M($) + NG W' (6“) =0, (B3)

and from Eqgs. (27) and (51) we immediately obtain the

result
[ 5P, ¥0(¢)}
=% Z* ; WGP D —1—,5\113((5‘“):0. (B4)
According to Egs. (49) and (A1),
T2 w6 ) =0 m@) (85)
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and

(&(b))é(b)’

2\1,0 (b)) (BG)

where q(¢o(‘”) and £(¢‘®") are nonvanishing numerical
factors. It follows from Eq. (B4) that

&(b)Tﬁ(&(c)) =0.
Thus, ¢ and #(¢‘’) must be orthogonal.

(B7)

In Appendix A we defined the term complex ¢-space.
If the type of branch under consideration is to exist,
then the ¢ for which ¥*($) € Sy, (A, = 0; #) must either
span complex ¢-space or span a two-dimensional or a
one-dimensional subspace of complex ¢-space. We con-
sider each of these three cases in turn.

Suppose that there exist ¥*(¢) & Sa,,(r,=0; ¢) for
three linearly independent vectors ¢‘“ qu, and ¢
in complex ¢-space. Then for no ¢ can n(¢) satisfy Eq.
(B7) for every ¢ (i=1, 2, or 3), and ¥*(d) = Sy, (1,
=0; ¢) for all ¢.

Next assume that ¥°(¢) < Syp-9 (A = 0; #) for just two
linearly independent values of &, say 4)(“ and ¢, Then
the 7(¢) for those ¥'($) € Sgp1(Ay=0; 4)) must be orthogo-
nal to the ¢‘’—¢® plane. Consider ¢ orthogonal to
the ¢ '— @@ plane. Clearly ¥*(¢®) € Sy 1()\”—0 )
since ¢ is linearly independent of ¢’ and ¢, But
(@) lies in the $V—¢? plane. We are led to a con-
tradiction and conclude that this case cannot occur.

Finally assume that ¥*(#) € Sy;.5(0, =0; @) for ¢ == ¢
(for one particular ¢(3’) and for no other ¢. Then ¥°(¢)
€ Szp(Ay=0; ¢) for all ¢ #+ ¢(3) and the corresponding

7(é) in Eq. (BS) lie in the plane in complex ¢-space
orthogonal to 6(3’. In the following paragraphs we prove
that the preceding sentence implies that ¥°($) < Sys_ (Ay
=0; $) for all qg, and we obtain a contradiction, Thus,
this final case cannot occur. Therefore, we have com-
pleted the proof of Lemma XVI,

To prove the above statement [that ¥*(¢) e Sy, (A4 =0;
$) for all ¢] consider the following hypothetical situa-
tion., We are given that a branch of the dispersion rela-
tions approaches a definite eigenvalue A° of C%(é).
Further, the ¥%(¢) for the branch lie in S(polar) and are
elements of Sy_i(Ay=0;$) except possibly for ¢ =+ ¢
(for one particular ¢®). Finally, we are given that, for
each ¢ #+ ¢, 7(é) in Eq. (B5) lies in the plane in com-
plex ¢- space orthogonal to ¢‘®, Notice that, for ¢
=+ @' 7(d) is well defined to within a phase factor
since it is orthogonal to both ¢ and ¢®. In the re-
mainder of this section we prove that ¥°( ¢)

& Spp Ay =0;2 D).

Choose ¢V’ and ¢ such that neither equals + ¢ and
(1) and 7($?) are linearly independent. (Qur dis-
cuss1on in Appendix A shows that the above choice is
always possible.) Then ¥*(¢’) and ¥°(¢ ) are linearly
mdependent vectors in Sy(total). First we show that for
¢ ++¢® any ¥%($) of the branch can be constructed as a
linear combination of ¥°(¢") and ¥*($?). For all ¢,
the () are eigenvectors of A corresponding to the
eigenvalue A’. Thus, a general ‘Il°(<5) for the branch
(6 ++ ) is of the form
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V() =f($)FAED) +£,($)F° (D) + B(S), (B8)

where the f‘($) are numbers, and either §(¢)=0 or 9($)
is linearly independent of ¥°(¢?) and ¥°(¢®") and is an
eigenvector of A corresponding to the eigenvalue A’. We
now show that Q(¢)=0. Applying Eq. (Al) to ¥°($),
¥(ED), and ¥(¢?) in Eq. (B8), we obtain the result

[(@)a (@) + fo(d)a(dPn(é )

Ze o ian mven
+ 2747 Ul(@)=a(d)n(d) (B9)
Since ﬁ(:fa) lies in the 7(¢V)—n(¢®) plane, 3, Z,u;'/?
xQ,(¢) must be a linear combination of 7(¢ ‘1) and
n(tfm). Thus, applying Eq. (Al), we find that
(2 bt D[ Q(B) - c($ITUASD) - (@) ER($ )] =

(B10)

where cl(¢) and ¢,(¢) are numbers. Let &(¢) = ()

- c1(¢)\1r°(¢‘1>) co($)¥($?Y). Equation (B10) implies
that ©(¢) lies in Sis.3(zero). But either ©(4)=0 or it is
an eigenvector of A corresponding to the eigenvalue A%,
The latter possibility violates Lemma XI and we con-
clude that ©(¢)=0. But then 2(¢) c1(¢)\p°(¢‘“)
+Co(P)T(EP). We have stated that either Q) is
linearly independent of ¥°(¢1’) and ¥°(¢?) or () =
Clearly, Q(¢)=0.

Thus, for any ¢#+ ¢®,
V(@) =BT GD) + /(LS. (B11)

Again applying Eq. (A1) to ¥%(¢), ¥(6V), and ¥*(¢?),
we obtain

V(@) =q(@)(1 - |n' (@ D)) D)

<% FFD) %?;T) 2 ‘5(2))) , (B12)
where
£1(®) =" @)@ - [0 @ EN' @V (B13)
and
£:@)=7"¢m(@é) - 1" @ MmEMNA (@) (Bl4)

-~

In Eq. (B12), the term 1~ |7 (¢)n(¢?") 12 is nonzero
by the Schwartz inequality. If ¥°(¢1’) and ¥°(¢®) are
given, Eq. (B12) determines ¥°($) for any ¢ #+ ¢ to
within a numerical factor q($). [The undetermined phase
factor in 7($) can be absorbed into ¢(é). ]

The behavior of the branch at ¢ =+ ¢® is determined
by extending Eq. (B12) to include these points. The vec-
tors ¥°(: @) are not well defined since the 7(x ¢®)
are only restricted to lie in the plane in complex ¢-
space orthogonal to ¢®. As 7(¢‘®) circles about the
¢ direction, ¥°(¢'®) as given by Eq. (B12) sweeps
out a two-dimensional subspace S, of Sy(total). This
fact presents no difficulties. It merely shows that at
é =+ ¢® the branch under consideration becomes de-
generate w1th another branch of the dispersion rela-
tions, At ¢=+¢® the eigenvectors for the branches
meeting at ¢ + ¢(3’ are vectors lying in S;, But all vec-
tors in S, are contained in Sg;_;(Ay=0;+ ¢®). Thus, all

17N J. Math. Phys., Vol. 16, No. 5, May 1975

eigenvectors ¥°(¢) for the branch under consideration
lie in Saf-i()\N = 0, ¢).

We conclude by noting that the hypothetical situation
considered above does occur in the case of the branches
of the dispersion relations analyzed in the latter part of
Sec. X.
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We consider a class of system of N interacting particles in any dimension—the potential includes a
quadratic pair potential and an arbitrary translation-invariant position-dependent potential that is
homogeneous of degree —2. The group SU(1,1) is the dynamical group for the Hamiltonian.

We illustrate the significance of the Casimir operator in relation to the separation of variables
method; obtain a series of eigenfunctions that transform under the unitary irreducible representations
of SU(1,1) labeled by the ground state energy; indicate the structure of arbitrary eigenfunctions;
and specify when the complete energy spectrum is linear. We treat N-body examples which include
two- and three-body forces. For N identical particles in one dimension interacting with a quadratic
pair potential and an inverse square pair potential, we exhibit a series of eigenfunctions characterized
by four quantum numbers. These eigenfunctions reduce to the complete set of eigenfunctions for five
particles. We indicate how a complete set of eigenfunctions for N particles are obtained.

|. INTRODUCTION

The study of exactly solvable nontrivial quantum sys-
tems of N interacting particles proceeds with the hope
that the systems have some general characteristics in
common with real systems. Also, exact results are
crucial in estimating the accuracy of some of the ap-
proximation techniques used, for example, in statisti-
cal mechanics or nuclear physics.

Consgider the system of N interacting identical parti-
cles characterized by the Hamiltonian

1 % ., mwt &L,
Hzé—rﬁ Z P+ iZ_}ﬂ i+ Ve, ., Ty) (1.1)

where r; is the s-dimensional coordinate of the ith
particle, and r,,=r, —r;p; is the s-dimensional mo-
mentum of the ith particle; » is the particle mass; and
w is the frequency. The potential V, is position-depen-
dent, translation-invariant, and homogeneous of degree
-2, There is no restriction on the dimension s, unless
specified. Some examples of the potential V, are

N 1
@B V,=x 2 = (two body), 1.2)
L 41 Ty
N N Ty Ty
(i) V,=x,2 2. -2k (three body), (1.3)
k=1 i>j=1 I‘,“-I‘kj
N N T, T,
(iii) V, =X, 2 2 =2 (four body), (1.4)
3 i>p=1 Fe=1 r{k e
i5#8
itk
. 1 X
(V) Vi, =\/7%, = DZJ_‘,ﬂ 2, (1.5)

where %, (1 si<4) are constants,

The universal covering group of SU(1,1), i.e.,
SU(1, 1), forms the noninvariance or dynamical group
of the class of systems governed by Hamiltonian (1.1).
The eigenvalue of its only Casimir operator completely
determines the energy spectrum, The Hamiltonian is a
generator of its Lie algebra'; thus, the Lie algebra is
referred to as a spectrum generating algebra.

1172 Journal of Mathematical Physics, Vol. 16, No. 5, May 1975

One purpose of this paper is to give a concrete exam-
ple of the role of a noncompact group in solving a many-
body Schrddinger equation in many dimensions., This
provides a splendid opportunity for those unfamiliar with
noncompact groups to gain insight into the power and
elegance these groups display in physical applications,
So in Sec. II, we discuss the spinor group SU(1,1) and
its covering SU(1, 1) with some of the necessary back-
ground and perspective. In Sec, III, we prove a theorem
on the significance of the Casimir operator in relation
to the separation of variables method, justify the
restrictions on the potential V,, and give some examples.

Calogero and Marchioro? considered a system of N
interacting particles in three dimensions consisting of
distinguishable particles or bosons. The Hamiltonian
they treated is (1.1) with a specific linear combination
of the potentials V,, (1.2) and sz (1.3) for V,, They ex-
hibited a subset of completely symmetric eigenfunctions
including the ground state and the corresponding energy
eigenvalues, In Sec. IV, we obtain these results in any
dimension as a consequence of the group theoretical
approach,

We prove that the complete energy spectrum of the
Hamiltonijan (1.1) is linear if V, does not contain the
potential V,‘4 {1.5) as a term, In addition, we indicate
the structure of arbitrary eigenfunctions.

The N-body system in one dimension with the
Hamiltonian H(1.1) and potential V, (1.2) has been
solved completely by Calogero® for the case of two par-
ticles (N=2) and the case of three particles (N=3).

For the case of N particles, he*® exhibited the eigen-
function of the ground state, the complete energy spec-
trum, and a series of eigenfunctions for the excited
states. The energy spectrum is independent of the sta-
tistics (Bose, Fermi) which the particles satisfy. In
addition, it coincides except for a constant shift of all
energy levels to the energy spectrum of the correspond-
ing problem with just the harmonic forces, i.e., an

(N —1)~dimensional harmonic oscillator. This important
correspondence provided one reason for Calogero® to
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suggest the possibility of an underlying group structure
in the solution of this N-body problem. Perelomov®
showed that the Hamiltonian is a generator of the Lije!
algebra of SO(2,1). He exhibited a series of eigen-
functions of the N-body case characterized by three
quantum numbers. These eigenfunctions reduce to the
complete set of eigenfunctions for four particles. The
eigenfunctions of the multidimensional harmonic oscil-
lator can be expressed in terms of energy raising ope-
rators acting on the ground state; so, Perelomov ex-
pressed the eigenfunctions of this one-dimensional
Calogero problem in terms of energy raising operators
acting on the ground state. A necessary condition for
the existence of these eigenfunctions is that the raising
operators mutually commute. Perelomov verified this
explicitly for each pair of raising operators. We gen-
eralize the method of Perelomov and exhibit a series
of eigenfunctions for the N body case characterized by
four quantum numbers. These eigenfunctions reduce to
the complete set of eigenfunctions for five particles. We
also express the eigenfunctions in terms of raising
operators acting on the ground state; but, we provide

a more general proof that the raising operators mutual -
ly commute.

1. THE SPINOR GROUP SU(1, 1) AND ITS
UNIVERSAL COVERING GROUPSU(1,1) 7

A representation of a dynamical group (in general a
noncompact group) of the Hamiltonian determines the en~
ergy spectrum and energy states including the degen-
eracy of the levels; whereas, a representation of a sym-
metry group usually determines just the energy states
for a given energy. The noncompact group SU(1,1) is the
dynamical group for the Hamiltonians considered in this
paper.

A Lie group is noncompact if and only if at least one
of its parameters varies over an infinite range. The
noncompact Lie group SU(1,1) is the group of all two-
dimensional complex matrices g(a, 8) of the form

«
g(a,B)=<B,, (f*) (2.1a)
where a and B are complex parameters, and
o |2—[8]?=1. (2. 1b)

The matrices g(a,B) correspond to conformal trans-
formations of the unit circle’s interior into itself, given
by

a*z +pB*
T Bz+a

!

(2.2)

where z’ and z are complex variables. In addition,
SU(1,1) is the group of linear transformations on two
complex variables z, and 2z, leaving the quadratic form
lz;1% - 12,1? invariant, i.e.,

g(a,e)(z):(jz) with |2, ]2 = | 2,2 = | eg]* = | 232,
(2.3)
All local properties of a Lie group can be described
in terms of its Lie algebra. We can characterize the
group element gla, 8) by three independent real param-
eters since the complex parameters a and 8 are re-
stricted by (2.1b). Thus, the Lie algebra has three gen-
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erators; the generators [, I,, and I, satisfy the com-

mutation relations

[Il’Iz]ziIS: (2.4a)
[Is,Il]z —-il,, (2. 4b)
l1,, 1] =il,. (2.4c)

In our application, the generator I, is proportional to
the Hamiltonian; thus, the eigenvalue ¢ is proportional
to the energy.

We discuss the class of unitary irreducible represen-
tations (UIR’s) of SU (1,1) called the positive discrete
series D*(®), The Casimir operator @, defined by

Q=~I2-I2+12, (2.5)

commutes with all the elements of the Lie algebra. The
Casimir operator  and the generator I, are diagonal
in this representation with eigenvalues

and
e=a-o,

(2.6)

(2.7a)

respectively, where a is a nonnegative integer, and & is
real with & <0. Each UIR is labeled by constant &, The
eigenvalue € can be rewritten in terms of ¢, i.e.,

e,=a+zt(qg+3)/? (2.7b)

where ¢. has the restriction (g+1)'/2< ; since & <0,

The group manifold of SU(1,1) is the product of a
circle and a plane (picture three-dimensional space with
a line deleted) indicating that the manifold is not simply
connected and also that the group possesses a U(1l) sub-
group. The universal covering group G of a Lie group
G is essentially defined as the Lie group that is locally
isomorphic to G and has a simply connected group mani-
fold. The group manifold of SU(1,1) is three-dimensional
Euclidean space. The Lie algebra of SU(1,1) and the Lie
algebra of SU(1,1) are locally isomorphic, i.e., each
has three generators satisfying (2.4). Any UIR of
SU(1,1) can be extended to a UIR of SU(1, 1), If the latter
representation is not a representation of SU(1, 1), it is
called a projective representation of SU(1,1).

For the group SU(1, 1) there is a discreteness condi-
tion on € (and, thus on &) as a consequence of the U(1)
subgroup, i.e., € is an integer or half-integer. This
discreteness condition is eliminated when the represen-
tation D*(2) is extended to a representation of SU(1,1)
since the group manifold of SU(1, 1) is not restricted by
a U(1) subgroup. In this projective representation the
eigenvalue € can be an arbitrary real number. We are
mainly concerned, in this paper, with projective rep-
resentations of SU(1, 1) since the energy eigenvalue will
not take just integer or half integer values.

The raising and lowering operators of I, are

Ai=(I,+il), A;=A, (2.8)
with the commutation relations
[127A;] =A;; (2.92)

[12,A2]=—A2, (2. 9b)
[4;,4,)=-21, (2. 9¢)
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and matrix elements

Ajl@,a)=[(a -20)a+1)]/?|®,a+1), (2.10a)

A,|®,a)=lala~-20 -1)]*/?|®,a - 1) (2.10b)
where

(®,a|®,a") =05, (2.10¢c)

In a projective representation of SU(1, 1), relations
such as (2. 10) remain the same since the Lie algebra
of SU(1,1) is isomorphic to the Lie algebra of SU(1,1).

1. THE HAMILTONIAN AND CASIMIR OPERATOR

The group §_f/—(T,T) is a dynamical group for the
Hamiltonian (1.1); Perelomov® demonstrated this for
one dimension; Burdet and Perrin® indicated this for a
linear combination of the potentials V,, (1.2), Vi, (1.3),
and V, s (1.4). We show that an important consequence
of this group structure is the separation of the
Schrédinger equation into an equation in the radial vari-
able and an equation in the “angular variables”; the
Casimir operator eigenvalue equation is, apart from a
constant, the equation in the angular variables. This is
more than just the conventional separation of variables
method since the eigenvalue of Casimir operator deter-
mines the complete energy spectrum, In addition, we
are provided with a lowering operator which gives an
equation for the ground state and with a raising operator
which generates a subset of eigenfunctions once the
ground state is known. We assume the potential V, is
translation invariant; we will show that the additional
restrictions on the potential V, are consistent with an
induced group structure.

We eliminate the center of mass motion from the
Hamiltonian (1.1) to obtain it in the form®

H=H, +a3Cy 3.1)
where
a :(N/Z)”Zw 3.2)
N
H .
¥.s™ 9mN >E 8.3)
m
Cy .= r: 3.4
N,s 2N 1>Zk‘ ik ( )
and p,;,=p; —P,. The subscripts N and s refer to the

total number of particles and dimension, respectively.
Equation (3.1) is obtained from (1.1) by applying the
identity

—Z

2 1 i 2
ZWIN <Z p> ImN S Piw

where the first term on the rhs of (3.5) is the kinetic
energy of the center of mass. After defining

(3.5)

1 N
Dy, = oN 2;’:1 (T *Pint Pip*Tin)s (3.6)
we transform the operators Dy , Cy ,, and Hy , to the

Jacobi position coordinates X, and momentum COOI‘dl-
nates P, defined by

1\ .
Xj=<j7j—+1)> (:1 rk—er>,
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(3.7a)
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P 1 1/2 <2’: .
j:<]—(]+1)) ot pk -]pr), (3. 7b)
where
(X,P)=inss, ;. (3.8)
The transformed operators are given by
R
b=} E o ornx) o.50
1 N-1
1‘11\,'3:%{l=1 P2+V,, (3.9b)
m &l
CN,s: E X?. (3,,90)
i=1

The operators sz,s, Dy ,, and Hy,  form a closed Lie
algebra with commutation relations

[CN,S,DN'S]:ZiﬁCN’s, (3-103.)
[Cx, 5, Hy, ) =7Dy (3.10b)
(Hy, ,, Dy, J=— 2ifHy (3.10¢)

if and only if the potential V, satisfied the commutation

relations
[Vv DN,s] == ZiPZV,\
[V)u c

N,s]:()'

(3.11a)
(3.11p)

The commutation relations (3.10) transform into the
commutation relations of SU(1,1) (2.4) by defining the
generators [, I,, and I, as follows:

5, =(-1/2K)Dy , (3.12a)
I,=(1/2ha) A, (3.12b)
13:(1/2ﬁa)(—HN’s+oz2CN's), (3.12¢)

The summation in each of the equations (3.9) contains
(N=1)s={ terms. We relabel each term with the sub-
script k and sum from k=1 to k=¢ to obtain

1t
Dv.=32 {X,, Pet, (3.13a)
1 t
H~,3=gn§; P+, (3.13b)
_m 2
Cu,e= 9 Xps (3.13¢)
where {, }, is the anticommutator bracket, and
(x,,P]=ims,, (3.14)
with
no9
=7 35X .15
Po=73x, (3.15)

We use (3.14) and (3.15) to rewrite Dy | (3.132a) in the
form
i<t 2 int
==X, - —.
AR
Finally, substituting (3.16) into (3.11a), we obtain a
restriction on the potential V, in a more obvious form,
i.e.

(3.16)

zt)x =V, =-2V,. (3.17)

w1 PoX,
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Thus, the translation-invariant potential V, is homo-
geneous of degree —2, Also, the assumption that V, is
just a function of coordinates is consistent with (3. 11b).
The Casimir operator (2.5), after some manipulation
(see Appendix A), is given by

m [t —4)i? 7
QN,5= §ﬁ—2 (—W—— +'V'2Vl+ '% L?v's), t:S(N—l),
(3.18)
where
t
©=2,X2 (3.19)
k=1
and
t
i>§1 X, P, -X,P), t>1, (3.20a)
RoL, =
0, t=1 (N:2,s:1).

(3.200)

We are now ready to discuss the significance of the
Casimir operator. Arbitrary eigenfunctions of the
Schrddinger equation have the form

¥, (7, Q=R (NW,(RQ)

where Q represents the angular variables. The Schrd-
dinger equation separates into an eigenvalue equation
for R, (7) and an eigenvalue equation for W,(2). The
eigenvalue equation for W,(Q) is

(3.21)

Ho W, (Q)=5,W,(2) (3.22)
where
e
H,= %L§V’S+1‘Vh. (3.23)
We write the potential
V=V, /7 (3.24)

where ), is a constant, and V»; does not contain a term
of the form 1/72. The eigenvalue equation for R, is

3

(H, + ;E)R W) =E,R,,(r) (3.25)

where
= 9 @ mad e

H'_——2-7n—7“1 ar’l’ ay+—2—1’ +’}’—2. (3_26)
Thus, the Schrodinger equation is written

HY,,=E ¥, (3.27)
with

1
H=H_ + FH“' (3.28)

Note that the Casimir operator @, . (3.18), apart from a
constant, is the operator Hy (3. 23). Recall that SU(1,1)
has only one Casimir operator with

[#,Qy ]=0. (3.29)

Finally, we insert (3.23) and (3.28) into (3.29), to
obtain
(H,,Ho) =0, (3.30)
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Therefore, the group property (3.29) naturally implies
the “separation of variables” indicated by (3. 30).

The energy eigenvalue is

E, =ha{2a+1+(1+4q)/7, (3.31)

where a is a nonnegative integer, and g is the eigenvalue
of the Casimir operator. Equation (3.31) is obtained
from €, (2.7b) and (3. 12b). In the next section, we indi-
cate how the energy e_ (2. Tb) leads to physically unac-
ceptable eigenfunctions.,

We consider, as an example, a system of N bosons
with Hamiltonian (3.28) and potential

V,=x/7 (3.32)

The Casimir operator is now, apart from a constant,
the “grand angular momentum” operator L ,. One can
construct an orthonormal set of eigenfunctions for L} |
in terms of the harmonic polynomials®!+*?
H{(py,025+++5Py), With p, =X, /7. These polynomials
are homogeneous of degree A in the t=s(N-=1) coordi-
nates p, and satisfy the eigenvalue equation

LIZV,st(ply Pasoes ’pg) =MA+t=2)H] (01,0200, p:)

(3.33a)
and the Laplace equation
t 32
g‘{ .87? [TAHR(ply Paseeey pt)] =0, (3., 33b)
For each A, there are
A+t=2) A+t~
(2 F=2)(A+¢t-3) (3.34)

Atl(t=-2)!

linearly independent polynomials. Inserting (3. 33a) into
(3.18), we obtain

Q. Hipy, Pas v v vy ) =aqH (01,p0y - . .y py) (3.35)
with
AA+t-2 mx  Ht-4
q=—4—‘)+ﬁ5 AT ), (3.36)

Inserting (3. 36) into (3.31), we obtain the complete
energy spectrum

E,, =ho{2a+1+[(A+¢/2 - 12 +2mn /7] /2 (3.37a)

where t=s(N~1)>1, and A and a are nonnegative in-
tegers. Forf=1, i.e., (N=2, s=1), we have (recall

3.20b)
E —noa{2a+1+[L+2mr/i2] /2. (3.37b)

To insure a real spectrum, i.e., the system does not
collapse to the origin, ' the restriction on x, from
(3.37), is

A >~ (72/8m)(sN —s ~2)2, (3.38)

The energy spectrum of the particles interacting with
just harmonic forces,'® i.e., A =0, is given by

Ean=0:l‘/Za(2a+A+t/2), £>1, (3.39a)

E,_ =ha(2a+3), t=1.

%y

(3. 39b)

Comparing (3.37a) and (3. 39a), we note that the pres-
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ence of the potential A/#° drastically breaks the degen-
eracy of the system with just harmonic forces,

IV. RAISING AND LOWERING OPERATORS AND
EIGENFUNCHONS

We scale the (relabeled) Jacobi coordinates X, ac-
cording to

v, =(ma/E}?X,, 1<ist=s(N-1), 4.1)
and use energy units 7ie =1; thus,
i
m
=D vi= 7 4.2
i=1
Under this transformation, the Hamiltonian (3.28)
becomes
Heor3 &2 iieny
= § 5 'a_"" +3zp°+ 1(y1,y29-°';yt)o (4.3)

The ground state of the Hamiltonian (4. 3) has the form

‘I’o(yuyz, ° °°,y3)=ToK(y1,y27°° °,yt)exr’(_ _12_02)
4.4)

where K is a translation-invariant function that is homo-
geneous of degree 2, £>0, and T, is the normalization
constant. In thi¥"Section, we obtain a series of eigen-
functions for the Hamiltonian (4. 3), derive a differential
equation for the function K in terms of the potential V,,
and give some examples. The methods Perelomov® used
to obtain these results in one dimension are essentially
the same for many dimensions. In addition, we con-
struct the form for an arbitrary eigenfunction and show
that the energy spectrum is linear if the potential V,
does not contain y/p? (v a constant) as a term,

Inserting (3.12a) and (3.12c¢) into (2.8), we have the
raising and lowering operators

A; 12 92 V7‘+.p_i

{
1G a2 (Ey'ay '§>°(4‘5)

The Hamiltonian (4. 3) and the raising and lowering
operators (4.5) can be rewritten compactly in the con-
ventional form

A
H:%'_lea;ai-le-in, (4.6)
+ 1 42" "Vl
A=z H - .7
1 o V)L
BT “.9)
where
2} )
P = (v + = 4.9
“ (h 6y,>’ “ <}‘ 6}’;) @.9)
and
la}, at)=la,,a,l=0, la;,at]=25,; (4.10)

We can generate a series of eigenfunctions by re-
peated application of the raising operator A; (4.5) on
the ground state ¥, (4.4); thus, with (2,10a) we obtain

L(=28) \** 1o
waq»:(m) (A2)1Yo

where

(4.11)
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Ead?:za_z@ (4012)

is the energy eigenvalue, a is a nonnegative integer,
g=%(® +1) is the eigenvalue of the Casimir operator,
and T'(1 +2)=z!. The quantity (~2&) is not necessarily
the ground state, i.e., there may be additional quantum
numbers, The eigenfunctions y,, (4.11) which transform
under the UIR’s of SU(1,1), labeled by constant &, are
normalized if ¢, is normalized.

The equation

Aypp=0

defines the ground state y,. Inserting 4, (4.5) into
(4.13), we rewrite (4.13) as

lexp(p?/2) A, exp(~p?/2)| K=0,
Inserting A4, (4. 5) into (4. 14) and using the identity

(4.13)

(4.14)

a n
exp(y0%/2) 52z exp(- oY/ D)= (5 ) @19
with =2 and y =1, we obtain an equation for K in

terms of V,L, i.e.,

82
V= 5

2K e By, (4.16)

Equation (4.16) is the starting point for the generation
of many solvable models, provided the eigenfunctions
are normalizable.

We now obtain the series of eigenfunctions of the
Hamiltonian that transform under UIR’s of SU(1,1)
labeled by the ground state, i.e., ® is a constant [see
(4.12)]. After operating on the ground state y, (4.4)
with the Hamiltonian H (4. 3) and using (4.16), we ob-
tain the ground state energy,

-26=E,=t/2+F. 4.17)

Although E, and i, determine the series of eigenfunc-
tions (4.11) with & a constant, we show that these eigen-
functions have the form

:d)oT (D)

where T (p) is a function of p alone; the eigenvalue
equat1on is [see (4.12)]

(4.18)

Hyo=(2a +Eg) 5. (4.19)
We define the transformation H— H by
H= (o) Hyg; (4.20)

using the identity (4.15) and the result (4.16), we
transform H to

= & 1 92 3K 8 d > t
H= =5 508 = ar +y,— )+ +k (4.21
EE( 2 92 v; 09, y’ay,. 2 )

If the operator H acts on functions of p alone it becomes
effectively

= 1 82 G +3) )a
= = =2 —_— 4,22
B, 2 9z2 ( z £ az+6+1 (4.22)
where p=2*/2 and
5=L +h-1=E, -1, 4. 23)

2
We recognize the eigenvalue equation for H (4.22) as

Pascal J. Gambardella 1176



the equation for the generalized Laguerre polynomial*®
LEo? (p?) with
HLEo () =H,LEo (p?) = Qa+ EJL{v (0),  (4.24)

where a is a nonnegative integer. Using (4.20), we re-
write (4.24) as

Hgo LEo™(p?)] = a + Eo)lyo LE™ (o).
Hence, after comparing (4.25) with (4.19), we conclude
that the series of eigenfunctions (4.18) are

¢a :Na,EOK(yU yz: ey yt) exp("pz/z) Lfﬁ'l(pz) (4. 26)
where N, 5,152 normalization constant that depends on
a and E, [see (4.11)].

We return to the example of N particles with V, =»/#%
Rewriting this potential in scaled Jacobi coordinates
with (4.2), we have

V,=v/p? “.27)

where v =m\/#2, Substituting (4. 27) into (4.16), we
find that

(4.25)

K= pk (4. 28)
is the translation~invariant solution, where
(=2 t-2\? 172
b= 173 +27] : (4.29)

The solution 2_ does not lead to physically acceptable
eigenfunctions. To see this, we examine the behavior
of the radial eigenfunction R(p) near the origin, with

R(p)~Ap*« + Bp* (4.30)

where A, B are constants; and y is adjusted so that

k, <0 (the worse condition). We construct a sphere of
radius p, about the origin., The radial eigenfunction

R(p) (4.30) and dR(p)/dp must be continuous across the
boundary of this sphere for R(p) to be a physically
acceptable eigenfunction. One can show!® that these con-
ditions on R(p) lead to

. B
lim 5 c«lim p§#*2 ~0,
g0 Po=0

Inserting k, of (4.29) into (4.17), we obtain the ground
state energy

£=2\%  2mn)1/?
s (5) 3]

This is the ground state we obtained previously [see
(3.372)] from the eigenvalue of the Casimir operator.
Thus, choosing &, instead of %_ is equivalent to choosing
€, over €. in (2,'Tb),

(4.31)

Inserting (4, 28) into (4.26), we have the orthonormal
(see Appendix B) radial eigenfunctions for this example

1/2
R (o) =<¢% ) pFot/Zexp(~p?%/2) L7 (p?)

(4.32)
where E, is given by (4. 31).

We now assume the potential ¥V does not contain a
term y/p%. An arbitrary eigenfunction of the Hamiltonian
(4. 3) is given by
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N
anu:;E K(y1,y27°"°7yt)Pu,s(y1’y2wnyt)dsﬂ“(pz)

(4.33)
where
2I(=28) \ /2 4 —20-
¢a“(pz): jﬁ.fm%)) o 2@ t/zexp(—pz/z) La2° I(PZ)
4, 34)
are the orthonormal radial eigenfunctions with
-286=t/2+k+y, (4. 35)

P, is a homogeneous translation-invariant function of
degree i for the s-dimensional case, N is a normaliza-
tion constant, and =% +u. The Casimir operator

eigenvalue equation is written
KP,,s KP,, s
o (£25) 0 (1222).

In Appendix C we show (4. 36) leads to an equation for
Pu' o lee.,

(4.36)

Y 2 0K 3
o + &0 9 =0 4.37
EE <ayi s K 9y, 0y, P”’s> -5
and eigenvalue
- 2 -
Y 1) B PR (4. 38)

16 4 4

The function P“,s is a physically acceptable eigenfunc-
tion if it is nonsingular, i.e., 4 >0,

The physical argument for choosing €, over €, [see
(2. 70)] when calculating the energy is essentially un-
changed for this case since the radial eigenvalue equa-
tion (3.25) has the same structure for both cases. In-
serting (4. 38} into (3.31), we obtain the linear energy
spectrum

Ea“:2a+j,l. +E0’ (4,,39)

with E;=1/2 + k; thus, ~2& (4. 35) is equal to the ground
state energy E, only if u =0,

Although the independent Jacobi coordinates have
made calculations less complicated thus far, they tend
to obscure the symmetry of the potential in the examples
we now treat. So, following Perelomov,® we transform
to more “democratic” coordinates. The transformation
between the Original coordinates ry= (i, , k..., H,;),
1<isN, of Sec. I and the dependent coordinates T',
=(Ey Eiypoeer £ ), 1<i<N, is given by

[ ma\t/? U d O\ 8 3
5*f<?> Hi, = e a&if(%> Buy, W,
4.40)

in the dimension w, where the center of mass coordi-
nates are

1/2 1 N h 1/2 1 ~N 2
u < 3 ) N ZE Hig U =\ 'ma N ,Z; TP

(4.41)
In addition, we have
N ZN: 2
= :0 4°
& h,=y 5E, (4.42a)
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(4.42b)

N
=2, Ie, (4.43)

i=1
Under this transformation, the Hamiltonian (1,1)

becomes

st: 2 1 & L
H=_§k=1 a_UE—Ei;l A +3T TV (EryEapenes Ey)

4,44
where ( )
N N S 82
LAa=00 o (4.45)
=1 =1 p=1 0]

Since we are only concerned with translation-invariant
eigenfunctions, we rewrite (4.44) as

1 N
H==5 2 A+ 3T+ V(6 s s ). (4.46)
Suppose
N
K= ¢>F,I=1 F, (4.47)

where F,, is only a function of I';;= T, =T, |; from
(4.16) [note that 3%, 82/3y2 in Jacobi coordinates equals
(4.45)] and (4.47), we have

13& X aF; L XX 9.F,VF,,
M=52 1 =ty Tk el g8
2wl s F{j EIFZ];DEJEI F,“-ij { )

Since F,; is only a function of I';; alone, we rewrite
(4.48) as

N (S—l)F' F{I-
— nl Al ¥ Rt ¥
V*ﬂ%( T. F,. +F.>

iji7 i ij

y ¥ (T,,-°T.,) Fi, Fi
$O) Y bk Tlri) ki kS 4,49)
k=l i>j=1 I“k,l"kj Fki ij

where the prime indicates differentiation with respect

to the argument and s is the dimension. Equations (4.48)
and (4,49) represent a direct link between the ground
state

$o=Kexp(- r?/2)

and the potential V,. We now turn to some examples.

(4.50)

Calogero and Marchioro?® presented the result (4.49)
in three dimensions and used it to obtain a series of
eigenfunctions, corresponding to (4.33) with P, ,=1,
i.e., p =0, for some many body problems, We have
shown that their method has a firm group theoretical
foundation. Suppose

Fki:rkeis (4.51)
in {4.47), then (4.49) becomes
N N X ;
Vi=x 2 IT+GZ) 2 (—1;2“71”"2 4.52)
ivj=1 L' k=l i>j1 kil nj
where
c=Hs =22+ a2 =s/2+1, (4.53)
G=6?, (4.54)
and
1178 J. Math. Phys., Vol. 16, No. 5, May 1975

x> —g(s -2 (4.55)

The function K, for this example, is homogeneous of
degree

k=[N -1)/2]06, (4.56)

hence, a series of eigenfunctions of H (4.46) with V,
(4.52) is given by (4.33) in the T, coordinates (with p®
= I'?) with ground state energy

s(N=1)  N(N-=1)
=25+ =5 e,

E (4.57)

It is remarkable that in one and three dimensions the
potential can be attractive, but in two dimensions x >0
[see (4.55)], i.e., the potential is only repulsive. We
can understand this result intuitively as follows: For at-
tractive potentials, i.e., » <0, the restriction (4,55)
prevents two body collapse by providing a nonzero real
quantum zero point energy [see (4.57)]. In one dimension
each particle has only two nearest neighbors, However,
in two and higher dimensions there can be as many as
(N =1) nearest neighbors. In two dimensions, we have
the lowest zero point energy per particle which must be
shared with a maximum of (N —1) particles to prevent
two body collapse. In three dimensions, the space per
particle and the zero point energy per particle are
greater; hence, the possibility of an attractive potential
with no collapse as we have verified.

The second term in the potential (4.52) is a three-
body potential; the term corresponding to a given three
particles vanishes when the particles coincide.? Thus,
in one dimension, i.e., s=1, (4.52), becomes

i 1
V)t:x S -Ef—] o (4058)

Perelomov® first displayed the group theoretical struc-
ture associated with the one-dimensional potential
(4.58). This potential preserves the particle order®;
therefore, we can solve the Schrédinger equation in

the sector &, s £,<ecc0 <f, to obtain the eigenfunction
#(Ey, Egy e o, Ex). We assume the particles are spinless.
The total wavefunction is given by

q’(&lagzwﬂ“”g)v): T’p P¢(El’gz;°°°,gN)

all permutations

where P is the permutation operator, and

for bosons,

1 even permutations

— ions.
Mo {—1 odd permutations for fermions

Thus, the energy spectrum for fermions or bosons is
the same.

The eigenfunctions (4. 33), for the potential (4.52) in
higher dimensions, are physically realizable in terms
of a system of N interacting bosons if the functions P, |
are completely symmetric.

The analog of equation (4.37) for P,  in the coordi-
nates (4.40) is

(4.59)
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For the potential (4.52) with (4.47) and (4,51), Eq.
(4.59) becomes

N .
Eiuiy i} 9
A £ - P, =0
?::'1\ #0720, Z "ﬁ" T, (agi 351w> s
(4.60)
where
=3 B (4.61)
To obtain (4.60), we have used the following two
equations:
1 2K ¥ £y
— —_— 2w
X 3t =0, 2 T 4.62)
and
NN N :
i 2 Eid a )
> % S = 2, lelu ( - ) 4.63
i=¢¢j=1 g 9, TESE & ag, A&, ( )

We reserve an analysis of (4.60) for s>1 to another
paper,

We discuss the one-dimensional potential (4.58) and
P, 1. This discussion is essentially a summary of the
observations of Calogero® and Perelomov® concerning
the functions Pu 1 In one dimension, (4.60) becomes

N 2

=1 6%2 u1+291 E T, P 1*0 N=3, (4.64)
where
1 ( el 0 >
T,,=—|— ~—], 4.65)
B 5\, 9&;

Calogero has shown that the translation-invariant func-
tions P, ,(&,,&,,..., Ey) are completely summetric under
exchangé of any two coordinates £, and £ ; thus, we can
construct® the functions P, , from the elementary
functions

(4.66)

where at least [> 0 since p > 0, Operating on (4.66)
with T,, (4,65), we have

T =g (65 -8 (4.67)

ij

but, (4.67) (and consequently P, ,) is nonsingular only
if 7 is an integer greater than or equal to two. The solu~-
tion of (4.64) with the lowest u is P,=h,, and thus u is
an integer greater than or equal to three, The number of
different functions Pu,l for constant u is given by the
solutions to the equation®

N
©= Z; wa (4,88)

@
where a, are nonnegative integers. Inserting (4.68) into
(4.39) and using (4.56) and (4.53) with s=1, we obtain
the complete energy spectrum

E= éwaw+ (Nz—l) +N(1\74—1)[

1+ (1+4n)72],
(4,69)

The solution of (4.64) for general Pu'1 is not known, In-~
stead of finding the complete set of eigenfunctions (4. 33)
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(s =1), we will find a linearly independent set of eigen~
functions which can be put into a one-~to-one correspon-
dence with the eigenfunctions (4, 33); hence, these latter
eigenfunctions will form a complete set. We do not need
to explicitly solve (4.64) for P, ,.

V. THE EIGENFUNCTIONS OF THE ONE-
DIMENSIONAL PROBLEM WITH AN INVERSE
SQUARE PAIR POTENTIAL

We obtain eigenfunctions characterized by four quan-
tum numbers for the Hamiltonian

N 2
H_l'Z){ 3

2 = 352 (6.1)

+ &2 } +V,
where V, is given by (4.58). These eigenfunctions for
any N reduce to the complete set of eigenfunctions for
five particles. The raising and lowering operators

1"’<az Va 1<(N-1) )
+ __ 2 — 2 - — o -— ——
4i=7 Z om +E,~> 2 *3 7
(5.2a)

satisfy

(H,Az]=124%, A;=4,, (5.2b)
where

y ?
S=2 Ligg (5.3)

If F(&,,%,,...,Ey) is a homogeneous function of degree
f, then the operator S (5.3) has the property

[S’F(glg Ez,'°'!EN)]:fF(Elygzytﬂ'o)EN)' (504)
We first define the transformation T— T by
T = exp(~T%/2) T exp(T%/2) (5.5)

where I'’2=3 Y £% then, we apply it to H and A}, respec-
tively, obtaining

~ 1 X 52 N-1

H=-3 5 ‘(_2"')+V*’ (5.6)
and

~ 13X 2 v

B-in -3 6.7
where

(H, Az]=24A°. (5.8)

We discuss the eigenfunctions for the Hamiltonian
(5.1) with » =0. Define the mutually commuting
operators

252_1 3‘}, N>p>2; (5.9)
from (5.6) (with V,=0) and (5.4), we have
((H),.0, C3] = pC:. (5.10)
The eigenfunctions of (H),_, are
Pagageeay = ﬁz (CL) e do (5.11)

where ¢, is the ground state; the a, (2 < w <N) are non-
negative integers and the Cj, are obtained from C?,
through (5,5). The operators C; (2 <p <N) are deter-
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mined within a multiplicative constant which determines
the normalization and phase of the eigenfunctions. The
energy spectrum is

E= Zwa 4 €

w=2

(5.12)

where ¢, is the ground state energy. The eigenfunctions
(5.11) are different within a given energy, i.e., if

N N
[
2 wal,= 2 wa,

and a, *a)

for at least two values of w, then

Yagaye

cray ¢"2 ay - ay’
Also, the eigenfunctions are linearly independent.

The energy spectrum (5.12) is the same as the ener-
gy spectrum (4.69) except for the ground state. This
observation led Perelomov® to search for a set of mutu-
ally commuting operators A such that

(H,A3l=pA;, 2<p<N, (5.13)
and

(A2),.0=C. (5. 14)
The eigenfunctions of H would then be given by

N

Yogageray= 1L (AL)"wlo (5.15)

with
N =N
d,‘oz(i}}:l gij) exp(—I‘z/Z), (50 16)

where ©, is given by (4.53) with s=1, the g, C<w<N)
are nonnegative integers, and the A, are obtamed from
A+ through (5.5). Property (5.14) guarantees that these
elgenfunctlons are different within a given energy and
linearly independent. Also, there is a one-to-one corre-
spondence between the eigenfunctions (5.15) and the
linearly independent eigenfunctions (4.33); thus, by find-
ing the operators A} we are indirectly solving Eq.

(4.64) for P, ,. Substituting A; into H, and the resulting
expression for H into (5.13), we have

(B, A7) = -143,A7] =[S, 4] = pA3; (5.17)
thus, sufficient conditions for A, to satisfy (5.17) are
1 & g2
i) | 52 .1
@ [21:1 - A] 0. (5. 18a)
and
(ii) /-X; is homogeneous of degree —p. (5.18b)

Condition (ii) is crucial in proving the necessary
condition

(i) [A%,4%.]1=0 (5.18¢)
for all p’ and p such that 2 <p, p’' <N,
We define the transformation 7— %by
T = exp(I2/2) Texp(- I'?/2), (5.19)

and then we apply it to H and A,, respectively,
obtaining
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s 1X 2 (N-1)

H=-3 ;1 5ee + i +SHY,, (5.20)

= 14 32 v,

A= ;1 57 T2 (5.21)
with

(£,4,]=-24,. (5.22)
Thus in analogy to (5.17), we write
[H,/Ip]z—[ﬁz,ﬁp]+[S,/¥I,]=-pﬁp, 2<p<N,

leading to the sufficient conditions for the lowering
operators A ;

1 X 2 ~
in [ 3 Zl 3 VA,AP]——O, (5.23a)
1= i
(ii’) Az)D are homogeneous of degree —p. (5.23b)

Note that the form of A (5.21) is exactly the same as
A’ (5.7), leading to exactly the same two sufficient con-
ditions; thus, once we have determined Aw we have
also determmed A,. In fact, once we have A we make

the following prescr1pt10n to obtain A; and A :

. d . N
a" (— ci)ﬂ:(aT —Ei>n n AP (5.243.)
terms -— X in A" 3 o
C’;:<5—£-; +£i>n in AP (5.24b)

where

. 2 - 9

Ci_<£i—agi) ’ ci_<gf+8£i>’ (5'24C)

le;,c)l=let, e5l=0, lc;,cl=2(5,,-1/M), (5.24d)
and

14 ., , N-1
H=§1=1 Ci,C]+—2'+V) (50246)

Perelomov® used conditions (5.18) to find operators
A} and Aj. He verified by direct calculation that
[A A3]=0. Thus, he obtained the eigenfunctions of H
(5.1) characterized by three quantum numbers, with®

N
A== 2y (€)= > g, (5.25)
N N N
Aj=2 (e)'+ D gl e+ L g )’
i= i=
1#w
—,E gci+ g (5.26)
where
(3) '{1‘ 1
g ==3 P Ez-—’ (5.27)
) 1
Bio="22 5 (5.28)
wi
N
1
gi'=gd=-0 2 =, (5.29)
5o
54): -5 Oé)l 23—., (5, 30)
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g =-6x Z §4
ii

(5.31)

In summations where terms like 1/(£,,)", »>0, appear,
we automatically assume i#w. The lowering operators
are obtained by replacing (~¢}) with ¢,, in (5.25) and
(5. 26)

In what is to follow, we use the notation

3
—=3,. .32
3, 8, (5.32)
We will find an operator X; which satisfies the condi-
tions (5.18); thus obtaining a series of eigenfunctions
characterized by four quantum numbers.

We assume 2'5' is homogeneous of degree ~5 and has
the following form:

A Z <85 +g(s) 33+3 Z g(s) 628 +g(5)az +g§5)ai>+gé5).
(5.33)

The problem is to find the functions gi%},;, in (5.33) such
that (5.18a) is satisfied. We insert A* into (5.18a) and
obtain equations for the functions &i,1,1, DY equating co-
efficients of like differential elements. We list these
equations with the corresponding differential elements

[we drop the superscript (5) on the functions gﬁf}z,-B for
convenience]:
Iteration equations
8‘;: aigiaz_saivu 5. 34)
Ondi 2,82, = =508 5 (5. 35)
1 N
0% 2,8,==100}V, - > §1 A (5.36)
2 1
9 9,8, =-100}V, - 3 §1 a:glz ~3g,59,V)
N
=3 L g 8,V (5.37)

m#i

1 N
9 aig0=‘53‘:vx“§'z aig‘—ZgizaiVl

k=1

N
..3g{36§Vl—6 %\1 £,2,00,V,-3 g-\ g2, 2V,

A3

m#f m#i
(5.38)
Consistency equations
829%: amgi2m+aigm2i=o, itm, (5.39)
00 20iga +205,8, +3,8,=0, i*m, (5.40)
0,0, amgi+aigm+6gi2ma‘V)+6g 20, V,=0, i+m,
(5.41)
N N N
2 g@,V,+ 2 g,02V, +3 2 g, 8 3%V,
i=1 j=1 i f,m o i"m M
mi
1 N
+Z} £, +E BV, + = 2 gy=
2 k=1
(5.42)
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In deriving the above equations, we have assumed
kg 2 =0for i#k+m, i*m, This is justified in the
subsequent analysis.

The five unknown functions g11;21 ; are obtained by se-
quential solution of the first five equations (5.34)—
(5. 38), beginning with (5.34), i.e., the rhs of each
equation is expressed in terms of known functions
after the previous equations have been solved. We need
only present a particular solution of Eqs. (5.34)—(5.38)
which satisfy the four consistency equations (5.39)—
(5.42); so in what is to follow we automatically choose
a particular solution and then verify the consistency
relations.

The solution of (5.34) is

N 1
g3==-5\ L (5.43)
t w=1 Ewi

Substituting (5, 43) into (5.35) and integrating, we have
g2 =—060/3)(1/). (5.44)
m

The function g» clearly satisfies thefirst consistency
equation (5.39). Inserting (5.43) into (5.36) and integrat-
ing, we have

g.=-10 ZJ

w=1 ‘Eiu

(5.45)

It is also clear that g, and g2 satisfy the second
consistency relation (5 40), The integration of (5. 37)
for g; is described in Appendix D with the result

N
g,=(=30+5Nn Z —4——20A2 Y = Tosii
4 &, =R
+ 1522 Z_Dl mz(i) (5.46a)
where
i 1
T =
mal i) k:’- (Ekm)a (5'46b)
B#i

The verification of the consistency equation (5,41) is
nontrivial and appears in Appendix E,

The functions g, and g, have the general form
g =Wa+Un3, (5.47)
(5.48)

where the functions W,, W,, U,, and U, are independent
of x; thus, (5.38) reduces to the two equations

Zo=Wor +Ug)?,

N
2, Wo= a4V -1 25 W, (5.49)
ksl
and
2 3 6 &
aiUO—_F gizaivx_p gisa?Vx"{z' ,,Z,=>1 gizmaiamvx

(5.50)

Inserting V, (4.58) and W. from (5.46a) into (5.49), we
have
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8,W,=0; (5.51)
but, g, is a homogeneous function of degree -5, hence

W,=0, (5.52)
In Appendix F, we show

2,U,=0, (5.53)
implying U,=0; therefore, we have

2,=0, (5.54)

Finally, we verify the last consistency relation (5.42)
in Appendix G.

We now discuss and prove the remaining condition,
i.e.,

(4,,4,] (5.55)

for 2 <p’, p’ <5. It is sufficient to prove [A},47,]1=0,
Perelomov proved (5.55) for 2 <p, p’ <4 by explicitly
calculating each commutator. We provide a proof of

(5. 55) based on general properties of the gi(fiz, functions
for 2 <p <5, This in turn gives us insight into the
structure of the functions gﬁf%z,..,-j for p>5

=[4;,4;]=0

We assume

(4;,45]=K,., (5.56)
where Kw' is a nonzero operator. The operator K,,, is
homogeneous of degree —(p +p’) since A; and A g are
homogeneous of degree (—p) and (-p), respectively. We
also have

[H KP“P'] (P+p) pq-p'

The commautation relation (5.57) follows from the
Jacobi identity

(5.57)

(&, (43, A2 1) + (A3, (A, H))+ (45, [H,A3]]=0

and Eqs. (5.13) and (5.56). Inserting H (5.6) into (5.57),
we find that KM, must satisfy the relation

[ ZD agz VX,KN,] =0,

We will prove the only solution to (5.58) is K,, ., =0. We
observe that some general properties of the functions
{p) . (2<p<5)are:

i1igiy

(5.58)

G,: the subscripts of g\ . indicate the explicit func-

. irteis
tional dependence,

g;l 21 (‘Euyg )

ie., ghthi,=

G,: the functions gifﬁzis depend only on difference of the
g, variables, i.e., on (§; - &)).

Property G, guarantees that we can treat the formal
derivative o,= a/asi as an ordinary derivative, i.e., if
fis just a function of £,, =&, — &, then

0
awfij(gij):(awi_1/N_6wj+1/N)a}’:_' f,'j(gij)
17
_a_
7,
The terms 1/N from 8¢,/88, =5, ;—1/N always cancel.

Therefore, if 9,f; {§:;)=0, then f,j(!;“) is independent
of £,. The functlons A* (2 < p <5) have the general form

:(6wi—6wj) f,‘j(g,’j)a (5059)
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B e+ D B et e,
(5.60)
Inserting (5.60) into (5.56), we obtain
71" N
oo = b=t iuZ“ij hiyiyeeei ailiz"-ij+ho’ T=p+p -3,
(5.61)

where 7 <6 (the maximum value of T occurs for p=4,
p’ =5); the functions hfl"g‘“"j are homogeneous of degree

(j=p=-p")<0 forallj, 1<sj<rT, (5.62)

and the function ho is homogeneous of degree - (p+ p’).
The functions &;, i and h, are constructed from
derivatives of the funct1ons g,l, ‘i, and gf '2 -i,; hence,
these functions also possess propertles G, and G, of the
g,l,213 functions. Inserting (5.61) into (5. 58) the term
with the highest order differential leads to the following
equation:

4

igdgeenisioy (a"ru Riyigeeetn) 8ityeeinin, =0 (5.63)
The coefficient of each different differential must
vanish for (5.58) to hold, We assume B i,--+i, are non-

zero. The maximum number of different subscripts in
Riji,---i, 18 four, thus 7<4 in (5.63). This arises from
terms in [A;,A;,] of the form

N
Z [g(4)3,3w, g(S) 32 a ] (5,64)

i,w,ms

We discuss some necessary notation and definitions:
(i) Suppose that there are s i-subscripts and ¢ m-~sub-
scripts (i # m) in the function B iyeee then we write

fgae?
h, (5.865)

: = St
igdgoeoiges it

The functions hiliz'”ik are coefficients of differentials;
hence, the order of the indices is unimportant, i.e.,
Bime =Pmim=1 2,5 (i #m) (although h, ,#h, , in general),

(ii) The constant C, LRy

> =k !
(’kl,kz‘.u,kn k‘/ﬂl R;

where k=3"., k, and k; are nonnegative integers.

.¢, 18 defined by

(5.66)

(iii) The permutation operator P, ;,...;, is defined by

=2h

where the sum is over all cyclic permutations of
(4,555 +++,4,). For example, P, (0,h;7,)=2,h;7, +0,0;7,.

mii w
Equation (5.63) is equivalent to the following
equations:

(5.67)

iyigoreiy hi1i2°°°ik’ fpero i (PRCIET P MURTLLI 8

Iteration equations

3hr=0, 1s7<4, (5.68a)
CT'ly Iaihifqm = - amhi" s 2T $4, i#m, (5a68b)
Cz,zaihiz 2 ==C510,0 , T=4, i*m, (5.68c)

Crozy 1,10 2= = c'r-l,lpmw(amhi"'lw)’ 37 <4,
i+rmrw, w#i,

(5.68d)
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Ci1,1,18 i mpps= = C2,10F cE h2 )’ T=4,
i¥m+w#s, m#s#i#w; (5.68e)
Consistency equations
ik o+ 0, =0, T=3, i*m, (5. 69)
Cont1 Prnldih 2, )+ 2,00 22=0, T=4,
itm+w, i+w, (5. 69b)
Piliz‘”‘Tq(a*plhilig"'i-.-)=0’ 1<T7s4, (5.69¢)

where all the subscripts i, i, <i,,, are different in
(5.69c). Equation (5.68a) implies &;r is independent of
£;; but, since h,;r is only an explicit function of §;, it
must be a constant. All the functions k; i....;, are homo-
geneous of a degree less than zero; hence, the constant
function &+ is zero. Equation (5. 68b) can now be re-
written

dMyr1,=0, 1s7-1<3, i#m,

We advance the same argument; thus 2;r-1=0. Note
that the rhs of each of the Eqs. (5.68) is expressed in
terms of functions 7y,;,...; from the preceding equa-
tions; thus with our argument, each succeeding function
is zero if the previous ones are zero, i.e., the system
of Egs. (5.68) collapses to hﬁ"z‘"iTEO’ a contradiction,
Thus the coefficient of the highest order differential in
(5 61) is now ki 3 iy with the analog of (5.63),

pw' ML)
i.e.,
N
: Z (a hzliz" 11-1)8111 —O'
1t2°
Since ipreeisy is homogeneous of degree less than zero,

the argument that we used to prove hix' seoq, = =0 applies
here; thus A0, =0, All the h-functlons in the expan-
sion of (5. 613 are homogeneous of degree less than zero;
so, we proceed in a similiar manner to show hfu ooty
=0, 1 <j<7, Equation (5.58) cannot be satisfied by

the functlon hy alone, thus h,=0, The consistency equa-
tions (5.69) are satisfied by this solution. Hence, we
have a contradiction; therefore K,,,, =0. The A} func-
tions are nonzero and satisfy Eq. (5.58) because the
coeificient of the highest order differential in 4; is
homogeneous of degree zero. We can relax a number

of our assumptions. The structure of the Egqs. (5.68)
remains the same independently of 7, i.e., if none of
the hil, oy functions are homogeneous of degree zero,
then the equat1ons collapse to h,l, o .,,j_O i<jsT, If
we assume the operators A}, 2 <p <N, have the form
(5.60) and the corresponding gff’z _functions have
properties G, and G,, then we can show [A+ A+ ]=0for
1<p,p'sN., We conjecture that A" with the postulated
structure exists for arbitrary p. The equations for the
gf“ . functions for arbitrary p have the same struc-
ture as the Egs. (5.34)—(5.38) for p=5, i.e., the rhs
of each equation is expressed in terms of known func -
tions after the previous equations have been solved. We
reserve this analysis for another paper.

SUMMARY

In this paper, we have used algebraic techniques
(group theory, raising and lowering operators) to ob-
tain a series of N-body eigenfunctions for systems of
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N interacting particles in any dimension, We provide
an equation [see (4,16)] that relates the ground state
eigenfunction to the interaction potential; we obtain a
series of N-body eigenfunctions in terms of an energy
raising operator acting on the ground state. These
eigenfunctions follow immediately from the SU(1,1)
group structure., We indicated when the complete en-
ergy spectrum is linear.

For the particular example of N identical particles in
one dimension interacting with a quadratic pair potential
and an inverse square pair potential, we derived a
series of N-body eigenfunctions characterized by four
quantum numbers. If we let N=5 in these eigenfunc-
tions, they form the complete set of eigenfunctions for
five particles. We have indicated how all the N-body
eigenfunctions may be generated. This one-dimensional
system has generated much interest in statistical
mechanics, ' especially with the Hamiltonian (5,1) with-
out the harmonic term, 5.1

One -dimensional systems with Hamiltonian (1. 1) have
also generated interest in scattering theory, >'7

ACKNOWLEDGMENT

The author would like to express his sincere thanks
to Dr. Max Dresden for his encouragement and sugges-
tions during the course of the present work and for cri-
tically reading this paper.

APPENDIX A: DERIVATION OF (3.18) FOR THE
CASIMIR OPERATOR

Inserting the Eqs. (3.12) into the defining equation
for the Casimir operator (2.5), yields

D% +2(Hy Cy .+ Cy Hy )} (A1)

1
o= 37 1=
Inserting the Eqgs. (3.13) into (A1), we have

R B PR R APAR N
+z(§ {Xﬁ,PfL + k;L; {X:,Pf},) +8mer)‘] . (A2)

Substitute the lhs of each of the indentities

i
%:l (Z{X?’ P{2}+ _{Xi’ P1}3) == 3tﬁ29 (A3)
1 H
k;}; 2{Xi’ Pi}d»{Xk Pk}+:4 k>Zi>=1 (XiPszXk
+X,P.P.X)~t(t-1) n o (A4)
into (A2) to obtain (3.18).
APPENDIX B: NORMALIZATION OF RADIAL
EIGENFUNCTIONS
The eigenfunctions
R, (p%) =N, p®0t/2exp(~p?/2) L Fo™ (p?) (B1)

are normalized over the volume IT%, y. «p®? dp d? where
2 represents the angular variables. Thus, we have

=N2 fo"" (pz)Eo-tlz exp(— pz)[Lan-l(p2)]2 (pz-l dp). (B2)
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Inserting X =p” into (B2), we have
2 _
N T

The rhs of. (B3).is equal®® to T'(E, + a)/a!; therefore,
=[2a!/T(E,+ a)]'/%. The eigenfunctions (B1) are also
orthogonal, since

0= [~ XEo exp(=X) Lo (x) L,PoM(x) X for a#b.

fw XEol exp( = X) [Lan"(X)]2 dxX, B3)

APPENDIX C: ANGULAR EIGENFUNCTIONS

The angular equation [see (3.22)] is given by

p KP, . _ KPy,s
( 5 § ay %V )""_"_ps =0~ (1)
with {see (3.18)]
L Ut=4)
=3 2 16 - (€2)
In (C1), we have used p*Ti,, 22/2¥7 instead of L  [see

(3.23)] since the angular eigenfunctions are independent
of p, Expanding (C1), we have

92 o®
?\ a_é-+V szgx(ylyyzv'“"’yg)
KP
+5 —5= (c3)
p
where
X(ylyy2!°'°syt)
t-1 4 -8

t

4, 0 . 0 0

— (KP Lttt Zphig2, S =
(BP, ) p 50" o™+ 2 Lo = (KP, ) 5y, P
(C4)
After substituting 9p7%/8y, =v,/p®? into (C4) and expand-

ing, we have

o KPas

:

X(V1sVasoee,y,)==B(t ~2) =8

thus,
5 =3l8(1 -2)+p2],
and the rhs of (C3) is zero. After inserting (C5) into

(C2), we obtain (4.38). Finally, expanding the lhs of
(C3) and using (4.16), we obtain (4. 37).

(C5)

APPENDIX D: INTEGRATION OF (5.37) FOR g;'®
Inserting (5.43)—(5.45) into (5.37), we have

N 1 i 1
2,8, =(=5+5\/8)3V+100° L o 2. T

i 8
m=1 s,m w=1

m*’l
1

£3
Smi

L\jz

+ 3002 (D1)

1
gT

33
gs

In this and the following appendices, we will use the

identity
E+p-2 1
mE,~ Y kz( ) e
R B+s=2 1
- § k=1 >(g,,,,)"1-k(swm>k*s-“ wrms

where (5)=s!/(s —£)!i!. The identity (D2) is derived
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by induction or by repeated differentiation of

1 1 1

Ewigmi T g'migmw - ‘Ewigwm (D3)

with respect to £, and &,

We first substitute (D2) with p=2 and s =3 into (D1),
and then integrate (D1) to obtain (5. 46).

APPENDIX E: VERIFICATION OF THE CONSISTENCY
EQUATION (5.41)

Inserting (5.47) into (5. 41), we obtain the two
equations,

ain+amWi:0’ i*m, (El)

o.U +a8 U, + 6 2.V 6 V,=0, ¢

i“m m” i )\—2_ gizmi A+X§ gm2iam ATy L#Em,
(E2)

Equation (E1) is clearly satisfied by W, from (5. 46a)
Differentiating U, [from (5.46a)] with respect to s,
have

N
9,U;==20 = +20 Zj - =30 2 7T,  (E3)
gm'L w-l £mi& =1
w#i
wEm#i
where
Tmiw:Amiw +2Bmiw +2Cmiw +Dmiu + Emiu (E4)
with
1 1 1
Amiw= griwgfni ’ Bmiw: giw}:rlmv ’ Cm.w: ‘Efnwgmi ’
1 1
D . = E = ——
e gfnw sni ’ e g310‘5?7114)
In addition, from (4.58) and (5. 44), we have
6g , 0 V, =202 i_i o (E5)
mi T Ei  wm EnmEl |7
w#i
Inserting (£3) and (E5) into (E2), we have
N
ué (Tmiw szw)“o (EG)
w#i

In order to verify (E6), we must prove three indentities:

0:—(Bmiw+Bimw +Cm1w+cimw+Emiw+Eimw)9 (E7)
OZ—Aimw+Amiw+3Bmiw+3cmiw+2Emiw+Eimw’ (ES)
0= 2'Almw Bimw+3Cimw+Dimw+Dmiw+Eimw° (EQ)

If we add equations (ET), (E8), and (E9) together, we
obtain T, + T, . =0, thus verifying (E6). Equation
(E7) is a special case of (D2) with p=4 and s=1; and,
Eq. (E8) is a special case of (D2) with p=3 and s=2.
Equation (E9) follows from (E8) with the following
prescription:

(E8)™ (E9) as (m,i,w)~(w,m,i).
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APPENDIX F: DERIVATION OF (5.53)
Differentiating (E2) with respect £,,, we have

aeLU=-1%,2,U,-6g, 3,0,V - Ggmziaanx

—(SamgizmaiV)L —GBmgmziath; (F1)

and thus, with g, =g o [see (5.44) and (5.39)], we
have
222U, =233V, -2%(3,3,,U

i"m m

-3,2,U;) - ngzi(aanx -3V,

-123 g, (3,V,+23,V,). (F2)
i“m

Summing (F2) from m =1 to m=N, m#i, and adding
32U, to both sides yields

5 £y (8 v (B 0.0)
_é_"aam[jl_? ai "ZFE.UM—)‘ ai Z;lamUm)

N
-3 El L EXANT FUHN

m#i

N
-6 22 0,8, 0, V,+2g.:0,V,, (F3)
m=1 - im i

m#i

where we have used the relations [see (5.43)—(5.45)]

) Lg.= b

82=3 L g and —3g,= Zl - (F4)
e i

and

g}l (=8,8,U, +52,U)

m#i

1
1
[<5)

1=

N
amUm "aiUi>+ "2 am(aiUi)
m#y

8,U ) + 92U, - 27U,

1
H
Q
o~ o~

I
|
51}
107= i0=
Q»
3
]
<

-

since

N
2 d,==0, (F5)

m#i

Using U, from (D1), we have
1 N N 1 N 1
F ?1 aiUi=20 Z} I +40 E

i N 52 3 °
Lw St Ly w SwiSmi
m

(F6a)

The first term on the rhs of (F6a) is clearly zero, and
Perelomov® proved that the second term on the rhs of
(F8) is zero; thus

N
3, < ,,2 amU"> =0,
We now calculate

N
(2 v.).
m=1

m#q

(Féb)

Summing (E2) from m =1 to m=N, m+#{, and using (F4)
and (F5), yields
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xZ N . N
= ai@l U’n):x 2.V, -2 =8 5 g 02 s

(F17)
Inserting 2;U; [from (5. 37) into (F7)], we have
)\2 N
o ai(£>1 Um>=—4g138iv>«—6 ;Z; e‘>”mziamvx° (F8)
i m#i
We differentiate (F8) with respect to £, and use the
equation [see (5.43) and (5.45)] aigﬁ:giz to obtain
)\2 N
5 8? <”§ Um> =—4giga§Vl—6 mg:/l gmziamailcL
N
-4g0,V,+6 25 3,8 ,0,V,  (F9)

i#Fm
where we have used (5.39). Inserting (F9) and (F6b) into

(F3), and the resulting expression into (5.38), we obtain
(5.53).

APPENDIX G: VERIFICATION OF THE
CONSISTENCY EQUATION (5.42)

Equation (5.42) with g,=0 and (5.47) reduces to the
three equations:

N
A=0) 23,=0, (G1)
N N 2 N R
B=x ‘El WV, + ‘Z;l £.07V, +3 {Zm g2 9.3V,
m#q
N
+ ;}1 giaakaz 0’ (GZ)
N
C=§1 Ud,V,=0, (G3)
The expression (G1) is verified easily, since
N 1
2s 7 =0, (G4)
Bem Em‘l

Inserting (4.58), (5.43)—(5.45), and W, [trom (5.46a)]
into (G2) and using (G4), we have

B==51 3 —1-—+—-1—> (G5)
) i.wu;;zk <€‘1lui£gi 5?0:‘ ii ’
Perelomov proved® the identity
Y 1
=5z = (G6)
;u;k wi>ki
One can show that
N
B=-5 eZ‘l 92T (G7)

thus, from (G6), we have B=0, i.e., (G2)is verified.

We insert (4.58) and U, [from (5.46a)] into (G3), ex-
pand, and use B=0 (G5) to obtain

C=C,+C,+C,+C,, (G8)
where
¥ 1
Ci=40 2 —oy, (G9)
tkws £y by 8L
k#s#Ewti
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1

C = ~40
" iZkls £k{£ (Glo)
1
=3
3 0 i,k,Z:;,s gug (Gll)
r#SEw:
& 1
C,=30\ 2 (G12)

i, ks g:igikggi ’
The expression C, (G9) is zero since the dummy
variable change (k,i,, s)— (i, k, s, w) yields C,=~C,.

We expand the summation in C, as follows:

L1 & 1 _ &
nhe EGERES T ims EnBREL T %k 521:5
N N
{ikys gkigskgst k gskg S :i
N 1 N 1
=0 E g
i, 8,k ‘Ekz Escg
1#5

215 1 1
- 53 t+ 3132 £3 ) (G13)
’;:;zs skSsi Esk 8i

where we have repeatedly used the identity
(.1_ - _1_> = bsr
Ekl gsi gsigki

The last summation on the rhs of (G13) is zero since
B=0 (G5).

(G14)

The dummy variable change (i, k, s)—
first term on the rhs of (G13) yields

(i,s, k) in the

N N

. 1 ) 1

i ks kiggk B i,_kj,s £s1 gk ’

its i#k
thus, C,=0. Using the identity (G14), we expand (G12)
as follows:

rsm(z SN : ) (G15)

112551%;;‘5 zk,sgkiikg

The second term on the rhs of (G15) is zero since C,=0,

Finally, using (G14) once again in the expansion of the
first term on the rhs of C,, we have

1 X 1
- % ~————->

2 4 4
gki‘EskEsi iRy ‘gkiEskEsi

C,=300 3 < (G16)

ik, s

The dummy variable change (i, %, s)—~
term on the rhs of (G16) yields

{¢, s, &) in the first

&1 2

2. =2 G17
iR, s gii :kgsl ik, s Ekig ¢ )
thus C4=00

We now prove C,=0, We first rewrite C, (G11), as
follows:

N
ca = (307\) Z (Twisk + Twiks + Tiwsk +Tiwks + Tswik)
w>§>gdk=1
(G18)
where
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T :__1_~<_1___1_+L 1 G19
R o (G19)
We define
a=E,,, B=E,, v=£E,, (G20)
so that
5,,5201"?, Esi:B_'y’ gks:a —B) (G21)

and thus,

1
Tyiw= g7 1B +y —20) y%8+ (@ = )@= B)%8 + )},

(G22)
T o= 3o (@t =28) ya2 + (8 =y Pla 83 + )},

(G23)
T = 2 (@ +6 =29) B0 + (8 = v)%(a - Yol + )},

(G24)

e = 1}7 {8 —2a)y%(8 - v)* + a*a =8)*(3 ~2v)},
(G25)

Ty = 37 (@ =28y 2a =)+ 2 - p)2(a -2},
(G26)

Ty = 3 Ay =20) 626 - )+ (@ = yYa?(y -28)},

(G27)

where
M=a8%y*(a - y)*(B ~v)*(a - B)>. (G28)

We expand each of the Egs. (G22)—(G27), and add to
obtain

(r ..+T

wisk wiks

+T (G29)

wshi + Tiwsk + Tiwks Tswék) = 0;

and thus C,=0, Therefore, C (G8) is zero,

IThe Lie algebras of SU(Q1,1), SUQ,1), SO@,1), SP@,R) and
0(2,1) are isomorphic, i,e,, the generators of each Lie al-
gebra satisfy the same commutation relations. We are con-
cerned with representations of the Lie algebra SU(1,1) that in
general are not representations of the Lie algebra of SUQ,1)
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An exact solution of Einstein-Maxwell equations corresponding to an infinite stationary beam of
electromagnetic radiation with the energy flux along the axial direction of a cylindrically symmetric
system is obtained. Explicit forms of the electromagnetic field tensors are given. Further, the timelike

and null geodesics in the region of the beam are also discussed.

INTRODUCTION

In a recent communication Nackoney' obtained an
exact solution of Einstein field equations corresponding
to an infinite stationary light beam {(or neutrino flux) of
circular cross section where the energy flux is along
the axial direction, that is, in the direction of Z axis of
a cylindrically symmetric system. The metric was de-
pendent on the radial coordinate alone. He also dis~
cussed the timelike and null trajectories in the interior
as well as in the exterior regions of such a beam. The
present work has a similar approach for a beam of
electromagnetic radiation with the difference
that the solutions obtained in this case satisfy both the
Einstein and the Maxwell equations. The dual restric-
tions of Maxwell’s equations, however, allow only a
definite set of functions for the quantity o, which is
interpreted as a measure of the energy density of the
beam in the chosen coordinate system, while it is
arbitrary in the case considered in the geometrical
limit by Nackoney. Again, Nackoney was able to present
an exterior solution which continuously fits at the
boundary of the beam with its interior metric, but in
our case no such matching is possible because of the
vanishing electromagnetic field tensors outside the
system. The 4-velocity of the beam or the null propa-
gation vector is shown to satisfy the necessary condi-
tions that it is geodetic and shearfree, so that according
to Robinson’s? theorem there must be an associated
electromagnetic field satisfying Maxwell’s equations.

Explicit forms for the electromagnetic field tensors
are given and the timelike and null trajectories in the
region of the beam are also discussed.

SOLUTIONS OF EINSTEIN-MAXWELL EQUATIONS

We consider a cylindrically symmetric stationary
beam with the energy flow along the axial direction,
that is, the positive Z direction. Let this be the null
direction, so that the propagation vector K* is given by

K" =54, )
Thus g, =0 and the line element can be written as
ds*=fdf* + 2adz dt - m dv* - > d, 2)

where f, a, m are functions of the radial coordinate 7
alone. Einstein’s field equations can be written as

R,,=~0K/K,. (3)

o may be interpreted as a measure of the energy density
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in the chosen coordinate system because of the fact that
in relativity the energy density may be given by
T,,v*1" =@n)o(K,v*)?, v* being a suitable time like
vector and is thus coordinate dependent. Field equa-
tions {3) give rise to two classes.

Case 1. 2a/37+0: One gets in such a case from the
field equations a=B7r™, B being the integration con-
stant. This is a singular solution for =0 and is thus
rejected.

Case 2. 2a/9v =0: In this case one obtains a= const
and also m = const. Choosing both of them equal to 1 for
simplicity, the line element reduces to a very simple
form

ds®=fdf* + 2 dz dt — dr® — v* d6?, (4)

which is the same as has been used by Nackoney. £, 7,
8, z, are represented by 2°, «*, x%, x*,
respectively. Now in view of (1) and (3), K,=1 and

K*,, =0, ®)

K, K =0, (6)
and

K (i K*7=0. (M

From (4), (5), (6) one can conclude that the beam repre-
sents a plane wave beam with its rays being geodetic

and shearfree. Moreover, since K;,;,, =0, the rays
may be said to be twistfree also and K, is orthogonal to
a null hypersurface. Now since the conditions (6) and (7)
are satisfied, the problem remains to find some suitable
electromagnetic field tensors F,, constructed with the
help of the null propagation vector K, in 1). F,,, how-
ever, satisfies Maxwell’s equations. The most general
form of F,, subject to the change of amplitude and
polarization is given by (cf. Raychaudhuri and Dutta?)

Fuv = gt/ 2[K* (a” cosB + b¥ sinB) ~ K¥ (a* cosB + b* sinp)]
(8)

are unit spacelike vectors orthogonal to

where a,, b
e 1/2
b

K,. a,and b, are themselves mutually orthogonal. ¢
B are the amplitude and polarization factors, so that

a*a,=b"b,=-1, a*b =0. 9)
Since K*=1, we may assume that the only nonvanishing
components of a* and b* are a* and b?, respectively,

and thus in view of (9) the electromagnetic field tensors
are

F¥ =0'/2cosg,
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F¥=(0'2 y)sing. o)
Since F*¥ satisfies Maxwell’s equations and also be-
cause ¢ is a function of » alone,

B,=R8,=0
and 1)

(0'/%7) /o 2=B ,=A,

A being a constant quantity, From (11)
B=(A8+y(n), (12)

where #({t) is an arbitrary function of time {cf.
Banerjee?). In this the electromagnetic field tensor of
the null field for the given metric is not unique
(Witten®). Finally, one can write explicitly the F*¥
components

F—ol/2005{A8+ (1)),

F#2—(0'/2/9)sin{A6+ (1)), {13)
The only restriction on ¢ is through the relation (11},
that is

(0 7r) = A (14)
Equation (14) gives the explicit form of o as

o=Dy° (15)

where D and C are constants. The constant C is related
to A by C=2(4 -1). It is evident that the above re-
strictions on the form of ¢ is solely due to Maxwell’s
equations and is independent of the gravitational field.

It can be shown purely from classical considerations
also that if in the absence of the gravitational field if one
proceeds to solve the two-dimensional Laplace equation
in the {», §) plane of the cylindrical coordinate system
suppressing the time and axial dependencies with the
electric field vector written as

E, =0'2(y)sinB(r, 6), E,=0%(y)cosBlr,8),

one arrives at the same functional forms for o and 8
except for the arbitrary function of time #(#). In the
special case by a suitable choice of the function #{#)
one can interpret the system as being due to a mono-
chromatic beam.

Now in view of (3) the Einstein field equations may be
written as

3f+af/r=o0. (16)
Using (15) the solutions of the field equations (16) is
then given by

f=(ar* +1). )

One of the integration constants is chosen to be unity,
so that at ¥ =0, f=1. The constant a, b are related to
C, D, of (15) by

a=2D/(C+2)? and b= (C+2) (18)

The constant b must be greater than or equal to 2.
Otherwise, for $<2, ¢<0 and g—~ = as y»— 0, which
means a singularity along the axis of the beam.
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Contrary to the case of Nackoney, one can not, how-
ever, find any suitable metric in the region where o
=0, which satisfies all the continuity conditions at any
possible boundary because there the electromagnetic
field is vanishing. Thus the beam may be said to extend
over all space.

HELICAL AND CIRCULAR TRAJECTORIES OF
TEST PARTICLES AND RAYS IN THE REGION
OF THE BEAM

It is of some interest to discuss the timelike and null
trajectories in the interior of the beam under con-
sideration. The treatment and the method of approach
are similar to those of Nackoney. The results are,
however, different to some extent. Using the same
symbols as in the paper of Nackoney, viz., v*=A,

v =h/v?, v'=0, v*=@Q for a trajectory with rotation

at a fixed radial distance from the axis of the beam,

A, h, and @ being constants along a definite trajectory.
The results for the trajectories in the -z plane are,
however, not different from those in Nackoney’s paper,
including the point that rays travelling parallel to the
beam are neither deflected nor retarded (cf. Tolman,
Ehresfest, and Podolsky®). We therefore omit such
cases and discuss only the trajectories with rotation.

Timelike orbits
For a timelike geodesic
R /vr3=A%2- f'

and 19)

FA?—3A%f" +2QA=1.

In view of the solution (17) the relation (19) can be writ-
ten as

tarr(b-2)=[1-1/A2+2@/A]. (199

The orientations of the timelike orbits depend on the
magnitude of A.

Case I. b>2: Two different situations occur accord-
ing to whether A<l or A>1. (i) When A <1, @ >0 from
(19') and the test particle has a timelike trajectory
spiraling in the forward direction. (ii) When A >1, the
orbits may be circular (@ =0) or they may be helical
with inclinations either in the forward or in the back-
ward direction (@ >0 or @ <0).

Case II. b=2: There are three distinct situations.
(1) When A <1, @>0 and the orbits are spiraling in
the forward direction. (ii) When A=1, @ =0 and time-
like orbits are circular. (iii) When A >1, @ <0 and the
orbits are spiraling in the backward direction. So for
A <1 no circular timelike orbit can exist anywhere in
the region of the beam. For circular timelike geodesics
corresponding to @ =0 the following two relations hold
in view of {19).

A2=2/(2f —%f")

and {20)

B =7f"/2f - vf').
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Null orbits

The conditions controlling the orientations of the null
orbits are, however, independent of the value of A,
that is, the value of ¢°. Rather, they will depend on the
magnitudes of @ and b or in other words on the strength
of the beam. For such a null trajectory of a test ray

FAT—LA%f +2QA=0. (21)

Again there are two distinctly different situations oc-
curring for nonzero . (i) When ar*(b-2)>2, @>0 and
the rays while rotating about the axis proceed in the
forward direction, that is in the positive Z direction.
(ii) When ar®(h~2) <2, @ <0 and the rays spiral in the
opposite direction. This includes the case b=2. The
equation for null geodesics along circular orbits (Q =0)
is, however, explicitely given by

ar*(b—2)=2. (22)

This relation in fact restricts the value of the constant
b, so that one can obtain null circular orbits in the
finite distance from the axis. For b=2 one can not get
such orbits in the finite regions.

Stability of circular orbits

Stability conditions for the circular timelike or nuil
orbits are analyzed exactly in accordance with the
method being used by Nackoney. We given here only the
results relevant in our case without going into the de-
tails, in view of (17), (19) and (20)
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%—:—@%ﬂé—agv“"“[aﬂ(fi—ﬂ—(l)+2)]. (23)

Also,

Par A Al

a2 ——W@f—?’f ) o

We know that for timelike circular orbits to exist (2f
~ #f') must be greater than zero or in other words

ar(b-2)<2, (24)

One can immediately conclude from (30) that dk?/dv >0
and in consequence d?Av/ds? <0 for Ar positive. The
real timelike circular orbits are therefore stable.

ACKNOWLEDGMENT

The author is extremely grateful to the referee for
his very valuable comments on this paper. He would
also like to thank Professor A.K. Raychaudhuri of
Presidency College, Calcutta for useful
discussions.

IR, W. Nackoney, J. Math. Phys. 14, 1239 (1973).
%I. Robinson, Reports on Royaumont Conference (1959).

3A. K. Raychaudhuri and A. K, Dutta, J, Math, Phys. (to be
published).

‘A. Banerjee, J. Math, Phys. 11, 51 (1970).

51,, Witten, in Gravitation: An Intvoduction to Current Re-
sezrch, edited by L. Witten (Wiley, New York, 1962).
SR. C. Tolman, P. Ehrenfest, and B, Podolsky, Phys. Rev.
37, 602 (1931).

A. Banerjee 1190



Models of Hamiltonian several-particle interactions

Richard Arens

Mathematics Department, University of California, Los Angeles, California

(Received 7 January 1975)

A method of Hamiltonian surfaces proposed recently as a semiclassical completely Hamiltonian way
of defining the motions of N particles (with finitely many degress of freedom) is shown to be
mathematically feasible for N > 2. The interactions are invariant under the Poincaré group. The
possibility of describing each motion by N world lines, the same for all observers, is dispensed with.

The usual commutation relations are retained.

1. INTRODUCTION

The zero-interaction theorem of Currie, Jordan, and
Sudarshan! for Hamiltonian, Lorentz—Einstein—
Minkowski relativistically invariant two-particle systems
have shown that not all conditions expected of such sys-
tems can be retained. Thus the earlier concepts®? in
which the world line condition is not met, deserve
reexamination.

Some have preferred to retain that condition, and
abandon another.?* In Ref. 5 we have suggested a way to
replace the world line condition by a space—time con-
struct (the “complete Hamiltonian surface”) with the in-
tent of preserving some of that connection with the idea
of N particles which had been provided by the world line
condition. Because of the novelty of the concept, we
undertook to show in Ref. 6 that our definition did allow
systems of nonzero interaction. It dealt with just two
particles.

The present paper shows the same thing for N parti-
cles, and provides examples which are different from
that of Ref. 6 for N=2.

The method of complete Hamiltonian surfaces can be
used to provide examples of systems of the kind con-
sidered in Refs. 2,3. Indeed, it can provide examples
not expected by Foldy® who conjectured that the role
played by “internal” variables in the work of Ref. 2
would be the rule in general. (Incidentally, we show that
there is a purely Lie algebra theoretic definition, not
only for external, but also internal variables.)

We show that a weakened form of the axioms for
Hamiltonian surfaces will still provide local or infini-
tesimal completely Hamiltonian systems” of the type
considered by Refs. 2,3. On the other hand, we do not
believe although we cannot prove, that each of the exam-
ples constructed in Refs. 2,3 can be obtained by a “local”
Hamiltonian surface. As indicated already, our intent is
to rvestrict by imposing what is hoped to be a reasonable
restriction, namely being derivable from such a surface,

We present a contact-transformation method which
transforms the complete Hamiltonian surface of a sys-
tem into that of another, and show that in one case it
changes a zero-interaction system into a nonzero inter-
action system. In some applications of this method,
merely local systems are obtained, but as remarked
above, such systems are also interesting.

We give only a few examples of our method, simply to
illustrate various possibilities. None of these examples
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has an aesthetic appeal remotely approaching that of the
inverse square law in Galilei—Newton relativity. How-
ever, we have taken care to make interparticle accelera-
tions to die off in some sense as the particles separate,
to keep the particles essentially interchangable, and to
provide for the possibility of inserting a parameter
which can be adjusted to give zero interaction.

2. AN N-PARTICLE SYSTEM

According to our definition,” to construct a model of
a completely Hamiltonian N particle interaction we have
to define a surface §, of dimension 2.4N -~ N="TN in the
8N-dimensional cotangent bundle T,(IR*¥) over the pro-
duct space of N copies of four-dimensional space—time
IR*. This surface §, has to be a component (see Ref. 5,
H~1; we discuss this later in this section) of the locus
defined by N equations F, =0, ..., F, =0 where these
functions have mutually vanishing Poisson brackets:
{F,,Fg=0. If we want invariance under the Poincaré
group, then §, must be invariant under the action of
that group in T,(IR*"), which action is induced by the
action of the group in (each) IR*. This much is easily
assured if the F, commute and are themselves invariant
under the group. But there is a further requirement
(see Ref. 5, H—-2): that these equations Fy=---=Fy=0
can be solved without singularities for the N time com-
ponents of the N momentum “4”-vectors. This necessity
of regular solvability presents the only analytic difficulty.
We refer to the functions H,, .. .,H, representing the
negatives of these time components in terms of the other
TN coordinates in T,(IR*¥) as the partial Hamiltonians,
since the Hamiltonian of the N particle system is obtained
by taking their sum, and then setting the N time coordi-
nates equal to zero.

We might remark that in a sense H, is associated
with the ath particle, but that F, is not necessarily
associated with one particle more than any other.

We introduce some notation. The momentum 4-vector
of the ath particle will be denoted by p,. Its time com-
ponent we can denote by — H,. Its space component is a
vector p, in 3-space. The sum p, +- -+ +p, shall be de-
noted by p, and the sum of the p, shall be denoted by p.
For the space—time coordinate of the ath particle we
will use x, (instead of the more classical q,). For the
temporal component of x, we use {,. For the space com-
ponent, or position in 3-space, we use X,. We denote

Xo —Xg DY 2,4, X, ~ Xz by Z,4, etc.

If a and b are 4-vectors, we use a- b to stand for a'p?
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~a'bl = ®0? —- b3, If a and b are 3-vectors, we use a*b
for a*b* + a®0® + a®D%.

We make-explicit something which was assumed im-
plicitly in Refs. 5,6. The surface Sy must lie in thal
part of T (IR*¥) on which all z,4 ave spacelike, i.e., 2z,
*2,5<0. This is a very acceptable requirement because
we are usually interested only in values of x,, . . .,xy
for which the 7, are near to zero, or at any rate, close
together.

In order to ensure Poincaré invariance, we define the
F, in terms of the Poincaré invariants of p,, . . .,py,
X5 « . .,Xy. The linear combinations of the Lorentz in-
variants p, ¢ pg, P, * X5, X,* ¥ form a Lie algebra L, and
this Lie algebra has a structuve depending only on N
(i.e., independent of the dimension and the metric of
space—time.) This can be seen from the following. Let
qys - - - 144 be any four from the set p;, . . .,x;. Then
{4,* s, a5* q.} is the sum of four terms T, + T, + T,
+T,, where in T, the g, and ¢, are treated as constants.
Thus to verify our statement about the nondependence on
the space~time structure, we have only to verify it for
{a-pa, b \fﬂ} where a and b are constant. Here a*p, =
= (the sum) a'g,, p!, =a'p,, where g;; is the metric. Thus
{as pos bexb=adpy;, x4 8,0 and { p;, i} = 6,407 es-
sentially by definition. Thus the resuilt is a"g].kb” =a+b,
and this agrees with what one would get in the one-dimen-
sional case. This shows the nondependence asserted.

We introduce the first N~1 of the N functions F, as-
sociated with the Hamiltonian surface §, for the inter-
action we are about to present. Consider the system of
equations

pe(py—pg)=0, 1<a,B<N.
This system is in fact equivalent to the system
F,=pWNp,-p)=0, 1sa<sN-1. (2.1)

One certainly has {F_, F;} =0 here because these F’s
contain only p’s. This will not be true of Fy, to which
we turn.

Forl<sa, g<Nlet

g(a,ﬁ):,p'p Priee
PrZag Zap° Zag
and let
FN:pl./)l+...+pN./,N._¢ (2_2)
where
l:l— (pe p)? 2.3)

@ ZM&:‘-.’(O‘,B) ’
Theovem:{F ,F,} =0 fora=1,2, ... ,N-1.

Proof: It is obvious that in one-dimensional space—
time we have { p+ p,, a*z5,}=p+a (645—06,,), because p
itself is constant as far as the translation-invariant zg,
is concerned. Armed with this result, we prove that
{p+po, gB,¥)}=0. For the moment, denote {p-p,, f
=f". Then

B,y *(p'f’)’ Pz pep (pezg)
B\P,Y) =

(P 2g,) 2, 24, b 24 (24 Zg)
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Now (p-p) =0, (p- 237)' =€p-p, (Zsy' ZBy)’ =2¢p- zZg,
where € =5 4~ 8,,, and this makes g(8,¥)’ =0. The theo-
rem follows easily from this. A shorter “proof” is to
regard space—time as two-dimensional. Then the gram
matrix is the square of the determinant D of p and z,,.
Since z§, =€p, we obtain

b P

’
Z gy

’

D= = =0, whence g’ =0.

Zgy

It remains to express this system of N equations: F,
=++»=F, =0 in terms of the “unknowns” H,, .. . ,H
and to verify that they have a global solution.

N

Theovem: These N equations do have a regular solu-
tion. The Hamiltonian H=H, ++-- + H, satisfies an
equation of sixth degree with coefficients depending on
the euclidean invariants of the p, and x .

Proof: Recall the notation p,=(-H_,p,), to which we
adjoin p = (- H,p). When this notation is introduced into

Eq. (2.1), they take the form
_H _ p-(Nps-p)
Hy=% NH (2.4)
fora=1,2,...,N-1. This equation holds also for «

=N. It appears from this that if a nonzero solution H

can be found for F, =0, then the “unknowns” H,, . . . ,H,
will become “known.” We must show that such an H
exists.
Inserting these expressions for the H into F ;=0
gives this the form
N
H _ p- (Npa —p))z
—_t = - . pamd
:/_}1 [(N N Po’ Po|= ¢, (2.5)

because the expression between the braces is indeed
Do Po-
The expression g{H) on the left of (2.5) has the form

H? C
where C, at any rate, is nonnegative. To give an idea
of the behavior of g(H) as a function of H, we will es-
tablish that g(H) =0 at H=b= (p-p)'/2. Take first the
case p#0. Then for this value of H, we have

-2 (82" p.0]
3 ((Rarpe? =0 B0 p).

Each term here is at most 0 by the inequality of
Cauchy and Schwarz. If p=0 then

H?
g(H):Xr—_Z)pa'pa

and so g(b):g(O)éo, as before.

For b>0, the graph of g is as in Fig. 1, If b=0 the
graph is a parabola passing under or through the origin.

We want now to show that this curve y :g(H) cuts the
curve v =& (H) where ®(H) is the result of using (2.4) to
express ¢ entirely in terms of H. We want also to make
sure that this point of intersection varies smoothly as
the parameters f,, p,, and X, change. Certain inequali-
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(v,0)

FIG. 1.

ties established in Ref. 6,(5.1) enable us to verify
these properties, in the following manner,

Let f(H) =f,,(H) be the result of expressing g(a,8)
/{p+p)in terms of H, using {2.4). Specifically,

~ZH? - 2atH — a® + b%(Z - %)
(H? - p?)?

fH) = (2.6)

where b*=p-p as before, Z=2,4° 244, t=1,—1;, and a
=p-* Z,,. We know two things from Ref. 6,(5.7). First,
that f(H) is negative for b <H < and increases monotoni-
cally from -« to 0. Second, there is an inequality

zZ < A

=< _4 ’
(H+b)2__f(H)—H2_b2' (2»6)

The inequality won’t concern us at this point, but the
monotonic behavior shows that

'_ZOKBg(a ,B)
(p-p»
decreases monotonically from +« to 0 on b <H <», Ob-
serving that

= g(H)

1/®(H)=1+1/g(H),

we deduce that & (H) varies from +« to 1 on the interval
(b,). This guarantees us an intersection of these
curves. The dependence is obviously smooth.

We define the surface §, as the surface given para-
metrically as follows. Pick any values of the ¢, p,, X,.
Calculate H from (2.5) and then the time components of
the momenta from (2.4). This gives us a generic point
of §y in T (IR*¥), (Thus §, is one connected component
of the submanifold defined by F, =+++=F, =0.)

A third condition [Ref. 5,(H - 3)] has also to be verified
in order that this example qualify as having a Hamiltonian
surface §,. This condition essentially postulates that
solutions to the relevant Hamilton canonical equations
exist with arbitrary initial conditions and for all time.
With ¢ =0 this is surely true. Therefore, it will also
be true for other ¢ close to 0 in a suitable sense, but
rather than go into this now we will just assume that we
have a ¢ which makes (H —3) hold.
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In a formal way, the example can be embellished with
coupling constants, One can take (for @ <N)

Fa:p.(%‘%)

where m,, . . .,m, are nonzero numbers and m =m,
+ee°+m, is also not zero. One can take

Fy=2Foy(beps) = ¢

where F, is a positive-definite matrix of numbers.

2.7

Here one could define ¢ by

LR V.10 (2.8)

¢ - 2&( Bkaﬁg(a’ B)
where K and k., are positive constants; or by
1 k
—K —(p+p)? 28
@ (p p CVZ<>B g(a ,B)
where K >0, k,;>0. [Keep in mind that g(e,8) <0.]

(2.9)

Any two usable ¢’s can be combined as in

1
¢:(Pl+(p2 or 5:1/@1+1/§02

to give another, since it is only the general behavior
described in Fig. 1 that matters.

3. DISCUSSION OF THE HAMILTONIAN FOR THE
EXAMPLES OF SEC. 2

The Hamiltonian of any system of the kind introduced
in Ref. 5 is obtained from the sum of the partial
Hamiltonians by equating to each other the N time co-
ordinates (thereby yielding a Hamiltonian H independent
of time.) An implicit equation for H can be obtained in
this way from {2.5) where, however, we use the more
general (2.8) instead of (2.3). Retaining the notation »?
=p+P, we introduce Z =3, sk (Zo5° Zos), and a> 0 by
@ =F0cskes®° o). Then

N N
- Lper bty 2o (0, =BT
1
TEK+ -0/ [ZHE - b)) + &

The analysis of Sec. 2 assures us that there is a real
root greater than 4 and no more than one such root.

(3.1)

In this equation H? satisfies a fourth-degree poly-
nomial for every N.

If instead, we use ¢ as given by (2.9), then

}f—%p P Po s O [pe (ND, - PP
N a=1 ° & N2H2a=B ¢

_ 1

TKA(H =22 ks /2 (HP = D?) + ]

s

(3.2)

where Z ,,=2,4* %, and @, =p° 2 ,.

This again has a unique root H > b, but the polynomial
for H has a degree which grows with N.

In every case, the third term on the left side of Eqg.
(3.1) or (3.2) can be simplified to

1 , b
7 Za)(p-pa) -ﬁ>. (3.3)
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The ith velocity component of the ath particle is given
by
oH
9Pa,
It is usually demanded of a Hamiltonian that these 3N
components should be linearly independent. This may be

called the requirement of nondegeneracy. We will now
show:

Hesi=

Theorem: These Hamiltonians are nondegenerate.

We will give a proof of this only for the case of two-
dimensional space—time, so that each p, has but one
component P,. Let P be the sum of these P,. Let T be
the sum of their squares. Then the left side of (3.1) and
(3.2) is [observing (3.3)]

H? p? p?

ey

which equals

[(H? - P?)/NH?](H? + P> - NT). (3.4)

In this discussion, the position variables are not in-
volved at all. Hence, looking at (3.1) and (3.2), we may
suppose that the right side depends only on H and P.
(The argument applies to any other ¢ which shares that
property.) Looking again at (3.4) we see that H satisfies
a relation (3.5)

H*+ P2 —_NT=R(H,P). (3.5)

This we differentiate with respect to P, obtaining
2HH* + 2P - 2NP_,=R,H* +R,

where H*=0H/9P,, and R,,R, are the two partial de-
rivatives of R. Now suppose there were constants c,,

. .,Cy, not all zero, such that 3 ¢, H*=0 for all values
of P,, ...,P,. Then we obtain another equation for H:

2P2 ¢, —2N2 ¢, P, =R,2.c,.

This forces H to depend only on P and § ¢, P,. We apply
this finding to (3.5) and conclude that T depends only on
P and 3¢, P,. This it obviously does not (assuming N
>11), so the supposition of linear dependence must be
rejected.

In case of the more general F, in (2.7), the nonde-
generacy of H would follow from the nondegeneracy of
the matrix (F ).

There is another property one could demand of a
Hamiltonian when it is supposed to describe infevacting
particles. At the very least one could ask the following.
Suppose the particles are separated into two constella-
tions G,,G, where @ =1,2, .. .,M for those in G, and
a=M+1,...,N for those in G,. Then if these two con-
stellations are moved far apart, the total momentum of
each constellation ought to be practically constant on
each motion. This requirement has to be more precisely
formulated, but we can say now that our systems fulfill
it, by virtue of the inequality (2.6’).

A valuable discussion of such requirements, under
the general name of “separability” is provided by Foldy.®
It is easy to formulate requirements that are stronger
than the above (except that for N=2 one could not ask for
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more.) However, the above is all that we can verify.
We now enter into details.

Theovem: Let H be a Hamiltonian resulting from ¢
as in (2.9) or from a sum of such ¢’s. Separate the N
particles into »n subsets G,, . . .,G,. Hold fixed all p,.
If a, B belong to the same G,, hold 2z, fixed. If &,B
belong to different G,, make |Z,,! —<«. Then H has a
limit H, commuting with the total momentum of each G;.

Proof: By (2.6'), when 1Z_,l ~=, then that particular
ftends to », The way in which these f’s enter into (2.8)
or (2.9) makes this tantamount to setting that particular
gla,B)=—-=, In general it wipes out the variable z,
in the resulting Hamiltonian H,. Therefore, H, contains
Z,; only when @, 3 belong to the same G;. Such az_,
commutes with the momentum 3, . P, for that constella-
tion, and of course it commutes with the momentum for
the other constellations. The theorem is thus proved.

In the particular case of (2.8), an even more remark-
able thing happens. Let G, be just one particle and let
G, be all the others. The limiting Hamiltonian H, in this
case is the one obtained from (2.8) with all k=,
This H, gives a zero interaction. Thus each particle is
essential for binding the others together.

Return now to the statement of the theorem. Can one
say more? Of course it is not true for general particle
mechanics that if H commutes with the momentum of
some subset (of more than one particle) then those
particles are independent of the others. It does not seem
likely that the special form of our Hamiltonian could
help.

A third property of the interaction (2.3) is its sym-~
metry, where this means that it is invariant under each
permutation of the particles (or indices o). This prop-
erty may be loosened up by requiring only that after a
permutation, only some smooth readjustment of param-
eters is needed to reproduce the original interaction.
Let us call such an interaction symmeltrizable.

This property must be kept in mind in order to rule
out interactions which are easy to construct and yield
specious Hamiltonians. We give such an example. For
F, we will take p,* p, —1 when a <N, For Fy, we take
Py Py — ¢ where ¢ is any function of the N -1 gram
determinants.

pcx.[)a /)a' Zan
ga: a <N,

pa' ZaN ZaN' ZaN
Note that {F,, g} =0 for @ <N. If we set F, =0 then H,
=v1+p,*p, for « <N. These H, can now be inserted
into the equation F, =0, giving

B -pf=
where & is what results from replacing the time compo-
nent of p, by — H,. The result is

H:‘/l +p1.p1 oo +ﬂ+pN-1.pN-l+mPN.pN.

Any attempt to make this example symmetrizable by
insertion of other ®’s encounters the danger of causing
{F,,Fag#0. Thus it can describe only an interaction in
which one particle is qualitatively different from the
others.
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Besides symmetrizability, there is another desidera-
tum we have kept in mind: One should be able to insert
a parameter which when set equal to 0, gives a satisfac-
tory zero interaction,

4. INTERNAL AND EXTERNAL VARIABLES

To insure a Poincaré-invariant interaction, one is
almost forced to make each F, dependent only on the
inner products in the space—time metric of the set of
N(N+1)/2 vectors p, and z5,. The requirement that
{Fa, Fﬂ} =0 suggests a study of the commutation prop-
erties of the linear space E, of linear combinations of
these N(N +1)(N? + N+ 2)/8 inner products.

Theovem: E, is a Lie algebra under {,}. Let R be the
set of linear combinations of the p+p, and p- z,, where
p=Yp,. Then R is a subalgebra and indeed the radical
of E,. Let S be the set of linear combinations of the in-
ner products of the set of all p, — pg, 2,,. Then S is a
subalgebra, RN S is the zero element of E,, and E, =R

+S. The Lie algebra structure of E, is independent of the

the metric and dimension of space—time.

Proof: The nondependence on the particular space—
time was shown earlier. It is clear that E, is closed
under { , }. Moreover, if » is one of the generators of
R, and e is an element of E, then {», ¢} is sure to have
a “factor” p and thus belongs to R. The bracket of two
elements of R is always a multiple of p+ p (which con-
stitutes the center). Thus R is solvable (Ref. 8,p.24).

Clearly, E,=R+S, and RNS=(0). To show that R
is the radical, we show first that S has no solvable ideal
greater than (0).

In order to prove this, we consider a different sub-
algebra @ and prove that E, =R +Q, N R=(0), @ has
no solvable ideals (the same will then follow for S). The

algebra @ is the linear span of all p, - p;, p,* Zay, Zoy® Zay

with @ and B less than N. This algebra is isomorphic
to the Lie algebra L,_, of Lorentz invariants of p,, . . .,

Dyers X5 o - vy Xyeye

We have already noted that as far as the Lie algebraic
structure is concerned, in studying L, (M =N-1) we
might as well regard space—time as one-dimensional.
Thus each fin L, is a polynomial

1 1
F=za,pip; +bybix; +30,,%,%;

in IR®¥_ By virtue of the symplectic structure w=dp
Adx +++++dp,Ndx,, fgenerates an infinitesimal linear
transformation V (or vector field) or IR*¥ which pre-
serves that structure, and which has a matrix readily
found to be the 2M X2M matrix

-bta
-c b

where b' is the transpose of . Conversely, every such
matrix determines a V that preserves w, and each V is
generated by an f. (Hence L,, is the Lie algebra of the
real symplectic group.)

Making use of this matrix representation, one can dis-

cover that L, has no Abelian ideal (except 0). Thus, by
Ref. 8,p.25, it has no solvable ideals. Therefore, R
is the radical of E,. Thus the theorem is proved.
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The radical R is distinguished by purely Lie algebra
properties, but the complementary subalgebra is not
unique. It can be made unique by observing that the
symmetric group acts on 1,2, . . ., N because they re-
fer to particles (not dimensions.) Thus S is the only
symmelric complement to the radical.

In the case of the Euclidean group in IR? instead of
the Poincaré group in IR*, the functions in the com-
plementary algebra S have been called internal
variables.?? Since R is an algebraically distinguished
class, its members also deserve a name: the external
variables. In the case of IR*, we will call them internal
and external space—time variables.

In Ref. 3, Foldy attaches great importance to inter-
actions in which the Hamiltonian H satisfies H2 - p?=¢
where ¢ depends only on internal variables, and in fact
regrets that he cannot prove that Hamiltonians always
have that form. We wish to offer an example to settle
this question (in the negative).

Let p=p, +++++p, and let p=p/N. Similarly, define
%= (x, +++* +x,)/N. Choose a positive real number u.
Define f, =p, =P + u(x, - %), fora=1,2,...,N,
Notice that any set of N -1 of the N equations

pofi=0,...,pfy=0
implies the remaining one. We take F, =p- f, for a <N.

Now select a real-valued function ¢ defined for real
values on the half-line [0,<) which is positive, con-
tinuous, and monotonely decreasing. Let

fm=fir i =fut
and define F, =p« p - ¢(f).
Theovem: The system of equations
F =F,=++=F,=0

admits an analytic solution for H,, . . .,H, in terms of
the remaining components of p,, . . .,py, %, . . ., Xy
Moreover, {F,,Fg =0 for 1<a <B<N,

Proof: Since {fa,fs} =0 for one-dimensional space—
time, the stated commutation relations are true in
general.

Let the time component of f, be called %,, and the
space component be the 3-vector L,. As before, - H,
is the time component of p,, and H is the sum of these
H,. Now the equations F, =--- =F,_, =0 insure that

- Hk, -p-L_ =0 4.1)

for @ =1,2,...,N. We solve these equations for k,,
.+ .,ky and insert that into the equation F, =0, which
takes the form
° 2
Hz—pz—cp<EL§-2—%)—):o (4.2)
because f=-~k}~+++ - k% +L:++.. + L%, If we can solve

{4.2) analytically for H, our problem is solved because
ky=p+L,/H and ky=H, ~H/N+ ult, - (t, +-++ +1,)/N].

Denote the left side of (5.2) by F(H), and consider its
behavior for H= b. [Here b is as before {p-p)!/2.] For
H =) the argument (the original f) in ¢ is not less than
0, and hence the value of ¢ is positive. Thus F(p) <0,
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Observe that ¢|--+] in its dependence on H is decreas-
ing. This shows that F(H) is increasing. It is also

easy to verify that F(H) — < as H—, although it re-
quires taking into account that ¢(0)#0. We conclude that
(4.2) has exactly-one-solution H with H> b, and in fact
that # is greater than b. This proves the theorem.

To obtain the final Hamiltonian H for the system de-
fined by this Hamiltonian surface, we set all {, =0. Then
H still satisfies (4.2). Let us show that in this particular
case H? —p?={ is not an internal variable (unless ¢ is
constant.) For if § were internal, then (¢ being mono-
tonely increasing and L, being internal) the expression

SP-L.)
p*+i

would be internal. It is easy to see that it can vary even
though all internal variables are held fixed.

Therefore, this example does not fulfill Foldy’s
expectation, which thus becomes Foldy’s condition.
This condition is just as reasonable as it ever was, but
now it is seen to be not automatically fulfilled.

On the other hand, the method of Hamiltonian surfaces
is not incompatible with Foldy’s condition either. Our
next example shows this.

We treat only the case N=2. Let g stand for p, —p,.
Let H,-H,=D and p, -p,=q. Let x; -x,=2, with com~
ponents ¢ and Z. Let ¢ be any smooth function of one
variable and define

f=(q: 2 +9(2%), g=q?2% - (z?).

[Here $(z%) means 22 (or 2 - 2°%) substituted into .
Perhaps it would help to remind the reader that the H’s
are the negatives of the time component of the momen-
tum 4-vectors. ] Then

{fyg}:()'

Choose ¥(x) as xw(x) and define the surface §, by the
equations

H, +H,=[p? + g((tE +q- 2)? + 22w (22)) /2
and
H -H,=E

where E =[q + w(z?)]/2.

The second equation can be written D =E. Squaring,
we get D2 = + w(2?) or ¢*> - w(2?) = 0 which (since we
work entirely in the region z2 <0) is equivalent to F,
= 222 - $(2?) =0. The first equation is H =[p? + ¢((z° ¢)?
+22w(2?))]1/2. Squaring, we get F,=H?—p* - ¢(f)=0.
Thus §, is a component of the variety defined by F, =F,
=0, and {F,,F,} =0.

The Hamiltonian for this system is
H=[p? + p(q- 2)° - 220(- 22))]' /2,

It is easy to select w and ¢ so that we have a limiting
Hamiltonian

H, =[p?+alt/2

where a is constant, for 22— . Thus we have a degree
of “separability,” but the limiting Hamiltonian H, here
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is degenerate. (To that degree this example is inferior
to that given in Secs. 3 and 4, but at least its
Hamiltonian can be explicitly presented.)

5. INFINITESIMAL HAMILTONIAN SYSTEMS

The “Hamiltonian surface” method® illustrated in this
paper gives rise to a “Hamiltonian space-time inter-
action” (Ref. 7,p.253). From here one may obtain an
infinitesimal Hamiltonian interaction,” in which the
interest centers on generating functions which represent
the Lie algebra of infinitesimal space—time
transformations.

This computation was made in Ref. 5, with the fol-
lowing result (but different notation). For an infinitesi-
mal space—time Poincaré transformation

(5.1)

in R*, the generating function g, for the corresponding
canonical transformation in T,{IR¥) is

N3
D 5 uip,, - v 5.2)
where U} is Ut with (x', . . .,x*) replaced by (x}, 2,3,

0), and the superscribed 0 on H, indicates that ¢, . . .,
ty are all set equal to 0.

The concept of infinitesimal Hamiltonian interaction
is the one underlying the work of Thomas, Bakamjian,
Foldy, and others.>? (We regret not having seen these
papers until Ref. 7 had appeared. Several of the princi-
pal concepts had already been explicitly considered by
Foldy.)

The class of infinitesimal Hamiltonian interactions is
considerably larger than the class of those derived from
(global) Hamiltonian space—time interactions, and the
latter class is larger than those obtainable from
Hamiltonian surfaces §,. To put it informally, if all
one wants is a set of generating functions g, represent-
ing the Lie algebra of the Poincaré€ group, it shouldnt
be necessary to worry about global solvability of the
type expressed by {(H - 2).

More precisely, retain the conditions (H —1) and (H
—3) of Ref. 5 and replace (H - 2) by the weaker condition
(H - 2 local) which reads just like (H - 2) except that

a:, . ..,dy are replaced by 0.

More loosely, we require that the equations F, =0,
..., F, =0 have some single-valued smooth solution for
H,, ...,H, defined on some neighborhood of the mani-
fold characterized by {, =+++ =1, =0.

Then the formula (6.2) gives genevating functions
with the property that

{gvs8v) =g10.v) (.3)

whenever U,V are infinitesimal Poincaré tyansforma-
tions in space—time, and [U,V]is their commutator.

Proof: 1t is fairly clear that we obtain a local actio~
of the Poincaré group and hence an action of the Lie
group. This shows that if g,, g, generate A}, and A},
(respectively) in 7,(IR%), then{ g,,g,} generates Ay ;.
This gives us { g,,8y! =8&iv,v) T~ Cu,v Where ¢y y
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a constant. To show that ¢, , is 0 we begin again, using
direct substitution.

We must recognize that the Poisson bracket in (5.3)
is the one appropriate to IR® ., Therefore, let us denote
it by { , I, to distinguish it from the Poisson bracket
{,)}in R¥, For functions such as these g,,g, one has
{gy,gvY ={ &y, 9} because they contain no p,,. Now
suppose

.0 <N
:E o :z;UJ -
u i=1U axt’ v i=1 ox’

4
are two vector fields in space—time IR*, not necessarily
related to the Poincaré group. Let

4
Gy :?i_zl Uipy;

and G, be formed analogously. It is easy to verify

{GU’ GV} = GIU,VI .

Here superscript @ means that x?,

1 4
by x4, . . ., %%

(5.4)

.. .,x* are replaced

Now we postulate the invariance under these transfor-
mations of the surface §,, which implies that

{GU)p4y +H7}’:0 (5.5)
for each ¥, on §,. Finally, we have
{p4a+Ha}p45+Hﬂ}:Oy (5-6)

a consequence of (H~-1) and (H -2 local), It is obvious
that g, =G, + U**(p,q +H,), where we use the summation
convention for @, We now calculate

{guygv}’ :{Guy GV}
Gy, V(pa +H ={Gy, U (o, + Ho}
U (pog +Ha), VEP(pg, +Hy)}.

We propose to evaluate the right-hand side on §,. (This

does not change the value of {gU,g,,}' because there are
no p s to set equal to — H,). Consider a term like

{Gua Vqs(l)% +HB)} =
=V*¥{Gy,p +He + (P + HXG,, V8.

The second term on the right side of (5.8) is clearly
O on §,, but so is the first, by (5.5). The third term on
the right of (5.7) is 0 by (5.6). We obtain {g,,g,}’' =
=Gy, but on S this is the same as g,,,,. Thus (H
-2 local) (and a fortiori H -~ 2) implies (5.3), as
asserted.

5.7

(5.8)

6. CANONICAL TRANSFORMATIONS IN MULTIPLE
SPACE-TIME

Canonical transformations in T, (IR*) can be used to
transform one N-particle interaction into another. In
particular, a zero-interaction can be transformed into
a nonzero interaction if the canonical transformation is
properly conditioned. Actually, our examples will pro-
duce only infinitesimal interactions (in the sense of Sec.
5) but for some of them, the Hamiltonian can be ex-
hibited explicitly.

The construction of canonical transformations in

T,(IR*¥) is nothing new, since T,(IR*¥) is also the phase
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space for a single particle moving in real 4N-dimen-
sional space. There is no need therefore to review the
general theory. For the moment, let ¥!, . . .,y* be the
Cartesian coordinates, and q,, . . ., 4,y the canonically
dual momenta. Select a function U of 8N variables.
Define

U — —
,-ZW(LVI, . . -1y4N, qys - - '76141\[)’ (6~1)
—, oU — —
yi:a?’-i (yu . ~7y4N’q1; .. -yq4N)- (6-2)

Solve these equations for the g’s and ¥’s in terms of the
7’s and ¥’s. If this is possible, define a map (/: T ,(IR¥)
— T,(R*") wherein

7@)=q,(T@)), §,@)=y,(T@)).

Then (/ is symplectic, i.e., {fol/, g-t/}={f,g U
because (as is easy to show) 3g, dy' — 3 g, dy' is exact.

Now let an interaction be given, with a Hamiltonian
surface §,. Then{/(S,) is also a Hamiltonian surface.
If §, is Poincaré invariant, and if // commutes with the
action of the Poincaré group in T,(IR*), then//(§,) is
also invariant. (We will call such// Poincaré construc-
tions.) We will want to insure that (H — 2 local) is safis-
fied for {/(S,). That will always be a matter for investi-
gation, for which we set a pattern in our examples.

We now revert to our notation x% and p,, for T, (R*¥).
Recall also that p=p, +-- +p,. We will investigate the
{/ “generated” by

N
U= 2% poatg
£}

where g depends on the various p-z,, and z,,° 2,;. The
U is not Poincaré invariant (but the g is). Nevertheless,
{{ is a Poincaré construction, as will become apparent
when we write down the formulas (6.1) and (6.2).

Let I be the set of indices 1, . . .,4N such that §, ¢,
is one of the four components of p. From (6.1) we ob-
tain ¢, =7, +0g/0y?, whence 3;c,q; =3:e,7; +Iie,(0/3")g.
But this last term is 0 because g is invariant under those
translations in R* induced by translations in IR*. Thus
we see that the 4-momentum is preserved by //:

p=p. (6.3)

From this it follows that A =H, but this does not mean
that the new interaction is zero if the old one is. What
is crucial is how H depends on the P, and X_, not how it
depends on p, and Xx,.

o)

To see that // is a Poincaré construction we have to
examine (6.1), and (6.2) in terms of the p’s and z’s. To
this end denote p- z,, by 1,, and z 4+ 2,5 by £,5,, using
only enough of these variables to represent the variables
without repetition (note: 1,, =0, 1,,=-17,,, etc.) We now
write down (6.1) and (6.2), and combine the formulas

fOr poy, + + oy Paq and x4, . . . x% (respectively) into 4-
vector formula. The result for (6.1) is
pe=Pe+PA, + 2 By 2" (6.4)
L4
where
(@) A, and B, are linear combinations with con-
stant coefficients of the partial derivatives 9g/97,,
and 9g/9¢ ygs, and
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{b) 2*¢ is the covariant form of Z,., so that if the lat-
ter is (a,b,c,d), then the former is (-a, ~b, — ¢, d).
Recalling that by (6.3) we can replace p by p and trans-
posing, we see that p, depends on the p’s and x’s in a
Poincaré-invariant way, because the A’s and B’s are
Poincaré€ invariants.

In the same way, we can see that x, depends on the
%’s and p’s in a Poincaré-invariant way. We omit writ-
ing down these latter formulas, but we must now assume
that they, together with (6.4), can be inverted, at least
locally. If this is possible, we may take the barred co-
ordinates to be the original coordinates while p,x are
the transformed ones.

Recall that (6.4) implied that
])—e =p, —])AE "ZBaezaE
[+7
where A, B depend only on p and the z,,.

(6.5)

We begin with the zero interaction defined by
Pi=m®, ..., D% =m}
or more precisely = [m? +F2]'/2. This is obviously

Poincaré invariant. Using (6.5), these give equations
relating the p’s and x’s, namely

He _HAE —EBanae :[ng + (pe "pAe _EBanae)z]l/z- (6-6)

Here the A, B depend on H, the p,, and the x,, as well
as the / ;. These formula will give the desired solution
for H, ,H, provided we can first evaluate H. This
we do by summmg (6.86) with respect to €. The left side,
being I-I sums to H»H as already remarked. [Indeed

e Ae —0 and 3, . B,.2%* =0, reflecting the argument
establishing (7.3). ]Thus
N
H=2, [m2+ @, ~pA, - 23 B,z P/ (6.7)
This has to be solved for H. When t, =+-+={,=0, there

is no H left on the vight-hand side, so H can be found.
This is the final Hamiltonian. Appropriate conditions
can be imposed on U to ensure that when p,, X, are fixed
fixed, then for any sufficiently small departure from ¢,
=+e~:=f, =0, (6.7) can still be solved. This gives us

(H ~ 2 local), and an infinitesimal interaction is
established .

For the old system, the motions are characterized by
constant p,, and X, a linear function of 7,. Our enter-
prise would have been in vain if the same were true for
pe and x,. To see that it need not, we will consider
afresh the case N=2, in which there is but one = (5,
+P,)* 2, 2=x, ~x,, and one {=z-z. To further simplify
welet p,=p, p,=¢q, x,=x, x,=Y.

We select g =n¢(£). Then (6. 4) takes the form
p=Dp+ (B +Pe) +2n¢' (¢)z*
(where z* is the covariant form of z) and
q=q - (p+9 (&) - 2n¢’ (§)z*.

From (6.2) we obtain
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y=y+zp(f).

These equations are equivalent to

¥=x+zp(0),

x=X-2@E?%, y=y-2¢(Z?.
Therefore, this particular // is globally invertible,

Transposing the p and ¢ equations and using p +§ =)
+q gives

b=p=-(p+@o-2(p+q)-z¢'z*,
G=q+(p+a)e+2(p+q)z9'z*.
Thereupon (6. 6) yields
—Hop=2H{t, - L,)\o
={mi+lp-@+Pe-20+a, - L, (6.8)

and a similar equation for H,. The argument in ¢, ¢’
is ¢=(t, ~1,)? - 2%, In this example, there is no H in the
right side of (6.8) and by adding it to its mate we obtain
H. When {, ={,, we obtain the final Hamiltonian

[p @r+elP/2+{m2+[q+ +ae

Here ¢ = ¢(~2?). Hence for ¢(s)=(-s)"*/%, this ap-
proaches the free Hamiltonian when |zl — =,

]2]1/2

H,Lm1 2}1/2

We now make a canonical transformation in T, (IR%)
defined by

u=px! +Ppx® + pax® + G, + Gpx® + 1
+ [(751 +q,)2' + (B, +,)2° + (B +53)23](p(- z*2z).

This gives a new Hamiltonian with no z, and hence zero
interaction. For its solutions, the p and 7 are constant,
while ¥, y are linear functions of time. Must the same
be true of x and y? From

X=x+2¢(-2%), =y +zp(-2?),
we get Z=2 and
y_—:y—i(p("iz).

Evidently, if ¢ is not constant, then with at least some
initial conditions, X and y are not linear in time and
hence the interaction is not zero.

X=X-Z¢(-2%)

If ¢ is chosen so that ¢(—») = 0, then whenever the
particles drift apart, their motion will approach that for
zero interaction.

*Preparation of this paper was supported in part hy USF
Grant GP 3369X.
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Conserved vector densities and their curl expressions
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It has been shown that all Lagrange densities which are concomitants of sets of independent
geometrical objects possess conserved vectors of the Komar type. For the general conserved vector
derived from these Lagrangians we give an explicit method for rewriting the vector as the curl of a

two index object.

INTRODUCTION

In a recent paper' we discussed a new type of con-
served vector density defined uniquely for each Lagran-
gian density on an n-dimensional Riemannian manifold.
The vector density possesses an identically vanishing
ordinary divergence (and covariant divergence since it
is a density), and it therefore belongs to the class of
strongly conserved quantities. For the Lagrangian of
the Brans—Dicke theory? we derived a conserved vector
density® similar to the well-known Komar conservation
law of general relativity, * while for other Lagrangians
we found new vector densities whose physical signi-
ficance is not yet fully understood. ®

A mathematical problem arises if we wish to obtain
useful physical results from a conserved vector density.
We must first rewrite the vector density as the curl of
an antisymmetric object with two indices. This ac-
complished we may then integrate over a fixed volume
of the manifold to obtain the physical conservation law.
In Ref. 1 we gave a difficult and awkward method of ac-
complishing this for certain cases of interest. Now our
purpose is to consider the general problem we encounter
in this type of conservation law and give a simple meth-
od for finding the corresponding curl form.

I. CURL FORM FOR THE CONSERVED VECTOR

Consider a vector density V! which is identically di-
vergence free and which is defined in the following
manner’:

>
Vie LA ey n

Here £° is an arbitrary vector field, the quantities

Al APy, . A}z Ir are given functions of the co-
ordinates and the comma denotes differentiation with
respect to the coordinates. The fact that V? is diver-
gence free implies, from Poincare’s lemma, ¢ that V*
may be written locally in the form of a curl

ViETij.j (2)

where T!/ is skew-symmetric. Our problem is to ex-
press (1) in this form. This is important for only then
can we integrate T¥ and employ the divergence theorem
to obtain the physical quantities which are conserved
for particular choices of V* and &9,

In order to accomplish this it is clear that at one stage
we must differentiate (1) and employ the arbitrary nature
of £° to obtain symmetry identities involving the A’s,
Unfortunately, the direct approach of forming the di-
vergence of (1) becomes complicated by the fact that the
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symmetry identities thus obtained are coupled, whereas
we shall find that the curl form is not. By employing
the arbitrariness of £¢ at the start, however, we can
simplify the problem by showing that the vanishing of
the divergence of (1) implies the vanishing of the diver-
gence of each term in (1) separately. To see this let us
choose the arbitrary vector £ to have one component,
x'. With this choice the first term in the summation in
(1) is the only survivor and it follows that this term can
be written in the curl form as A’t*=T{{, .. Thus in
general we may write (1) as

»
VieTHy, = 3, Ao

4 iyig et iyt (3)
Now choose £%=(x')?. With this choice only the first
term on the right-hand side of (3) survives and we may
write it in the form A}/ £ | =T}, ,. By continuing this
process we see that each term in (1) must be indepen-

dently expressible as a curl and we thus need only con-
sider the general term in (1).

Let us then consider the object

W(ir)EA:jljz ey Ea'jljz s (4)
where W .=0. Since partial derivatives commute we
may write (4) as

Wiz Aitirtdg - iy) £
a

) (5)

where the round brackets surrounding enclosed indices
denote the complete symmetrization of the enclosed
indices.” If we consider the identical vanishing of the
divergence of (5) for small values of » we find that the
object defined by

vigig et iy

Siinfz s dp= AlGriz 3 L Ad iy (6)

is useful. This object has the following symmetries: It
is skew-symmetric under the interchange of the index
pair (i,j,) but symmetric under the interchange of
(g jo) for s, £=2,3,..., p and s#¢,

Once again, by considering low values of + in (5) one
sees that it is possible to write Wi(¥) in the form

8p) 15,0y i ta iiyiget iy  ta
w (")—{sta e R 2 e AR SN O

TR O SIET sge, Ey (7

where C,, C,, ..., C, are constants to be determined.
Clearly, this is a curl form for Wi(»). Since the set of
partial derivatives of £ are mutually independent we dif-
ferentiate (7) and collect terms in corresponding orders
of derivatives of £°. Owing to the independence of the
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derivatives of the vector £%, we find the identities

Aiitiog - iy Ea = Qif1ig* ] a
A TS g e j,‘(’lsa i RS EP R (8a)
Y QidyJoree N iig,1dgiz - Jpiviqag i
(€3, T CL S A "), ey
x £ . ... =0 (I=2.3.....7). (8b)
'Jl*'l ]T

We have other identities too. Let us differentiate (5) and
set it to zero. We then find

Al iy =0 (9a)
and
Alinndg™ i 20, (9b)

The sets (8) and (9) will enable us to determine the
constants in (7).

1t is a simple matter to establish the identity

Aliidy e ip

= % LAi(jljz”’ 7, +A;1(H2“' 25 BTN +Air(£jlj2'~' j""l)].(l())
Hence, from (9b) and (10) we find

1 ... )
=~ Al ) g

A,‘\J'l(ijz"'jﬂ a _
a i 1,7

iyig et it
(11)
Therefore, (8a) implies
C,y=v/(r+1). (12)
Now consider (8b). From (6) this is

YA ECGy e GL) J1Cidg s dy) ilfy e iy
((/lAa 1 r _ClA 1 2 r +Cl+1Aa 1 r

i (G jou) a
—Cld‘Aa“1 " )-1'11'2"' i £ RIS (13)

However, from (9a) and (10) it follows that

Afpatie iy L .
a iy E R i,
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— 1 $0f, - 4§
2-_1’—ZA4 17 Iy _jl,._jlﬁa,jz‘l- (14)
Hence, upon substitution of (14) into (13) and by em-
ploying (9a) to eliminate the second term in (13) we find
that (8b) or (13) gives the recursion

Crp=—lr-m)/(r-m+1)jC,_ (15)
This tells us that
Cpa=(=D"[(r-m)/rlC, (16)

and from (12) we then have

Co=(=D"(r-m)/(r+1)}, m=0,1,2,...,r~-1,

(17)
for all m. Hence from (1), (7), and (17) we have
. P .
Vi= 23 Wir), (18)
=0
where
. v e en -1 ... ...
W:(y):{1’+ 1 S"“Jz jr 2r;a'fzja'” iy r+1 Syt Jr'ja
XE g iy 4 T2 Gidgigeer iy ga _ L
a vigig B wigerc G Uy

and §}/172°" ¥r jg defined by (6).
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The transformations given by Egs. (6) and (16), (17),

(18) are correct only if the function f is independent of
x, Thus throughout the paper f should be considered as
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